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Abstract. There is empirical evidence that long time numerical simulations of conservative and reversible
partial differential equations evolve, as a general rule (exceptions are the integrable models), towards an
equilibrium state that is mainly a coherent structure plus small fluctuations inherent in the conservative
and reversible character of the original system. The fluctuations account for the energy difference between
the initial configuration and the one of the coherent structure. If the energy is not small enough, then the
intrinsic fluctuations may destroy the coherent structure. Thus we arrive to the conclusion that a transition
arises from a non-coherent state to a coherent structure as we decrease the initial energy below a critical
value. This phenomenon has been successfully observed in various numerical simulations. In this article, we
stress that this general behavior is also observed in reversible and conservative cellular automata as in the
Q2R model. We point out that this conservative and reversible cellular automata is ab initio deterministic
and therefore all our numerical computations are not affected by an approximation of any kind.

1 Introduction

The mechanisms responsible for self organization pro-
cesses in conservative and reversible systems are highly
complex and have received significant interest from the
research community in recent years. Contrary to a dissi-
pative system that may exhibit an irreversible evolution
towards an attractor, a conservative Hamiltonian system
cannot evolve towards a fully ordered state, because such
an evolution would imply a loss of statistical information
for the system, which would violate its formal reversibility.
Nevertheless, in the context of partial differential equa-
tions (PDEs) an important step was accomplished by
Petviashvili and Yan’kov [1] and Zakharov et al. [2,3].
In particular, the latter references [2,3] reported numeri-
cal simulations performed in the framework of the focus-
ing nonintegrable nonlinear Schrödinger (NLS) equation,
which is a good framework for dispersive and nonlinear
waves. This study revealed that the Hamiltonian system
would evolve, as a general rule, towards the formation of a
large-scale coherent localized structure, i.e., solitary-wave,
immersed in a sea of small-scale turbulent fluctuations.
The solitary wave then plays the role of a “statistical at-
tractor” for the Hamiltonian system, while the small-scale
fluctuations contain, in principle, all information neces-
sary for time reversal. Moreover, the solitary-wave solution
corresponds to the solution that minimizes the energy, so
that the system tends to relax towards the state of low-
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est energy, while the small-scale fluctuations compensate
for the difference between the conserved energy and the
energy of the coherent structure.

As was initially suggested by Zakharov et al. [2,3], a
rigorous theoretical description of the long term evolution
of the system would require a thermodynamic approach.
However, it is only recently that statistical equilibrium
models have been investigated in the framework of statisti-
cal mechanics [4–8]. Remarkably it results that, whenever
the Hamiltonian system is constrained by an additional
integral of motion (e.g., number of particles), the increase
of entropy of small-scale turbulent fluctuations requires
the formation of coherent structures [4,5,7,8], so that it
is thermodynamically advantageous for the system to ap-
proach the ground state that minimizes the energy [2,3].

Similar behavior was observed in the subcritical (or
quintic) nonlinear Schrödinger equation [9], in the dynam-
ics of magnetic systems in the frame of the Landau-Lifshitz
equation [7,8] and in the case of the formation of a conden-
sate in the frame of the defocusing non-linear Schrödinger
equation [10,11]. We shall briefly review these three cases
already reported in previous publications.

In the former case the complex wave function ψ(x, t)
satisfies

i
∂ψ

∂t
= −∇2ψ − 2ρc|ψ|2ψ + |ψ|4ψ, (1)

thus if the wave function has a low amplitude |ψ| < √
ρc,

then a modulational instability is developed, driving the
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Fig. 1. (Color online) Time sequence of the evolution of the
wavefunction ψ ruled by (1) in two space dimensions. There
is a clear evidence of a coalescence of gas bubbles. The color
scale (grayscale) represents the vapor phase by an orange (light
gray) and the liquid by a violet (dark gray). The snapshots are
taken: (a) at t = 30; (b) t = 90; (c) t = 320; (d) t = 800 units
of NLS. The number of bubbles decrease in time following the
law ∼t−1 [9], as usually in coalescence phenomena. The final
state, the “attractor”, is a single fluctuating droplet.

system to a phase separation between two states where
ψ ≈ 0 (the “gaseous” phase) and |ψ| ≈√3ρc/2 (the “liq-
uid” phase). The system is finally driven by a “coarsening”
to a single bubble state that minimizes the energy with a
constant mass (see Fig. 1 to see this transient).

In the second case, the magnetic system rules the
Landau-Lifshitz equation, which is an equation for the
unitary vector S:

∂tS = S × (ΔS − Szêz). (2)

The Hamiltonian dynamics reads ∂tS = −S × δH
δS

with H = 1
2

∫
[(∇kSi)(∇kSi) + S2

z ] dx and the dynam-
ics preserves H , the unitary of S, S · S = 1, and the
initial magnetization M =

∫
Sz dx. For an initial situa-

tion where Sz ≈ 1 (or Sz ≈ −1), the Sx and Sy compo-
nents obey a focusing non linear Schrödinger equation for
ψ = Sx + iSy [7,8]. As in the former case, a modulational
instability is developed driving the system to a phase sep-
aration [7,8]. This behavior happens also for different ini-
tial conditions, e.g. in Figure 2, Sz = 0 and Sx ≈ 1 and
Sy ≈ 0. Naturally, the morphology depends on the initial
magnetization. As well as in the former case, a “coarsening
dynamics” drives the system to a single magnetic bubble
or domain.

(a) (b)

(c) (d)

Fig. 2. (Color online) Time sequence snapshots of the Sz com-
ponent of the spin field S which follows the Landau-Lifshitz
equation (2) in 2D. Although the time scale is very slow an
apparent coalescence of magnetic domains appears. The ini-
tial magnetization per surface unit is M = 0. The color scale
(grayscale) represents Sz ≈ −1 by an orange (light gray) and
Sz ≈ 1 by a violet (dark gray). The images are taken: (a) at
t = 100; (b) t = 20 000; (c) t = 50 000; (d) t = 150 000 time
units.

Finally, we have considered the defocusing regime of
the NLS equation

i
∂ψ

∂t
= −∇2ψ + |ψ|2ψ, (3)

which is also known to be relevant for the description of a
weakly interacting Bose gas at finite temperature [12,13].
As was expounded independently by Pomeau [14] and
Dyachenko et al. [15] since 1992, this regime of interaction
is characterized by an irreversible evolution of the system
towards a homogenous solution with superimposed small-
scale turbulent fluctuations. This scenario corroborates
the general rule discussed above [2–5,7–9], because the ho-
mogeneous solution is the one that minimizes the energy
in the defocusing case. Accordingly, the NLS equation ex-
hibits a kind of “condensation” process, a salient feature
that has been accurately confirmed only recently [10,11].

As the system evolves, turbulent wave transfer leads
to a self-organized redistribution of energy and entropy:
an inverse cascade increases the “number of waves” in the
lowest allowed mode (largest scale) bringing about a co-
herent structure; simultaneously, an energy cascade trans-
fers energy into small-scale fluctuations. Similarly, entropy
production is negative for the large scale fluctuations and
positive for the short scales ones. In this way, one extracts
entropy from the coherent structure and transfers it into
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(a) (b)

Fig. 3. (Color online) (a) Evolution of the wave condensate fraction n0/N in time t of a 1283 spectral simulation with a periodic
boundary condition. The final stage leads to a 90% of wave condensation. The 3D-graphics inserted in the picture represent
the iso-|ψ|2 surfaces for a value of 0.3 for subsequent times (from left to right) t = 40, 120, 200, 400 and 800 time units. At the
initial stage, one sees that the system is dominated by linear vortices or nodes. However, for time greater than 200, a vortex
state dominates the evolution (courtesy of Josserand). (b) Condensate fraction n0/N as a function of the mean density energy
〈H〉 /V . The points correspond to numerical simulations of the NLS equation (3) with a fixed number of particles N/V = 1/2
and with an ultraviolet cut-off kc = π. Different points correspond to: (•)163, (•)323, (•)643 and (•)1283 modes. The curves
correspond to the theoretical calculations in references [10,11].

the fluctuations. Therefore, the system allows the growth
of a large-scale coherent structure while maintaining the
information in the very short waves, which is necessary
for the reversible evolution of the system. As usual, irre-
versibility appears through the process of observation or
measurement: if one measures over the large scale, via a
coarse graining process (average or homogenization, or a
filter), then we observe a coherent structure, which has
lost information. Naturally, the fluctuations must exist to
preserve the energy and entropy during the evolution.

On the other hand, the existence of a finite ultravio-
let cut-off, kc, has a dramatic consequence. Because the
energy cascade stops at some scale, the fluctuations ac-
cumulate and bounce at the scale kc, creating an energy
flux feedback. A kind of stationary state of fluctuations
acts as a thermal bath with a magnitude that depends on
the value of the initial energy. If the energy is not small
enough, then the intrinsic fluctuations may destroy the
coherent structure. Therefore, we conclude that, if there
exists an ultraviolet cut-off in the scales, then a transi-
tion arises from non-coherent to coherent structures as we
decrease the initial energy below a critical value.

In references [10,11], we used a thermodynamic de-
scription provided by a kinetic theory of random waves:
the so called “wave turbulence” or “weak turbulence” the-
ory, for the condensation criteria. Indeed, the classical 3D-
NLS equation is shown to exhibit a genuine condensation
process whose thermodynamic properties are analogous to
that of the Bose-Einstein condensation, despite the fact
that condensation of bosons is inherently a quantum ef-
fect. Our analysis was based on a kinetic theory of the
NLS equation [14,15], in which we introduced a frequency
cut-off to circumvent the ultraviolet catastrophe inherent
in the classical nature of a wave equation (Rayleigh-Jeans
paradox) [12,13]. This allowed us to point out the essen-
tial role played by the number of modes in the dynamical
formation of the condensate, so that a consistent defini-
tion of the system temperature can be determined un-

ambiguously. Moreover, our theory revealed that – in the
2D case – the NLS equation does not exhibit a conden-
sation process in the thermodynamic limit, because of an
infrared divergence of the equilibrium distribution func-
tion, in complete analogy with an ideal and uniform 2D
quantum Bose gas1. However, in practice wave conden-
sation is possible in two space dimensions in finite size
systems.

In the context of a many degrees of freedom ordinary
differential equation (ODE), a similar behavior may be
observed in the frame of classical particles with long-range
forces2 [16]. More precisely, a large assembly of long range
coupled rotators, spontaneously breaks symmetry into a
magnetized phase [16]. Although reference [16], reported
only the average of modulus of the magnetization, it is
naturally, expected that the system should generate an
uniform magnetization in the long time, because angular
variations increase the global energy.

The aforementioned numerical studies from the last
twenty years deal with the numerical modeling of PDEs
or ODEs that are discrete approximations of the original
equations. It is impossible to describe numerically the full
space-time spectrum (from short to long time intervals
and from short to long scales) inherent in PDEs. There-
fore, any numerical study of a PDE has a sense inside a
bandwidth of space and times scales. The original field
will not be known in all points of the space, but only in

1 We notice that in the thermodynamical limit, in two space
dimensions, the system evolves towards a state of equilibrium
(maximimum entropy) without generating a coherent structure
that minimizes the energy, in contrast with the general rule
commonly accepted [2–5,7–9,14].

2 One of the authors (SR) stressed, in his Habilitation [10,11],
the analogy of a conservative system interacting under grav-
itational forces may search in the long-time and equilibrium
state which is the minimum of energy under the constrains of
conserved quantities.
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a limited set. Moreover, we cannot know the value of this
field at any time, but only in a discrete number of steps.

Considering the previous cautions, we need also to keep
in mind that the “simulated PDE” is a formally reversible
numerical scheme. Nevertheless, there are still many po-
tential sources of error in the numerical simulations of par-
tial differential equations (see (1)–(3)). The principal one
comes from the round of float numbers with single or dou-
ble precision. In practice, a system governed by a PDE is
usually reversible only for moderate time evolution. Long
time evolution of reversible PDEs is questionable. Though
it is legitamite to question the validity of the phenomena
presented above.

This problem does not arise in the frame of cellular
automata, which are discrete models where the main vari-
ables are boolean quantities. In the context of the physics
described above, we consider the spontaneous formation of
a large scale coherent structure in the frame of the dynam-
ics of a reversible cellular automata, which was introduced
by Vichniac in the mid 80s [17]. This model, named Q2R
(Q for the number of neighbors: “quatre” (four in french),
2 because uses two step dynamics, and R for reversible),
preserves exactly a kind of energy [18–20] needed to mimic
the fundamental conservation property of previous PDEs
models.

Because the dynamic is decomposed into discrete steps
and because one uses boolean variables, there is no numer-
ical error associated with the approximation of a deriva-
tive by a difference nor with the round of any real number
by a float. Moreover, the dynamic is formally reversible in
time.

As noticed by Pomeau [18], this system is not ergodic,
as indeed there exist a large number of initial conditions
where the dynamic is localized in the phase space. How-
ever, on the other hand, there is a huge number of initial
conditions that are “almost” ergodic. For instance, take an
initial condition where the boolean variables are an ensem-
ble of random spins, in which the system possesses a given
energy that is invariant by the dynamics. It is observed, by
analogy with the PDE model, that if the initial energy is
smaller than a critical value, the system becomes sponta-
neously ordered in average. This transition appears to be
of the same class of Ising transition in magnetic models.
Therefore, despite the original system being conservative
and reversible, for a large set of initial conditions, the sys-
tem self organizes into an average macroscopic state with
a manifest order.

The study of the dynamics and properties of the Q2R
model has a long history. In 1986 Herrmann [21] imple-
mented the Q2R algorithm in a special way (that we
shall discuss later) to study the two space dimensional
Ising model in a microcanonical description. He studied
the global magnetization, obtaining an excellent represen-
tation for the magnetization as a function of the initial
conserved energy. We insist that the algorithm be deter-
ministic, so that a statistical description is possible when
the initial condition is random. Later, Takesue [22] fo-
cused on the possible realization of statistical mechanics
for reversible cellular automata, showing that under cer-

tain conditions the system may be described in terms of a
canonical description. His studies concerned explicitly all
class of rule in the one dimensional case, the Q2R being
only a special case. However, the Q2R (90R in his termi-
nology), is the analogue of an ideal gas of particles with
speeds +1 or –1, a system that cannot reach equilibrium in
practice. It is ergodic only in the thermodynamical equi-
librium.

The present article is a study concerning both the irre-
versible behavior and the existence of a spontaneous tran-
sition from a non-coherent state to a coherent state in the
frame of the reversible cellular automata Q2R.

2 Model, definitions and properties

We consider a network with N � 1 nodes, each node k
possesses a neighbor V (which in general may depend on
the site, but for the sake of simplicity we shall restrict
ourselves to the case where the neighbors do not depend
on the site) and the number of neighbors is denoted by
the even number |V |. Special cases of regular and periodic
networks in two space dimensions are the square neighbor
with a von Neuman neighborhood |V | = 4, Figure 4a, the
Moore neighborhood |V | = 8, Figure 4b, and a hexagonal
neighborhood |V | = 6, Figure 4c. However non regular
lattices with an even number of neighbors may also be
considered.

Each node k possesses a discrete value xk that may
take values +1 and –1. The Q2R rule considers the fol-
lowing dynamics [17]:

xt+1
k = xt−1

k φ

(
∑

i∈V

xt
i

)

where the function φ is such a that φ(s = 0) = −1 and
φ(s) = +1 in all other cases.

This two step rule may be naturally re-written as a
one step rule with the aid of an auxiliary dynamical vari-
able [18]:

yt+1
k = xt

k

xt+1
k = yt

k φ

(
∑

i∈V

xt
i

)

. (4)

2.1 Properties

We review in this section the main properties of this Q2R
model.

2.1.1 Energy conservation

As shown by Pomeau [18], the following quantity

E[
{
xt, yt

}
] = −1

2

∑

〈i,k〉
xt

ky
t
i (5)
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(a) (b) (c)

Fig. 4. (Color online) (a) Represents a square lattice with
the von Neuman neighborhood containing four neighbors;
(b) shows a site in a square lattice with a Moore neighbor-
hood containing eight neighbors; (c) plots a site in a hexagonal
lattice with six neighbors.

is preserved under the dynamics defined by the Q2R
rule (4). In (5), the symbol

∑
〈i,k〉 means the sum over

all sites k and the sum over all neighbors of k, that is∑
〈i,k〉 ≡

∑
k

∑
i∈V ≡∑i

∑
k∈V .

Proof. Take

ΔEt = E
[{
xt+1, yt+1

}]− E
[{
xt, yt

}]

= −1
2

∑

〈i,k〉

[
xt+1

k yt+1
i − xt

ky
t
i

]

= −1
2

∑

〈i,k〉

⎡

⎣yt
kφ

⎛

⎝
∑

j∈V

xt
j

⎞

⎠xt
i − xt

ky
t
i

⎤

⎦

exchanging the labels of the second sum one gets

ΔEt = −1
2

∑

〈i,k〉
xt

iy
t
k

⎡

⎣φ

⎛

⎝
∑

j∈V

xt
j

⎞

⎠− 1

⎤

⎦ ≡ 0. (6)

The last term is obviously zero because if
∑

j∈V x
t
j �= 0

then φ → 1, thus the term inside the bracket vanishes,
while if

∑
j∈V x

t
j = 0, then

∑
i∈V x

t
i in front of the bracket

cancels out the whole expression.
This kind of energy functional has been also studied

and generalized in references [19,20].
Remark. The energy is naturally bounded by

−N |V |
2

≤ E ≤ N |V |
2

.

2.1.2 The magnetization

We define the average magnetization over the sites:

M(t) = M [
{
xt
}
] =

1
N

∑

k

xt
k. (7)

Although this quantity is not an invariant of the system,
it is the pertinent order parameter of the system.

Remark. By definition, it is easy to see that −1 ≤
M ≤ 1.

2.1.3 Remark on Hamiltonian dynamics
and Liouville Theorem

Despite the existence of an invariant that is a kind of en-
ergy, it does not seem possible to speak about Hamiltonian
discrete dynamics because the variables xt and yt and the
energy E (5) are discrete variable and quantities. One can-
not define properly a continuous manifold defined by E;
neither one can define any differential like dxt nor dyt.

Finally, despite the Q2R rule (4), formally having an
unitary Jacobian

∣
∣
∣∣
∂(xt+1, yt+1)
∂(xt, yt)

∣
∣
∣∣ = 1,

it is not possible neither to define a volume like dV =
Πk dx

t
k dy

t
k.

2.1.4 “Ergodicity” and sensibility to the initial conditions

As already stated, strictly speaking the general dynam-
ics of the Q2R cannot be ergodic, because the system has
a finite number of degrees of freedom: 22N . Because we
deal with a finite system, the total number of configura-
tions is finite. Naturally, this kind of system is in princi-
ple always periodic. This period is naturally shorter than
(or equal to) the total number of possible configurations
with a given energy E (and necessarily shorter than the
longest possible period, which is the total number of con-
figurations 22N ). In practice, for large enough systems,
the observation of periodic dynamics is really improbable;
however, it has been show numerically that these systems
could have clusters of small periodic motion [23].

A multiplicity of various initial conditions posses much
shorter periods, as in the one schematized in Figure 5.

On the other hand one may ask about a “sensibility
to the initial conditions”, a useful concept from dynamical
systems theory. If one starts with two distinct initial condi-
tions, then they evolve in very different paths as time goes.
The divergence of these two “trajectories” (strictly speak-
ing they are not trajectories, but a number of discrete
points moving in a 22N dimension phase space) is not ex-
ponential because this distance cannot increase more than
to have all sites in opposite configurations, but grows fast
enough showing that there is an analogy with the sensi-
bility to the initial conditions. We shall present this study
in detail in Section 4.

In summary, although the system is not ergodic, there
is a huge number of initial conditions that explore vastly
the phase space, in particular initial conditions of random
structure, in some sense the dynamic itself realizes a good
sampling.

3 “Long-time” dynamics of the Q2R
cellular automata

We have realized extensive numerical simulations of the
reversible rule (4) in a square lattice with von Neuman
neighborhood (4 neighbors) and Moore neighborhood
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(d)

Fig. 5. Initial configurations for different short period of oscil-
latory states. The initial conditions are given by xt=0

k = yt=0
k

at each site following the configurations plotted in (a)–(d) re-
spectively. The sequences are of period 5 for (a), a period 18
for (b), a period 16 for (c) and of period 7 for (d). The ini-
tial states have an energy E = −96 for (a)–(c); and E = −80
for (d).

(8 neighbors) (see Fig. 4), and we have explored differ-
ent system sizes N = 128 × 128, N = 256 × 256 and
N = 512 × 512. The initial conditions that we have prin-
cipally studied for the present paper are such that

xt=0
k = yt=0

k = Bk(p)

where Bk(p) takes with a probability p a boolean value
+1, and with probability 1−p a value −1. If p = 1/2, one
expects that there is a similar number of +1 and −1 values
in the system. The spin variable jumps from site to site
from −1 to +1. Therefore the state is highly disordered
and thus the initial energy (5) is large. As p decreases
below 1/2, the initial fraction of +1 values in the system
is smaller, so that the initial state has zones where the
population is dominated by the −1 spin states. This initial
state has less energy than the previous and allows the
formation of a more coherent structure.

The special choice of initial conditions such that
xt=0

k = yt=0
k is only for convenience in measuring the en-

ergy at initial state. This choice helps us to identify the
initial energy in terms of the energy of ferromagnetic sys-
tem. Moreover, in Section 5, this initial condition will be
crucial in interpreting the statistical properties of the Q2R
dynamics in terms of the Ising model.

Throughout our study, we consider the initial energy
as the only relevant initial parameter, mainly because is
the only known invariant of the Q2R model.

Typically, the dynamics shows in time a very random
pattern of local magnetization, having patches with mag-
netization +1 and patches with magnetization −1. Also,
zones of zero average magnetization are present, where

Fig. 6. (Color online) Snapshots at two distinct time steps
for the same initial condition with an energy per site E/N =
−1.423 in a 256×256 square cell with four neighbors. The color
map, is the following: light-grey (yellow on-line) represents the
boolean variable at –1 and dark-grey (blue on-line) means that
the boolean variable is at +1.

Fig. 7. Plot of the magnetization versus time for different
energies, in the case of a 256 × 256 square lattice with a
von Neuman neighborhood. The plots represents: (a) E/N =
−1.619; (b) E/N = −1.423; (c) E/N = −1.409; (d) E/N =
−1.397.

the spins are in a chessboard-like pattern. For instance,
in Figure 6, the configuration is plotted at two different
instants.

In order to quantify the behavior observed in the
numerical simulations, we measure the average magneti-
zation, which is the order parameter of the system. In
Figure 7, the average magnetization M is plotted as a
function of the time for a set of long-time simulations. If
the energy is low, e.g., E/N = −1.6193, one sees that the
average magnetization evolves slowly in time to an “equi-
librium” state with an almost constant value plus weak
fluctuations. For larger energies, the fluctuations enter to
play an important role. One may observe that the sys-
tem is in an almost stable state, but then suddenly jumps
into a metastable state with zero average magnetization,

3 For the discussion, we consider intensive quantities like
E/N , which are the ratio of two integers. Naturally the to-
tal energy and global magnetization are simply integers.
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Fig. 8. (Color online) (a) Plots a typical semi-reversal of the
magnetization from a finite value to a zero average magnetiza-
tion, while (b) plots a typical excursion.

see Figures 7b and 7c, and then jumps into an opposite
magnetization state. These are reversals of the global mag-
netization of the system (see Fig. 8a).

In some cases one observes “short time” magnetic
excursions: the system, being in a state with a given
magnetization, realizes an excursion that quickly drops
the average magnetization close to zero, but then the sys-
tem comes back to its initial average magnetization. Few
of them may be seen in Figure 7b. In Figure 8, we present
the close behavior of a semi-reversal (which a situation
where the system jumps from the stable magnetization M
to zero magnetization) in Figure 8a and of an excursion in
Figure 8b. One notices that the time scales for both pat-
terns are of the same order, which is a duration of about
100 steps. However the excursion (Fig. 8b) is not sym-
metric in the before-after behavior, is very fast during the
starting phase and slow in the coming back phase.

Considering the places where the average magnetiza-
tion M(t) does not realize excursions and remains almost
constant, it is possible still to measure the time average
of the magnetization and the variance:

M =
1
T

t=t0+T∑

t=t0

M(t) (8)

ΔM =
1
T

t=t0+T∑

t=t0

M(t)2 −
(

1
T

t=t0+T∑

t=t0

M(t)

)2

. (9)

M

E/

(a)

/N

(b)

Fig. 9. (Color online) Magnetization curves as a function of
initial energy for: (a) the von Neuman and (b) the Moore neigh-
borhood. In the former case, the absolute energy per site mini-
mum is –2, while in the second case it is –4. � are for a 128×128
lattice; � for a lattice with 256×256; while � are for a 512×512
lattice.

These quantities depend mainly on the initial energy. The
plots of the average (in time and over the sites) magne-
tization (8) and the fluctuation of the magnetization (9)
versus the initial energy of the configuration are done in
Figure 9. One sees that the magnetization spontaneously
increases4 below a critical energy per site. In the case of a
von Neuman neighborhood (four sites) this critical energy
is around Ec/N = −1.4 (see Fig. 9a); on the other hand,
in the case of a Moore neighborhood, the critical energy
is about Ec/N = −1.7.

As the energy increases, one notices that fluctuations
are larger and larger and we cannot distinguish a state
with a magnetization from a zero average magnetization
state.

The fluctuations of magnetization are a good quantity
to identify this transition; in both cases the fluctuations
increase dramatically at the aforementioned critical ener-
gies.

The plot in Figure 9 is in complete analogy with the
condensation curve for the nonlinear Schrödinger equation
(see Fig. 3b). In both cases the energy is preserved. In the

4 The apparent discontinuity of the transition is only a visual
effect, as it is possible to see in Figure 14 that the transition
is continuous.
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M

E/

Δ

(a)

M

E/N

Δ

(b)

Fig. 10. (Color online) The fluctuations of magnetization as
a function of energy. As in Figure 9a plots in the case of a the
von Neuman neighborhood and (b) the Moore neighborhood.
The symbols are the same as for Figure 9.

case of condensation of waves below some critical energy,
the system self organizes itself and a coherent macroscopic
state emerges consisting of a uniform density with only a
small amount of fluctuations around this condensate. In
the present case, a coherent magnetized state emerges, as
the initial energy is lower than a critical energy.

4 Sensibility to the initial conditions

We shall study in this section, a well defined quantity,
which illustrates the notion of “sensibility to the initial
conditions”. We take a random initial condition with the
procedure explained in the previous section such that
xt=0

k = yt=0
k . Then one takes randomly a site k̄ with a zero

average neighbor magnetization (that is
∑

i∈V xi = 0);
then one swaps the state of the selected site xk̄ → −xk̄.
We change only a single site in a way that the total en-
ergy (5) is the same in both initial configurations.

An example, of the procedure is done in Figure 11 in
a 8 × 8 periodic lattice.

In the small system example of Figure 11, one sees
that the initial swap propagates with more or less a con-
stant speed in all directions, and eventually arrives at the

+ + − − − + + +
− + + + + − + +
+ + + − + + + +
+ + + ∓ + + − +
− + + − − + + +
+ + + + + + − +
− + + + + + + +
+ + − + + + + +

(a)

+ + + + − − + +
− + + − − − + +
+ + + − + + + +
+ + + ± ∓ + − +
− + + ± − + − +
− + + + + + − +
− + + + + + + +
+ + − − + + + +

(b)

+ + − − + − + +
− + + − + + + +
+ + + ∓ ± + + +
+ + + ± ± ∓ − +
− + + ∓ − − − −
− + + + + + − −
− + + + + + + +
+ + − + − + + +

(c)

+ + − − − − + +
− + − ± ∓ − + +
+ + + − + + + +
+ + + − + ∓ ± −
+ + + + + ± − +
− + + + + − + +
− + + + + + + −
+ + − − + − + +

(d)

+ + − − ± − + +
− − ± − ∓ ∓ + +
+ + − − − ∓ + +
+ + + ± − − ∓ +
− + + ∓ − ∓ ∓ +
− + + + + + + +
+ + + + + − + +
+ + + − − + + +

(e)

+ − ∓ − − − + +
− ± − ± ∓ − + +
+ − ± − ± ± ∓ +
+ + ± ∓ + ∓ − −
+ + + ± + + ± ∓
− + + + + ± + +
− + + + − + + −
+ + + + ± − + +

(f)

− + − + ± − + +
− − ± − + ± ∓ +
− ± − − + − ± ∓
+ ± + ± ± ∓ − ∓
± + ± ∓ − − + ±
− + + + ± + ± ±
− + + + + ± + +
+ + + − − ± + +

(g)

+ − ∓ − + − ∓ +
− ± − + ∓ ∓ ± +
− − ± ± − + − −
∓ + ± ± − ∓ ± +
± + + ± ∓ ∓ − −
− + + + + ± + +
− + + + − + ± ∓
− + ∓ + + ± + +

(h)

Fig. 11. (Color online) Sequence of states starting from two
distinct initial conditions (a), the ± denotes the initial swapped
site (notice that the initial condition consists in two steps we

take here xt=0
k = xt=1

k and x′
k

t=0
= x′

k
t=1

). The sequence shows
the propagation of the initial mismatch through the system.
The perturbation propagates in space up to the system size
(in this case N = 8 × 8). The sequence is for (a) t = 0 and
t = 1 and the Hamming distance is dH = 1; (b) t = 2; (c) t = 3
and dH = 3; (d) t = 4, dH = 6; (e) t = 5, dH = 5; (f) t = 6,
dH = 10; (g) t = 7, dH = 16; (h) t = 8 and dH = 22. Both
initial states have an energy E = −40.

boundary in
√
N/2 steps. For a more quantitative study,

we define de Hamming distance by

dH [{xk}, {x′k}] =
∑

k

|xk − x′k|/2,

which is the number of different states among the two
states {xk} and {x′k}. Naturally, this distance is bounded
from below by zero and from above by the opposite state:
x′k = −xk, and therefore 0 ≤ dH [{xk}, {x′k}] ≤ N .
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In our study, we consider a close initial condition sep-
arated from a distance dH = 1. Then, as time passes, the
distance increases depending on the initial energy. This
sensibility to the initial conditions is understood as fol-
lows: an initial configuration {xk} follows a cycle C (of very
large period), while a second and close initial data {x′k}
follows another cycle, C′. Generically, both cycles becomes
more distant as time passes. In some sense, an initial state
explores largely the phase space allowed. Similarly, a set
of close initial datum (of same energy) explore massively
the phase space, by searching through averages. This is
essentially the fundamental reason why we may use the
grounds of statistical physics for studying this problem.

If the energy is large enough, that is, the system is not
in a magnetized phase, then the distance increases in nu-
merical simulations as dH ∼ t2, which is compatible with
linear growth in time of the radius of the “misfit area”. We
define the “misfit area” by the set of sites where there is a
difference between the states in both evolutions. Since the
Hamming distance measures the number of misfit sites,
which is an area, and because the linear size increases
isotropically and linearly in time, the area grows as t2. As
time passes, the Hamming distance saturates and fluctu-
ates around dH ≈ N/2 (see Fig. 12).

As the energy of the initial configuration diminishes,
the Hamming distance could take a long time to increase
significantly. The distance fluctuates in a small range and
suddenly increases in time. Moreover, the “misfit area”
becomes more complex, and definitively it does not grow
isotropically, as we can see in Figure 13.

5 Connection with the Ising model

The numerics provide clear evidence of a transition to a
magnetic state, as one decreases the energy. In the case of
a von Neumann neighborhood, this critical energy per site,
Ec/N , is close to the well-known

√
2 of the Ising model

in a square lattice. It is tempting to apply a statistical
description of the dynamics, which at the end would pro-
vide a connection with the Ising model. The connection
with the Ising model does not have yet, in opinion of the
authors, a satisfactory answer. In general, the search for
a coherent structure that minimizes something, like en-
ergy in systems as (1), (2) and (3) or entropy as in model
(4), is more or less an empirical observation. In this sense,
one does not yet have yet a general explanation for why
the statistical description of Q2R is given by the Gibbs
ensemble.

However, there are some aspects that may be consid-
ered. First, the system may be seen as ergodic in a very
special sense (see previous section), but we cannot see this
point as a fundamental objection, because for practical
purposes one may see the system as ergodic, excepting
some particular initial conditions.

Second, the evolution lies on a manifold of constant en-
ergy. Therefore, we deal here with a statistical description
in the microcanonical ensemble. However, as in the vari-
ous problems described in the introduction, because of the
initial conditions, the system is immersed (usually in the

(a)

E/N = -1.414

M

(b)

t

i

ii
iii

iv

v

d  /NH

Fig. 12. (Color online) These plots manifest the sensibility
to the initial condition in this automata in a N = 256 × 256
square lattice. (a) Plot of the evolution of magnetization as a
function of time of two different initials conditions with the
same initial energy and with a single node different between
them. The energy per site is E/N = 1.414. (b) Plot of the
Hamming distance between the two evolutions xt

k and x′t
k in

time few initial conditions of different energies. (i) E/N =
−0.5; (ii) E/N = −1.123; (iii) E/N = −1.215; (iv) E/N =
−1.281; (v) E/N = −1.376.

short length scale regime) in a sea of fluctuations. These
fluctuations act as a thermal bath, driving the system to a
canonical equilibrium. Therefore, the system itself creates
a bath, and we expect that the thermodynamical state
may be described by the Gibbs ensemble e−βE with β as
a parameter.

Third, the connection of the Q2R model with the well-
known Ising model is not so direct. As a first view, the
energy depends on the variable xt and xt−1 and so the
energy (5) is not really the energy of a single specie of
spins. However, in the case of a square lattice with four
neighbors, one may see the system like an Ising model
with the initial configuration chosen here. Let us label
the square lattice with black and white sites, like in a
chessboard. At the first step one switches, following the
rule, all black sites; then at the next step, one switches,
again following the rule, only the white sites. Thus after
this cycle, the dynamics have been applied over the whole
number of sites, the x’s variables are the white sites, the
y’s variable are the black sites, and because the structure
of the energy in the simple von Neuman neighborhood one
has that the energy coincides with the Ising energy.
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(a) (b)

(c) (d)

Fig. 13. These plots show the snapshot of the “misfit area” for
various initial energy in aN = 256×256 lattice. It is shown that
the “misfit area” propagates isotropically in the case of large
energy (a); however, the propagation becomes more complex
as the energy decreases. The pictures are for (a) E/N = −0.5;
(b) E/N = −1.12; (c) E/N = −1.414; (d) E/N = −1.48. The
structure of the misfit area in the case of low energy certainly
deserves a more detailed study. Probably it is an example of
unstable/stable growing interface.

Strictly speaking, the model (4) simulates two paral-
lel Ising models: one bifurcates to +M while the other
through −M .

Under the assumption that the system is in practice
ergodic and itself acts as a thermal bath, and because of
the property that the system may be mapped in two paral-
lel Ising models, one may use the well-known equilibrium
properties of the Ising model in a square lattice.

The average energy and the average magnetization can
be computed with the aid of the well-known formulas by
Onsager [24] and Yang [25] :

E(β)
N

= − coth(2β)

(

1 + κ1
2
π

∫ π

0

dt
√

1 − κ2 sin2 t

)

,

(10)

κ =2
sinh(2β)
cosh2(2β)

,

κ1 =2 tanh2(2β) − 1,

M(β) =
(

1 − 1
sinh4(2β)

)1/8

. (11)

As is well-known, the transition point is characterized
by sinh(2βc) = 1, which corresponds to a critical energy
Ec/N =

√
2 and is in extraordinary agreement with the

numerics. Moreover, we plot (see Fig. 9) the magnetiza-
tion versus the energy as a parametric plot, where the pa-

Fig. 14. (Color online) (a) Plot of M8 vs. E, in which the
points come from the numerical simulations in the case of a
von Neuman neighborhood. The curve is the plot of magneti-
zation as a function of energy in a parametric form, from the
exact result of the Ising model in a square lattice in two space
dimensions (10), (11). (b) Scaling behavior of ΔM in terms
of the energy. The plot of logΔM versus log |E − Ec| with
Ec/N =

√
2. The line has a slope −7/4, as expected by the

Ising model.

rameter β compares with the numerics. The details of the
transition are ploted in Figure 14a, where M8 is plotted
versus E, without any adjustable parameter.

6 Discussion

It has been empirically noticed that long time numerical
simulations of conservative and reversible partial differen-
tial equations evolve as a general rule (exceptions are the
integrable models, see later) towards a “statistical attrac-
tor” that is the minimum of energy immersed in a sea of
fluctuations. The final state is, therefore, a coherent struc-
ture plus small fluctuations inherent in the conservative
and reversible character of the original partial differential
equation. The role of the fluctuations, whose magnitude
is determined by the value of the initial energy, is that if
the energy is not small enough, then the intrinsic fluctu-
ations may destroy the coherent structure. Therefore, we
arrive to the conclusion that a transition arises from non
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(a) (b)

(c) (d)

Fig. 15. (Color online) Plot x-t of the periodic dynamics of
the system in time. The total number of sites is 256 and each
site has only two neighbors, so that this problem is a one di-
mensional spin chain. The plots are for different energies (a) is
E = 400; (b) is E = 264; (c) is E = 160; and (d) is E = −40.
One sees from the plots that the system makes periodic orbits
of a short size.

coherent to coherent structures, as we decrease the initial
energy below a critical value.

This phenomenon is also observed in reversible and
conservative cellular automata, as in the Q2R model stud-
ied here. The crucial point we want to stress is the absence
of any numerical approximation in the model, which is ab
initio deterministic and all the calculations are not af-
fected by an approximation of any kind.

As already stated, integrable models (like nonlinear
Schrödinger equation in 1D) are not in the same class of
universality. This is the case for Q2R in one-dimensional
space. Indeed, Takesue [22], studied the Q2R rule in one
dimension and argued that is essentially analogous to a
perfect gas particle, a feature that the reader may see in
the patterns of Figure 15.

From a more mathematical perspective , the reversible
dynamics in one dimensional space may be rewritten in a
very simple form:

xt+1
k = xt−1

k ⊕ xt
k−1 ⊕ xt

k+1

where ⊕ is the usual addition with modulo 2, i.e. 0⊕0 = 0,
1⊕ 0 = 0⊕ 1 = 1 and 1⊕ 1 = 0. Or defining yt

k = xt−1
k , it

follows that

yt+1
k = xt

k

xt+1
k = yt

k ⊕ xt
k−1 ⊕ xt

k+1. (12)

One sees that the dynamics are therefore linear and com-
pletely represented by a matrix formulation. It displays

periodic solutions in time with a short period of the order
of the number of points.

In conclusion, the case of a one dimensional lattice
(only two neighbors) is not ergodic – even in a weak sense –
the dynamics are essentially trivial and naturally there is
no thermalization.

Finally, the authors thank D. Reich for a careful reading of
the manuscript, as well they acknowledge Fondecyt Grants
Nos. 1100003 and 1100289; Anillo-ACT88 and CMM-BASAL
project (Chile) and the ANR SYSCOM COSTUME (France).
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