
Arch. Math. 104 (2015), 53–59
c© 2014 Springer Basel

0003-889X/15/010053-7

published online December 14, 2014
DOI 10.1007/s00013-014-0714-5 Archiv der Mathematik

Criteria for univalence and quasiconformal extension of
harmonic mappings in terms of the Schwarzian derivative

Rodrigo Hernández and Maŕıa J. Mart́ın

Abstract. We prove that if the Schwarzian norm of a given complex-valued
locally univalent harmonic mapping f in the unit disk is small enough,
then f is, indeed, globally univalent in the unit disk and can be extended
to a quasiconformal mapping in the extended complex plane.
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Introduction. In 1949, Nehari [9] proved that if a locally univalent analytic
function ϕ in the unit disk D satisfies

sup
z∈D

|S(ϕ)(z)| (1 − |z|2)2 ≤ 2 ,

then ϕ is globally univalent in D. Here, S(ϕ) denotes the Schwarzian derivative
of ϕ defined by

S(ϕ) =
(

ϕ′′

ϕ′

)′
− 1

2

(
ϕ′′

ϕ′

)2

. (0.1)

Ahlfors and Weill [1] generalized Nehari’s criterion of univalence by proving
that if such a function ϕ satisfies ‖S(ϕ)‖ ≤ 2t for some t < 1, then ϕ is
injective in D and has a K-quasiconformal extension to Ĉ = C ∪ {∞}, where
K = (1 + t)/(1 − t).

Let now f be a complex-valued locally univalent harmonic mapping in the
unit disk. By considering the complex conjugate, if needed, we can assume that
f is sense-preserving. This is, f = h + g where h and g are analytic functions
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in D such that h is locally univalent and the (second complex) dilatation ω =
g′/h′ is an analytic function mapping the unit disk into itself. The following
definition for the Schwarzian derivative Sf of such functions f was presented
in [5]:

Sf = S(h) +
ω

1 − |ω|2
(

h′′

h′ ω′ − ω′′
)

− 3
2

(
ω ω′

1 − |ω|2
)2

, (0.2)

where S(h) is the classical Schwarzian derivative of h, as in (0.1).
The main purpose in this paper is to prove that there exists a constant

δ0 > 0 such that if the locally univalent harmonic mapping f in the unit disk
has Schwarzian norm

‖Sf‖ = sup
z∈D

|Sf (z)| (1 − |z|2)2 ≤ δ0 ,

then f is one-to-one in D. We will also see that if ‖Sf‖ ≤ δ0t for some t < 1,
then f has a quasiconformal extension to Ĉ.

1. Background.

1.1. The Schwarzian derivative. As was mentioned in the introduction, every
harmonic mapping f in the unit disk D can be written as f = h+g with h and
g analytic in D. This decomposition is unique up to an additive constant (see
[3, p. 7]). We refer the reader to the book [3] for a comprehensive treatment
on harmonic mappings.

Lewy [8] proved that a harmonic mapping in the unit disk is locally uni-
valent if and only if its Jacobian is different from zero. In terms of the de-
composition f = h + g, the Jacobian Jf of f equals |h′|2 − |g′|2. Thus, locally
univalent harmonic mappings in D are either sense-preserving if Jf > 0 or
sense-reversing if Jf < 0. Note that any analytic function is a sense-preserving
harmonic mapping. Also, that a harmonic function f = h+g is sense-preserving
if and only if h is locally univalent and the dilatation ω = g′/h′ maps the unit
disk into itself. It is obvious that f is sense-preserving if and only if f is
sense-reversing. In this paper, we will consider harmonic mappings which are
sense-preserving in the unit disk. For this kind of mappings, the Schwarzian
derivative is given by (0.2). It is clear that if f is analytic, then Sf coincides
with the classical definition of the Schwarzian derivative given by (0.1).

Several properties of this operator Sf are the following.

(i) Sf ≡ 0 if and only if f = αT + βT , where |α| �= |β| and T is a Möbius
transformation

T (z) =
az + b

cz + d
, ad − bc �= 0 .

(ii) Whenever f is a sense-preserving harmonic mapping and φ is an analytic
function such that the composition f ◦ φ is well-defined, the Schwarzian
derivative of f ◦ φ can be computed using the chain rule

Sf◦φ = Sf (φ) · (φ′)2 + Sφ .
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(iii) For any affine mapping L(z) = az + bz with |a| �= |b|, we have that
SL◦f = Sf . Note that L is sense-preserving if and only if |b| < |a|.

The Schwarzian norm ‖Sf‖ of a sense-preserving harmonic mapping f in
the unit disk is defined by

‖Sf‖ = sup
z∈D

|Sf (z)| · (1 − |z|2)2 .

It is easy to check (using the chain rule again and the Schwarz-Pick lemma)
that ‖Sf◦ σ‖ = ‖Sf‖ for any automorphism of the unit disk σ. For further
properties of Sf and the motivation for this definition, see [5].

1.2. An affine and linear invariant family. In [10,11] Pommerenke studied the
so-called linear invariant families ; that is, families of locally univalent holo-
morphic functions ϕ in the unit disk normalized by the conditions ϕ(0) =
1 − ϕ′(0) = 0 and which are closed under the transformation

Φζ(z) =
ϕ

(
ζ + z

1 + ζz

)
− ϕ(ζ)

(1 − |ζ|2)ϕ′(ζ)
, ζ ∈ D.

Let F be a family of sense-preserving harmonic mappings f = h + g in D,
normalized with h(0) = g(0) = 0 and h′(0) = 1. The family is said to be affine
and linear invariant if it is closed under the two operations of Koebe transform
and affine change:

Kζ(f)(z) =
f

(
z + ζ

1 + ζz

)
− f(ζ)

(1 − |ζ|2)h′(ζ)
, |ζ| < 1 ,

and

Aε(f)(z) =
f(z) − εf(z)
1 − εg′(0)

, |ε| < 1 .

We refer the reader to the paper [12], where Sheil-Small offers a deep study of
affine and linear invariant families F of harmonic mappings in D.

Using that the Schwarzian derivative for harmonic mappings satisfies the
chain rule and is invariant under affine changes af + bf , |a| �= |b|, it is easy to
show that the family Fλ of sense-preserving harmonic mappings f = h + g in
D with h(0) = g(0) = 0, h′(0) = 1, and ||Sf || ≤ λ is affine and linear invariant.
We let F0

λ = {f ∈ Fλ : g′(0) = 0}. These two families are studied in [2], where
it is shown in particular that F0

λ is a compact family of harmonic mappings
with respect to the topology of uniform convergence on compact subsets of
D. In that paper, the following notation was used: an analytic function in the
unit disk ω with ω(D) ⊂ D is said to belong to A0

λ (resp. Aλ) if there exists a
harmonic mapping f = h + g ∈ F0

λ (resp. Fλ) with dilatation ω. The quantity

Rλ = max
ω∈A0

λ

|ω′(0)| = sup
ω∈Aλ

‖ω∗‖,
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where

‖ω∗‖ = sup
z∈D

|ω′(z)| · (1 − |z|2)
1 − |ω(z)|2 ,

was shown to play a distinguished role in the analysis offered in [2].
Perhaps at this point we should point out that according to the first of the

properties for the Schwarzian derivative mentioned in the previous section, we
have that the family F0 consists only of functions of the form f = αT + βT ,
where |α| > |β| and T is a Möbius transformation. Therefore, all dilatations
in A0 are constant functions.

2. Main Results. The following lemma will be important for our purposes.

Lemma 2.1. As before, let Rλ = maxω∈A0
λ

|ω′(0)|. Then

lim
λ→0+

Rλ = 0.

Proof. Since F0
λ1

⊂ F0
λ2

whenever 0 < λ1 < λ2, we have 0 ≤ Rλ1 ≤ Rλ2 as
well. Therefore, we conclude that there exists limλ→0+ Rλ and it remains to
check that this limit equals 0.

Consider an arbitrary positive number λ. By the definition of Rλ and the
compacity of F0

λ, we see that for each such λ there is a harmonic mapping
fλ ∈ F0

λ with dilatation ωλ satisfying |ω′
λ(0)| = Rλ. Since for a given ρ > 0 the

family {fλ : λ ≤ ρ} ⊂ F0
ρ and F0

ρ is compact, we get that there is a function
f0 ∈ ∩ρ>0F0

ρ with dilatation ω0 such that fλ → f0 as λ → 0 uniformly
on compact subsets in the unit disk (hence ω′

λ(0) → ω′
0(0) as λ → 0 too).

Obviously, ∩ρ>0F0
ρ = F0

0 and the dilatations of functions in F0
0 are constants,

thus 0 = ω′
0(0) = limλ→0 Rλ. �

We now state and prove the main theorems in this paper.

Theorem 2.2. There exists δ0 > 0 such that if ‖Sf‖ ≤ δ0, then f is univalent.

Proof. For any real number λ > 0, we have that if f = h + g ∈ Fλ, the
Schwarzian norm of h is bounded by [5, Thm. 6]. Hence (see [10]),

sup
z∈D

∣∣∣∣h
′′(z)

h′(z)

∣∣∣∣ (1 − |z|2) ≤ K1

for some constant K1 > 0. Moreover, by using ω to denote the dilatation of f ,
we have (see, for instance, [4]) that there exists another positive constant K2

such that

sup
z∈D

|ω′′(z)| (1 − |z|2)2
1 − |ω(z)|2 ≤ K2‖ω∗‖ ≤ K2Rλ .

Hence, using (0.2) and the triangle inequality, we see that for any such function
f = h + g,

‖S(h)‖ ≤ λ + K1Rλ + K2Rλ +
3
2
R2

λ . (2.1)
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Now, using Lemma 2.1 and the fact that Rλ increases with λ, we have that
there exists a unique solution δ0, say, of the equation

λ + K1Rλ + K2Rλ +
3
2
R2

λ = 2 .

This implies by (2.1) that if λ ≤ δ0, then ‖S(h)‖ ≤ 2. In other words, the
analytic part h of any function f = h + g ∈ Fδ0 is univalent by the classical
Nehari criterion of univalence.

To prove that not only h but the function f = h + g itself is univalent
whenever f ∈ Fδ0 , we proceed as follows. By the affine invariance property of
Fδ0 , we see that for any a ∈ D the function fa = f + af belongs to Fδ0 as
well. It is easy to check that if fa = ha + ga, then ha = h + ag. Thus, the
functions h + ag are also univalent for all |a| < 1. Since f is sense-preserving,
an application of the Hurwitz theorem gives that h + ag is indeed univalent
for all |a| ≤ 1.

Now, assume (in order to get a contradiction) that f = h+g is not univalent
in the unit disk. Therefore, there exist two different points z1, z2 ∈ D such
that f(z1) = f(z2). We have two possibilities:
1. h(z1) = h(z2). In this case, it follows that g(z1) = g(z2). This is a con-

tradiction to the fact that the function h + g is univalent in the unit
disk.

2. h(z1) �= h(z2). Denote θ = arg {h(z1) − h(z2)} ∈ [0, 2π). We are assuming
that f(z1) = f(z2), so that h(z1) − h(z2) = g(z2) − g(z1). Thus,

e−iθ(h(z1) − h(z2)) = e−iθ(g(z2) − g(z1))

is a positive real number. Therefore, by taking complex conjugates, we
obtain

e−iθ (g(z2) − g(z1)) = eiθ(g(z2) − g(z1))

and as a consequence we get

h(z1) − h(z2) = e2iθ(g(z2) − g(z1)) ,

which contradicts the fact that the function h + e2iθg is univalent in D.
This ends the proof of the theorem. �

We would like to point out that by finding an upper bound for the quantity
Rλ in terms of λ, one could give an estimate of the value δ0 in the previous
theorem. Unfortunately, so far we are not able to obtain such an upper bound.

The next result is related to a criterion for the existence of quasiconformal
extensions of harmonic mappings in terms of their Schwarzian norm.

Theorem 2.3. Let f be a sense-preserving harmonic mapping in the unit disk
with ‖Sf‖ ≤ δ0t for some t < 1, where δ0 is as in Theorem 2.2. Assume, in
addition, that the dilatation ωf of f satisfies

‖ωf‖∞ = sup
z∈D

|ωf (z)| < 1 .

Then f can be extended to a quasiconformal map in Ĉ.
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Before proving this second theorem, we would like to stress that the hy-
potheses ‖ω‖∞ < 1 cannot be removed as the following example shows.

Example. Consider the sense-preserving harmonic mapping f = z + g, where
g′ equals the lens-map �α, 0 < α ≤ 1, defined by

�α(z) =
�(z)α − 1
�(z)α + 1

, z ∈ D ,

with �(z) = (1 + z)/(1 − z). Note that �1 equals the identity in the unit disk
and that ‖�α‖∞ = 1 for all 0 < α ≤ 1. In [7], it is explicitly checked that
‖�∗

α‖ = α.
Bearing in mind (0.2), that the dilatation of f is �α, and that

sup
z∈D

|�′′
α(z)| (1 − |z|2)2
1 − |�α(z)|2 ≤ K2‖�∗

α‖ = K2α

for some absolute constant K2, we have

‖Sf‖ = sup
z∈D

∣∣∣∣∣∣
�α(z) �′′

α(z)
1 − |�α(z)|2 +

3
2

(
�α(z) �′

α(z)
1 − |�α(z)|2

)2
∣∣∣∣∣∣ (1 − |z|2)2

≤ sup
z∈D

|�′′
α(z)| (1 − |z|2)2
1 − |�α(z)|2 +

3
2

sup
z∈D

∣∣∣∣�
′
α(z) (1 − |z|2)
1 − |�α(z)|2

∣∣∣∣
2

≤ K2α +
3
2
α2 .

Therefore, by choosing any α small enough, we obtain ‖Sf‖ ≤ δ0t for any given
0 < t < 1. On the other hand, the function f is not quasiconformal since its
(second complex) dilatation coincides with �α and ‖�α‖∞ = 1.

We now prove Theorem 2.3.

Proof. Since we are assuming that ‖Sf‖ ≤ δ0t for some t < 1, we have that
f ∈ Fδ0t. By arguing as in the proof of the previous theorem and using again
that if λ1 ≤ λ2 then Rλ1 ≤ Rλ2 , we get

‖S(h)‖ ≤ δ0t + K1Rδ0t + K2Rδ0t +
3
2
R2

δ0t

≤ δ0t + K1Rδ0 + K2Rδ0 +
3
2
R2

δ0

< δ0 + K1Rδ0 + K2Rδ0 +
3
2
R2

δ0
= 2 ,

so that ‖S(h)‖ ≤ 2s for some s < 1. This shows (by the Ahlfors-Weill theorem)
that the analytic part h of every function f = h + g in the family Fδ0t can be
extended to a Ks-quasiconformal function in Ĉ, where Ks = (1 + s)/(1 − s).
Using again that the family Fδ0t is invariant under affine transformations, we
get that not only h but also h + ag (where a ∈ D) has a Ks-quasiconformal
extension to Ĉ. By arguing as in the proof of [6, Thm. 2], we conclude that f
itself has a K-quasiconformal extension for an appropriate value of K. �
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