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Abstract. Statistical properties, fluctuations and probabilistic arguments are shown to explain the robust
dynamics of the Schelling’s social segregation model. With the aid of probability density functions we
characterize the attractors for multiple external parameters and conditions. We discuss the role of the
initial states and we show that, indeed, the system evolves towards well defined attractors. Finally, we
provide probabilistic arguments to explain quantitatively the observed behavior.

1 Introduction

In the early seventies Schelling considered the problem
of social segregation as a consequence of a natural evo-
lution of elementary local rules [1–3]. Perhaps the most
striking feature of the model is that, despite the simplic-
ity and the locality of the rules, there exists an emergence
of a large scale pattern of segregation. A simplified ver-
sion of Schelling’s original model possesses two distinct
kinds of individuals and it describes the willingness of an
individual to stay or to move from his/her place of resi-
dence. The basic rules are: if an individual is surrounded
by a majority of individuals of the opposite kind, then we
say, that the individual is “unhappy” in his/her residence,
hence he/she is willing to change with an individual of the
opposite kind which must be also “unhappy”.

Schelling’s model and its variations have been studied
extensively since the 70s in the context of many disci-
plines. More recently, a renewed interest in the Schelling
segregation problem has arisen in the field of statistical
physics and complexity, mainly, because of the similari-
ties of social segregation with phase separation [4], the
Ising model [5–8], and physics of interfaces [9]. In the
same spirit, Grauwin et al. [10], used thermodynamical ar-
guments to explain segregation transitions. From a more
economic point of view, Pancs and Vriend [11], consider a
utility function implying that despite the preference for a
perfect integration of the individuals, segregation is the
robust behavior of the system.

Two of us have, recently, re-examined the Schelling
segregation model in the specific case of a square periodic
regular lattice, with no empty sites [8]. The lattice sites
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may have a +1 if an individual, say +, lives in the site,
or a −1, if the site is occupied by an individual of the
opposite kind, −1. In reference [8] we have generalized
the majority rule, originally considered by Schelling, by a
threshold criteria: we say that an individual is unstable
or unhappy if it is surrounded by θ or more individuals
of the opposite state in its neighborhood. Though, the
happiness criteria is completely deterministic, the swap
among individuals of opposite state is a random process.
That is, at a given time, we choose randomly two unhappy
individuals of opposite states and we exchange them.

In reference [8], we have introduced a global quantity,
namely an energy (see Eq. (2)), which, we think, quan-
titatively describes the segregation. We showed that this
energy decreases strictly if θ > |V |/2, where |V | is the
number of individual in the neighborhood. For instance,
in the case of Moore’s neighborhood, used in reference [8]
and in the present paper, each individual has eight neigh-
bors, i.e. |V | = 8. Moreover, for θ > |V |/2, and because
of the finiteness of the system, one has that the dynamic
evolution of Schelling’s algorithm stops in finite time.

Accordingly, we identified a phase diagram in terms
of θ, and the further behavior of the energy in time. In
particular we noticed that for a large θ, the energy of the
final state is quite large, indicating only a slight segrega-
tion. On the other hand, as one gets closer to θ = 5, the
energy of the final state becomes smaller. Although, the
statement indicates that the energy strictly decreases only
if θ > 4, we have observed as a general rule, for the cases
θ = 4 and θ = 3, that the energy tends to decrease as time
passes. Moreover, the lowest energy is not really observed
for θ = 5, but for θ = 4. For θ = 3 the energy is signif-
icantly smaller than the energy for the case θ = 5, but
slightly higher than the case of θ = 4 and it fluctuates in
time forever. For θ = 2 the energy is significantly greater
than the one of the cases θ = 4 and θ = 3.
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In the present work, we characterize the attractors for
different values of θ with the aid of the probability den-
sity functions. Further, we study the energy fluctuations
of the possible configurations for various values of θ as well
the evolution of the PDF’s in time. Because of the intrin-
sic randomness of Schelling’s model, it is evident that the
evolution and the final state, the attractor1, would fluctu-
ate. Therefore, we shall quantify and classify this attractor
in terms of the probability distribution functions, in terms
of the energy of the final state for different values of θ.

The present paper is organized as follows: in Sec-
tion 2, we define precisely the Schelling model used in
the present article and we overview its main character-
istics and properties. In Section 3, we characterize the
evolution of the probability distribution functions in the
configuration space. In general, a lattice with N sites pos-
sesses 2N total possible configurations, which is a huge
number for a very modest value of N , therefore, we sam-
ple a finite number of configurations and we study their
evolution, in particular their final states (see Fig. 3). This
study confirms quantitatively the qualitative behavior ob-
served in reference [8]. Next, in Section 4, we study the
robustness of the attractors for the case θ = 4, 3, and 2,
showing that, indeed, despite the intrinsic randomness of
Schelling’s dynamics, the dynamics drives a configuration
to a well defined state that we call an attractor (which is
not unique).

Finally, in Section 5, we address the question: why does
the energy decrease in time despite the fact that it may
increase after a swap? At any given time, a configura-
tion {xt} may evolve in time to various distinct states
with different energies in each of them. However, we show,
via a purely probabilistic argument, that after a swap it is
more probably to decrease its energy than to increase it.

Therefore, an decreasing tendency is observed, due to
the decreasing energy events are more probable.

2 The model

Following [8], we shall consider the Schelling model in a
regular lattice in two space dimensions, with N = L × L
nodes, and periodic boundary conditions. We have ex-
plored the cases of N = 128 × 128, N = 256 × 256 and,
sometimes, N = 512 × 512, to clarify the role of the sys-
tem size in our findings. We do not observe any significant
variation of the observed behavior in terms of the system
size variations. For each node, labeled by k, we consider
the Moore neighborhood of eight sites.

Each node possesses a discrete value, xk, which may
be +1 or −1. Next, we say that an individual xk at the
node k (the house) is willing to change its site if there
are θ or more neighbors in an opposite state (see Fig. 1a).
The satisfaction criteria defines θ as a parameter that we
consider a constant through the lattice. This local criteria
is at the basis of the mechanism of segregation introduced

1 A fixed point for θ > 4, or a permanent fluctuating state
in the other cases.

(a) (b)

Fig. 1. We illustrate a configuration in a 8×8 lattice. We encir-
cle explicitly all the unhappy individuals for θ = 5. Notice that
periodic boundary conditions are considered along this article.
(a) Represents the initial random data, while (b) represents
the next step under the Schelling algorithm. The black circles
indicate the exchanged individuals after the first iteration of
the presented algorithm.

by Schelling. Finally, at a given step t, we write two dis-
tinct lists �+(t) and �−(t) that contains all unhappy nodes
available for a swap of the states +1 and −1, respectively.
If both lists are not empty, then one takes randomly one
element of each list and we exchange them (see Fig. 1b).
Note that this exchange may be of long range, in other
words, the exchanged individuals may be far away from
each other.

If k and l are these randomly chosen elements, then the
evolution mandates: xk(t) → xk(t + 1) = −xk(t), xl(t) →
xl(t + 1) = −xl(t) and all other nodes i �= k, l remain
unchanged xi(t) → xi(t + 1) = xi(t). Then, at the next
step t+1 one re-actualizes both lists getting �+(t+1) and
�−(t + 1), and then, proceed to exchange randomly again
two unhappy individuals of the actual lists. Henceforth,
the evolution continues forever or up to one of the lists
becomes empty depending of the parameter θ.

Variations of this model, as well as other exchange
protocols may be implemented similarly. Although some
results persist, a detailed study needs to be realized.

The parameter θ may take the values θ = {1, 2, . . . , 7}.
We exclude the border cases θ = 0 and θ = 8. In the
former case all individuals are never happy so the system
is under a continuous random swapping, while in the later
case, everybody is happy so no-inhabitant is willing to
move to another residence.

At the initial state we consider N+ habitants of the
type (state) +1 and N− habitants of the type −1. Those
numbers remain unchanged in the subsequently evolution.
Naturally, N = N+ + N−, is the total number of sites in
the lattice. Finally, the mismatch2

M =
N∑

k=1

xk ≡ N+ − N−, (1)

2 The analogue of magnetization in an Ising-like model.
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is also preserved by the dynamics, and it is related to the
concentration of the +1 state, and it is a parameter of the
dynamical system.

As shown in reference [8], the following quantity, which
we call energy by analogy with the ferromagnetic energy
of an Ising-like model:

E[{x}] = −1
2

N∑

k=1

xk

∑

i∈Vk

xi, (2)

always decreases during the evolution if and only if θ ≥ 5.
On the other hand, if θ ≤ 4 the energy may increase or
decrease during the evolution.

We underline that this essential property suggests us
to consider the energy (2) as a segregation quantifier,
indicator or index.

Finally, we end this section with the following useful
remarks.
Remark 1. The satisfaction criterion formally reads [8]: An
individual xk is unhappy at the node k if and only if:

xk

∑

i∈Vk

xi ≤ |V | − 2θ, (3)

where Vk stands for the neighbor of the site k.
Remark 2. After the criteria (3) the energy change after
a swap of any two unhappy (and opposite) individuals at
the sites k & l, reads:

ΔE ≤
{

4 (9 − 2θ) near neighbor swap
4 (8 − 2θ) long range swap.

(4)

Remark 3. For θ > 4, the energy decreases strictly by
an amount bounded by ΔE < −4 hence, the evolution
stops in finite time, because the energy (2) is bounded
from below. For θ = 4 one has ΔE ≤ 4, if it is a near-
neighbor exchange and ΔE ≤ 0, otherwise. Finally, for
θ < 4, the energy is not formally a decreasing function, it
may, indistinctly, increase or decrease after an exchange.
Remark 4. This energy has an interpretation in terms of
the geometry of the interface: in the case of the Moore
vicinity |V | = 8, in a two dimensional periodic lattice we
have shown that for closed interfaces the energy reads [8]

E = −4N + 6 × perimeter − 2 × (nb. of corners). (5)

3 Probability distribution functions
in for different threshold parameter θ

In reference [8] we have described qualitatively a phase
diagram of the patterns observed for various θ and var-
ious initial population fraction, namely M . We shall ex-
plore this phase diagram in a more quantitative way. First,
we shall characterize the segregation state by the afore-
mentioned energy, hence we quantify the final energy of a
given configuration with a fixed M , and for a certain tol-
eration parameter, θ. However, because the evolution of
Schelling’s model has an intrinsic random nature, the only

possible study is probabilistic. Therefore, we shall explore
various initial states and we shall reconstruct a probability
distribution function (PDF) which evolves in time. In this
way, an initial probability density function of a given sam-
pling, will evolve in time to an “equilibrium” probability
density function which describes the final or asymptotic
state. Notice that the state may still evolve, but its PDF
does not. In this section, we quantitatively study the PDF,
its evolution, and its average quantities.

3.1 The sampling

As already said, a system with N sites possesses 2N differ-
ent states, a huge number which makes it impracticable to
fully describe the evolution of all possible configurations.
Hence, we need to undertake a probabilistic scheme using
samples of configurations. We shall characterize the sam-
ples through well defined macroscopic quantities, namely
the mismatch M (magnetization) and by the energy E3.

There are various ways to sample these states, in the
present case we have chosen the initial states through a
binomial distribution:

xk(t = 0) = Bk(p) =
{

+1 with probability p
−1 with probability 1 − p

. (6)

Therefore, in average one has 〈M/N〉 = (2p − 1).
On the other hand, a mean field argument approxi-

mates the local sum of the neighbors in the energy (2) by:∑
i∈Vk

xi = V 〈M/N〉 = 8 〈M/N〉 hence, the mean field
energy becomes:

〈E/N〉 = −V

2
〈M/N〉2 = −4 〈M/N〉2 = −4(2p− 1)2.

(7)

For the following study, we shall consider values for p span-
ning in the interval p ∈ [0, 1/2], that is of a corresponding
〈M/N〉 ∈ [−1, 0]4. For each p we build 2000 random ini-
tial distributions of a N = 128×128 system size. We have
also checked that a system size of N = 256× 256, getting
no significant modifications, see Section 4.

A typical probability distribution function is observed
in Figure 2 for the cases of M = 0 and θ = 3 and θ = 4.

3.2 Time evolution of the probability density functions

3.2.1 The cases for θ > 4

Figure 3 summarizes the location in the E, M plane of
the initial configurations for various p, as well as, the
final configurations after the Schelling algorithm stops,
indicating the evolution of the probability distribution

3 Because of the extensive characteristic of E and M we shall
normalize them by the total number of sites.

4 Notice, the symmetric properties of M , then, it is sufficient
to look only for a set of negative values of M .
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(a)

(b)

Fig. 2. PDF as a function of E and M , for the case whenever
initially one has (6) with p = 1/2, therefore 〈M〉 = 0 (but its
variance is not null). The figures correspond to: (a) θ = 4, and
(b) θ = 3. Both PDFs are built with a sampling 2000 initial
configurations, in a 128 × 128 system size.

function in time. These different evolutions have been re-
peated for various values of the parameter θ, indicated
explicitly in Figure 3. The quantitative behavior of the
final distribution corroborates the qualitative picture de-
scribed in reference [8]. The mean value of the energy
strictly decreases in time as dictated by the energy prin-
ciple for θ ≥ 5. On the other hand, the PDF keeps M
fixed during the evolution, hence the state moves in lines
of constant M .

The final distribution takes place at well defined loca-
tions which are distributed along a well defined curve of
energy according to the average energy of each value of θ
(see Fig. 3). We do not have any theoretical argument to
derive these curves in a quantitative way from the princi-
ples of Schelling’s dynamics. However, it is expected, that
as θ increases the final distribution reaches the mean field
curve (7), as observed. In the following sections we shall
study the cases for θ = 4, 3, 2, where the dynamic may
evolve indefinitely.

3.2.2 The cases for θ ≤ 4

Accordingly with the energy principle, the case θ = 4
marks a transition point. A first distinction is that, for
θ > 4 the dynamics stops in finite time, while or θ < 4

-4

-3

-2

-1

- 1 - 0.8 - 0.6 - 0.4 - 0.2

M/N \\\\

E/N \\\\θ = 4

θ = 5

θ = 6

θ = 7

i

Fig. 3. The E-M phase of the mean values of the final state
reached by the evolution of the Schelling algorithm described
above for the cases of θ = 4, 5, 6, 7. The figure also shows the
initial states by the black line denoted by (i), for 2000 ran-
dom initial configurations built with the aforementioned bi-
nomial distribution. Notice that initial configurations (i) are
distributed along the mean field relation (7) which is also plot-
ted. On the other hand, the final distributions are located at
different places depending on the specific value of θ. The er-
ror bars denote the standard deviation of the respective mean
values. The large error bars for θ = 4 are due to the existence
of a large number of asymptotic states with different energies
(see Fig. 2). The simulations correspond for two different sys-
tem sizes: 128×128 (in color) and 256×256 (the black dashed
lines). Both curves are superimposed for θ = 5, 6 and 7 and
indistinguishable to the eye.

the dynamics evolves indefinitely. At the limit case, θ = 4,
the dynamics may stop or may go indefinitely, depending
on the initial data5.

Secondly, despite the energy principle not being valid
for θ = 4, most of the exchanges do not increase the en-
ergy, only the close neighbor does (see Remark 3). There-
fore, from a pure probabilistic argument, the global ten-
dency of the evolution is to decrease its energy, moreover,
this is the most efficient case of segregation, a solely neu-
tral rule “An individual is unhappy if half of his neigh-
bors are of opposite type” produces the most segregated
situation.

Because there is a tendency of energy minimiza-
tion, the asymptotic state possesses very low energy

5 Indeed, if the mismatch is exactly zero (i.e. M = 0), the
dynamics evolves up to straight line domains (see Ref. [8]).
At the boundary of the +1 and −1 domains, there is no “un-
happy” individual therefore the dynamics stops. If the mis-
match is not a multiple of twice the lateral size of the domain L,
(M �= 2nL with n an integer), then final states possesses an one
dimensional line with +1 and −1. As shown in reference [8],
the dynamics eventually is reduced to a one dimensional case
with nearest neighbors and θ = 1. In a general initial data, we
shall have both situations, therefore some of the initial config-
urations would stop in finite time, some of them would evolve
forever.

http://www.epj.org


Eur. Phys. J. B (2015) 88: 25 Page 5 of 12

(see Fig. 2a). As discussed in reference [8] the ground
state energy is a double stripe interface, but, a circle
(more precisely a polygon) has a very close energy to the
double stripe pattern, hence in some situations the dy-
namics goes to the double strip “attractor” while other
goes to the polygonal “attractor”. Therefore the PDF
should possesses well separated peaks in energy indicat-
ing the existence of different “attractors” in the dynam-
ics (see Fig. 2a). By analogy with thermodynamics, the
existence of one stable state (the double strip) close to
another meta-stable state (the close polygon) may indi-
cate that both states are separated by an “energy barrier”,
which would be an unstable state. In thermodynamics this
energy barrier is proportional to − log P (E, M), where
P (E, M) is the probability density function in terms of
the state variables M and E. Though it is an interest-
ing possibility, we do not observe any simple relationship
among the probability density functions, and the state
variables like M and E.

For any initial condition, the dynamics for θ = 3 goes
forever, however, a similar energy-probabilistic argument
holds. As we shall see in Section 5, most of the exchanges
decrease energy instead of increase it, therefore the main
behavior of the system systematically decreases its energy.
Similarly, both the double stripe (plus a fluctuating inter-
face) and an approximate circle are the “attractors”. In
Figure 2b we can observe an incipient double peak struc-
ture indicating the existence of these two “attractors”.
Finally, the case of θ = 2 deserves more attention (see
Sect. 4.4). We shall come back in Section 5 to the study
of the probabilistic arguments for the observed energy
decreasing dynamics.

We end this section with a possible analogy of the ob-
served energy decreasing behavior for the cases θ = 3 and
θ = 4. (Notice that we refer to “energy decreasing be-
havior”, because in general the initial conditions possess
a larger energy than the one of the “attractors”, see Fig. 6
for other situations.) In Figure 4, we plot the fraction of
the total unhappy individuals as a function of time.

Accordingly, the fraction of unhappy individuals de-
creases in time, as the energy does [8]. This is a con-
sequence of the following: after an initial transient of
segregation, well defined domains are formed up, in con-
sequence the un-happy individuals are located only at the
interfaces of these domains. However, as explained in Re-
mark 4 of Section 2, the energy itself is proportional to
the interface length. Therefore, in the regime character-
ized by well defined domains, the energy is proportional
to the fraction of unhappy individuals.

For the cases of θ = 3 and θ = 4, it is observed
(see Ref. [8]) that typical size of domains increases in
time and the total perimeter of the interfaces decrease.
Moreover, the energy approaches the ground state energy
as a power law in time (E − EGS ∼ 1/t) [8]. This sce-
nario seems to be similar to the phenomena of coalescence
and Ostwald ripening in conservative systems (recall that
the total magnetization M =

∑
k xk is constant) [12–14].

Moreover, numerically one notices that the large curvature
interfaces are smoothed by the dynamics. In this line, a

0 500 1000 1500 2000 2500 3000
0

0.2

0.4

0.6

0.8

1

Theta4
Theta3
Theta2

1

0.8

0.6

0.4

0.2

0
0 100 200 300

t x 10 [steps]
4

θ = 2
θ = 3
θ = 4

Fr
ac

tio
n 

of
 u

nh
ap

py
 in

di
vi

du
al

s

Fig. 4. The fraction of unhappy individuals, that is (number
of unhappy individuals)/N , vs. time. The initial condition was
a random configuration (6) in a square periodic lattice of N =
2562 nodes. The curves are for different values of θ, namely
θ = 2, 3, 4.

small droplet (a “ghetto”) decreases its radius exchanging
unhappy individuals with a large domain, up to vanishes
it radius in finite time. Thus, the final state minimizes the
curvature at the interfaces, namely a double straight lane
interface or an almost circular domain [8].

However, some difference with the usual Ostwald
ripening phenomena are present. First, although the hap-
piness criteria is local in the Schelling model, the long
range exchange of individuals is certainly not at the basis
of a diffusive process, but probably, of a hyper-diffusive
process. Second, the power law behavior of the energy, as
well as, the length of the interfaces do not follow the tem-
poral behavior of the original Ostwald ripening. Finally,
the coalescence of two “ghettos” into a single one is faster,
and more important, independent of the characteristic dis-
tance among other “ghettos” (because of the long range
exchange). This rate behaves mostly as a(t) ∼ (t∗ − t)α,
a(t) being the size of the droplet, t∗ the collapse time,
and α is an exponent ranging between α ≈ 3/4 and 1.
Therefore, despite the underlying mechanism is not a dif-
fusive process the inherent random process involved in the
swapping mechanism self-organize the system into an irre-
versible mechanism of segregation whenever small “ghet-
tos” coalesce together forming larger communities, this
mechanism follows in time, up to forming two distinct
domains, with different individuals [8].

Finally, we mention that, as we shall see, the case θ = 2
does not belong to class of behavior. This case is domi-
nated by large fluctuations which do not allow the system
to self-organize into any recognizable coherent structure.

4 “Attractors” for the cases θ ≤4

4.1 Asymptotic mean energy of the attractors

In this section, we shall study the asymptotic states, or as
we called the “attractors”, for the cases θ ≤ 4. To do this,

http://www.epj.org
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(a) (b) (c) (d)

(e) (f) (g) (h)

Fig. 5. Snapshots of the initial configurations in a 128× 128 square lattice with M = 0. (a) G2 with an energy E
N

= −3.91; (b)

G4, E
N

= −3.81; (c) G64, E
N

= −3.28; (d) G256, E
N

= −2.62; (e) Rectangle E
N

= 1.0; (f) Stripes, E
N

= 2; (g) Hybrid, E
N

= −0.38;

(h) Random, E
N

= −0.01.

we shall explore various initial configurations with dis-
parate values of initial energies but with zero initial mis-
match of magnetization (M = 0). Though, these initial
states, represented in Figure 5, are only a tiny fraction (of
polynomial order because of symmetries) of the all possi-
ble configuration, 2N , they are spanned over all possible
energies, from the ground state Figure 5a, to the largest
possible energy Figure 5f. Therefore, they represent all
degrees of segregation.

Figure 5 shows these selected initial configurations.
They have different shapes and combinations of posi-
tive and negative individuals located along the lattice.
In this work we have considered eight initial configura-
tions named G2, G4, G64, G256, Hybrid, Random, Rect-
angle and Stripes (see Fig. 5). The G names configurations
represent the amount of groups of individuals in the lat-
tice. The Rectangle configuration (see Fig. 5e) is built on
the basis of rectangles size 2 × 1 individuals. The Stripes
configuration (see Fig. 5f) has the largest possible energy
(E/N = 2). The Hybrid configuration (see Fig. 5g) mixes
2 × 1 rectangles with 2 × 2 squares. Finally, in the Ran-
dom configuration all individual are distributed randomly
along the lattice according with the protocol established
in previous Section 3. Among all configurations, only the
Stripes and the Rectangle have positive energies.

The idea is to start the dynamics at different energy
levels allowing us to see the evolution of the energy for
different values of θ. Notice that some of these configura-
tions are not adequate for the cases θ > 4 because they
may not present, in general, unstable individuals able of
a swap. Therefore the present study is only applicable for
the cases θ ≤ 4.

With these configurations we are able to explore an
“attraction basin” of the dynamics of the Schelling model,
as we can see in Figure 6, despite the initial data be-
ing spanned over all possible ranges of energies, the fi-
nal state converges to a well defined value of energy. We
call this asymptotic state by an attractor, because it oc-
curs independently of the initial configuration of the net-
work. In the following, we characterise, case by case, these
attractors6.

In the configuration G2, already called double strip
(see Fig. 5a), we can see the individuals regrouped in
two different populations. This configuration has the min-
imum possible energy in these types of morphologies (see
Ref. [8]). For that reason, in case θ = 4, this configuration
does not exchange any individual during evolution, be-
cause all individuals are initially happy so the lists �+ and
�− are empty. The initial configurations G4, G64, G256,
Rectangle, Stripes, Random and Hybrid present a different
behavior, which do decrease their energies continuously
exchanging the individuals until reaching an asymptotic
value of energy. In Figure 6a, we can trace the behavior of
the energy as a function in time. Clearly, all initial data
goes to the same global energy attractor. Moreover, from
the asymptotic values one gets an average energy realized
over all studied configuration and averaged also in time
after a transient:

〈
E

N

〉

θ=4

=
{−3.891± 0.02 forN = 1282

−3.947± 0.02 forN = 2562 .
(8)

6 Notice that the present notion of an “attractor” does not
refer to the usual notion of a fixed point or a cycle in discrete
systems. In some sense, we are talking about a “dynamical
attractor”.

http://www.epj.org


Eur. Phys. J. B (2015) 88: 25 Page 7 of 12

20 40 60 80 100
−4

−3

−2

−1

0

1

2

 

 

G2
G4
G64
G256
Hybrid
Random
Rectangle
Stripes

2

1

0

-1

-2

-3

-4
0 20 40 60 80 100

t x 10 [steps]
4

(a)

0 50 100 150 200 250 300
−4

−3

−2

−1

0

1

2

 

 

G2
G4
G64
G256
Hybrid
Random
Rectangle
Stripes

2

1

0

-1

-2

-3

-4
0 100 200 300

t x 10 [steps]
4

(b)

0 50 100 150 200 250 300
−4

−3

−2

−1

0

1

2

 

 

G2
G4
G64
G256
Hybrid
Random
Rectangle
Stripes

2

1

0

-1

-2

-3

-4
0 100 200 300

t x 10 [steps]
4

E/N

(c)

Fig. 6. Energy per site E/N vs. time for different initial configurations of Figure 5, for various values of the parameter θ: (a) θ =
4; (b) θ = 3; (c) θ = 2. The system size is 256×256. The plots show the notations for different initial conditions show in Figure 5.

For the case of a 2562 system size the energy is
slightly smaller. This energy difference is not surprising.
The actual energy is closer to the ground state E0/N =
−4, as expected in the “thermodynamical limit” (N, L →
∞). Indeed, the total energy comes from the perime-
ter interface which is proportional to the system size L.
Therefore, after (5), the energy per site scales as:

E/N = −4 + 12/L + O(1/L2),

a formula which is in excellent agreement with (8). The
same happens in the case of θ = 3, because the system
energy is also very close to the ground state energy.

In the case θ = 3 (see Fig. 6b), the satisfaction cri-
terion (3) allows, at most, two different individuals living
in the neighborhood. Therefore all configuration are never
stable, because an individual needs at least three neighbor
to generate a stable interface between the two populations
with the same number of individuals. The mean energy of
the fluctuating interface is slightly higher than the case for
θ = 4, its configurational and temporal mean value is7:

〈
E

N

〉

θ=3

=
{−3.848 ± 0.05 forN = 1282

−3.914 ± 0.04 forN = 2562 .
(9)

Finally, the segregation is completely inefficient in the case
θ = 2 (see Fig. 6c), because exchanging an individual im-
plies necessarily the unhappiness of others. For the initial
configurations: G2, G4, G64 and G256, the dynamics tries
to minimize the number of unhappy individuals increas-
ing the energy. While for the initial configurations Stripes,
Rectangle, and Random the energy decreases up to the
same asymptotic value.

As in the other cases, for θ = 2, all configurations reach
a dynamical attractor with a well defined value of energy
and higher than the one of ground state. From all these
simulations, one can quantify the value of the energy of
this attractor by:

〈
E

N

〉

θ=2

=
{−0.277± 0.001 for N = 1282

−0.276± 0.001 forN = 2562.
(10)

7 The time average was done in the very large asymptotic
limit whenever all configurations reach a permanent state.

In order to understand the observed behavior, we shall
characterize the asymptotic state for θ = 4, 3 and 2 in
the following way. Consider the local value of the energy
at k:

ek[{x}] = −1
2
xk

∑

i∈Vk

xi, (11)

of a given site k. In general ek may take the values rang-
ing in the interval [−4, 4], depending on its neighbor-
hood. Then, we calculate the fraction of individuals in
the lattice fk having a local energy ek.

4.2 The case θ = 4

This case is the most efficient decreasing the energy to-
ward the ground state. Most of initial configurations, even-
tually, reach the ground state, which is represented by a
double stripe pattern, in which the two populations are
completely segregated. The double strip can be formed
with a vertical or a horizontal interface. In some situa-
tions the final state is composed of a close polygon, that
is, a rough approximation of a circle8.

We define 〈fk〉 the average fraction9, of individuals
having a local energy ek. For the case θ = 4 a summary
of the values of 〈fk〉 is reproduced in Table A.1 in the
Appendix. According to the criteria (3), the table marks
two distinct regions, namely the regions whenever the in-
dividual k, is happy and another region for the unhappy
individuals.

8 It should be noticed that because of the finiteness size of
the system and because of the boundary conditions, a fully
diagonal interface is never observed. Although, a diagonal in-
terface formally has the same energy than a vertical or a hor-
izontal configurations, the final energy of the configuration is
slightly higher [8]. This happens because a diagonal interface
adds a vertical and a horizontal interface due to the periodic
boundary conditions. This energy difference decreases as the
system size increases, so that in the large system limit, L → ∞,
one reaches the ground state energy: E/E0 → 1 + O(1/L).
Here E0 is the ground state energy and L is the system size.

9 Hereafter, the average 〈· · · 〉 represents the average over all
the network.
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The first conclusion that we draw from this Table A.1,
is that the 99.9% of the individuals are happy in their
actual state. Only a minor fraction (who are located at
the interface as said above) are unhappy. Moreover the
value of the global energy comes from the happy individ-
uals. Therefore, the energy contribution coming from the
unhappy individuals cancels out from the total value, a
behavior which is verified also in other cases.

4.3 The case θ = 3

After a long transient (see Ref. [8] for details of the dy-
namics for the case θ = 3) the system reaches a state close
to the ground state. As already noticed [8], the interface
between the populations is very rough and fluctuating.
Naturally, it plays an important role increasing the en-
ergy as well as the fluctuations. An asymptotic state can
be reached but the intrinsic dynamics for the case θ = 3
does not allow the swaps to stop at any finite time10.
The individuals located at the interface would be never
happy hence they produce a fluctuating interface and thus
a fluctuating energy evolving indefinitely.

In general, we observe a short transient whenever the
energy increases but as time goes on, the decreasing energy
principle mandates over eventual other processes decreas-
ing the energy of the system near to the lowest possible
value (see Fig. 6b).

As in the case of θ = 4, we summarize in the Appendix
Table A.2 with the local averages quantities. Similarly,
in the present case 95% of the individuals are happy. At
a rough interface, only a fraction of 5% of individuals is
unhappy. In this case the contribution to the global energy
is also mainly because of the happy individual.

4.4 The case θ = 2

This case differs qualitatively from the cases θ = 4 and
θ = 3. It is characterized by a highly intolerant population
with a high number of unhappy individuals exchanging
their positions continuously. For that reason, both popu-
lations are never segregated during the dynamics and the
segregation is completely inefficient. In Figure 6c, we can
observe the evolution of the different initial configurations
in the present case.

There are only two distinct configurations, which sat-
isfy the happiness or stability condition. The first con-
figuration admits all individuals in the neighborhood to
be the same as in the center. In this situation the local
energy of the neighborhood is ek = −4, the minimum
possible value. The second type of configuration has only
one different individual in the same Moore vicinity. This
type of configuration has a local energy ek = −3. These
types of conditions can be seen respectively in Figure 7.

10 Strictly speaking there are initial configurations, which do
stop in finite time, for instance a huge number of sites at −1
but with a dilute number of sites in +1, no +1 close to another
+1, nevertheless this is not possible in the case of M = 0.

a)
• • ◦
• • •
• • •

◦ ◦ •
◦ ◦ ◦
◦ ◦ ◦

b)
• • •
• • •
• • •

◦ ◦ ◦
◦ ◦ ◦
◦ ◦ ◦

Fig. 7. These two types of configurations satisfying the hap-
piness condition for θ = 2. In these cases the central individual
is happy (detonated with a red color), because it does not have
more than two individuals in its neighborhood of the opposite
kind.

On the other hand, the individuals who are unhappy can
have any local energy except those two mentioned before.

Because the average energy of the attractor is slightly
smaller than zero and because a random data with M = 0
has zero mean energy (7), we conclude that the case
θ = 2 is characterized by a small group of happy individ-
uals together with a large group of unhappy individuals
constantly swapping randomly.

In the Appendix we reproduce a table with the average
of all local energies, when the dynamics fluctuates around
the asymptotic state for several iterations.

A dramatic change is observed with respect to the
cases of θ = 4 and θ = 3, because the average fraction
of happy individuals is only 8.5%, while 91.5% of the in-
dividuals are unhappy. This indicates a possible transi-
tion (between θ = 3 and θ = 2) which will be studied
elsewhere [15]. As in previous cases, the global contri-
bution of all the unhappy individuals happens to cancel
out. Surprisingly the net energy of all unhappy individu-
als vanishes exactly. This fact cannot be considered as a
coincidence (see Tabs. A.1–A.3). This unexpected behav-
ior may be understood as: The network is composed by
happy and unhappy individuals. The unhappy individuals
are the only ones able of moving and swapping. There-
fore this fluctuating population in the permanent state
should not increase neither decrease its energy. Likewise,
their mean energy contribution should be zero. We shall
study the exchange probability in terms of the energy rate
change after a swap in the next section.

5 Probabilistic description of Schelling’s
dynamics

5.1 Distribution of ΔE given θ in the case
of a space homogeneous state

In the present section we shall estimate the probabil-
ity density distribution of the energy change, ΔE =
E[{x}t+1] − E[{x}t], for a given θ, after a swap of in-
dividuals is realized. Because the satisfaction criteria (3)
and the energy change (4) after a swap do depend lo-
cally on the neighborhood of the swapped individuals,
there are only two distinct cases schematized in Figure 8.
First, the case of long range exchange, that is, when-
ever the exchanged sites are well separated (see Fig. 8a);
and the second case, concerns the short range exchange
(see Figs. 8b–8f). We shall assume spatial homogeneity to
estimate the probability of a given exchange. Naturally,
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a)
• • •
• ◦ •
◦ ◦ •

◦ • •
◦ • •
◦ • •

b)
◦ ◦ • •
◦ • ◦ •
• ◦ • •

c)
◦ ◦ • ◦ •
◦ • ◦ ◦ •
• ◦ • • •

d)

◦ ◦ •
◦ • ◦ •
• ◦ ◦ •
• ◦ •

e)

◦ ◦ •
◦ • ◦
• ◦ • •
• ◦ •
◦ • •

f)

◦ ◦ •
◦ • ◦
• ◦ • • ◦

• ◦ •
• • ◦

Fig. 8. (a) Long range exchange; (b)–(f) All possible local exchange that we discard in the present estimation. A Schelling
model which allows only short range exchanges will be considered elsewhere.

this assumption depends on the initial state, but this as-
sumption is valid only in a limited time scale. As soon as
the system self-organized in a segregated pattern, the as-
sumption of spatial homogeneity is no longer valid, and
the present argument would not hold. In the next sec-
tion, we shall quantify numerically, the long time evolu-
tion of the probability density function in terms of the
energy rates ΔE, naturally this probability differs from
the present approach, which is valid only for homogeneous
distributions.

We shall also assume the large system limit size; that
is, taking only into account the long range exchange, be-
cause the probability to realize a short range exchange
is much smaller than the one to obtain a long range ex-
change. In the present calculation, we have considered ex-
plicitly the occurrence of short range exchange and we
check that this process does not contribute that much to
the problem.

Let us call, k and l the opposite state individuals which
are willing to swap. Suppose that, xk = ◦ and we have r
individuals • in their neighborhood, similarly, suppose
xl = • and r′ individuals of ◦ in their neighborhood.

Let us call ΓL(r, r′ | θ) the total number of possible ex-
change of long range configurations with individuals will-
ing for an exchange, with fixed values of r, r′ and θ. Notice
that, an exchange is possible if both, θ ≤ r, r′. For the first
neighborhood, there are ( 8

r )H(r − θ) possible combina-
tions. Here H(s) is the Heaviside-step function, H(s) = 1
if s ≥ 0 and H(s) = 0 if s < 0. Similarly, for the r′
neighborhood. The total combinatory gives

Γ (r, r′ | θ) =
8!2

(8 − r)!(8 − r′)!r!r′!
H(r − θ)H(r′ − θ).

(12)

Finally, the total number of possible configurations is:

Z(θ) =
8∑

r=0

8∑

r′=0

Γ (r, r′ | θ) =

[
8∑

r=0

(
8
r

)
H(r − θ)

]2

.

Here we have implicitly used the assumption of homogene-
ity, because we consider that all configurations have the
same weight.

From (4) one has that the energy change after the
swap is:

ΔEk,l = 4(8 − r − r′). (13)

Therefore, computing the total number of configurations
with a fixed value of r + r′, one gets the total fraction:

f(ΔE, θ) =
1

Z(θ)

8∑

r=0

Γ (r, 8 − r − ΔE/4 | θ), (14)

Fig. 9. Probability distributions function in terms of the en-
ergy change after a swap for various values of θ. The bar graph
represents the result of the theoretical distribution fraction
f(ΔE, θ) from (14), while the broken curve represents the nu-
merical findings in the case of a very large system (512× 512).

which has been represented by a bar graph in Figure 9.
We notice an extraordinary agreement with the probabil-
ity distribution functions computed with direct numeri-
cal simulation of the Schelling model in a large system
size (5122), to avoid short range exchanges, and to pre-
serve the spatial homogeneity for a longer time.

From Figure 9 we can observe that for θ = 2 the en-
ergy difference distribution is almost centered at ΔE = 0.
Further, as one increases θ, the center of the distributions
moves for a negative energy difference ΔE, in qualitative
agreement with the general observed picture of a decreas-
ing energy principle. Indeed among all possibilities the
“most probable” is the one of a decreasing energy. For
θ = 5 and θ = 6 the event of having an increase of energy
(ΔE > 0) is zero.

In Figure 9, we have taken the values of ΔE over
1000 time steps for all values of θ. As the dynamic evolves
the probability distributions move away from the one com-
puted here, because of the lost of spatial homogeneity.

5.2 Probability distribution function of energy
variations as a function of time

As time passes the system self organize, hence it is no
longer possible to assume spatial homogeneity. We shall
quantify, numerically, the evolution of the probability den-
sity distribution of the energy change rate ΔE, for vari-
ous θ, after a swap of two opposite individuals. From the
time evolution (see Fig. 6) one notices that the PDF in
terms of the energy rates should change in time. The initial
probability distribution is quite different from the proba-
bility distribution on the late stage. In Figure 10 we can
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(a)

(b)

Fig. 10. Probability density function of energy differences ΔE
for different time steps, from t = 0 up to t = 800 000. (a) The
case θ = 4 and (b) the case θ = 3. The arrows and the col-
ormap indicate the sense of time (early times are represented
by red and the late times by violet). Each curve is computed
using a collection of 1000 consecutive energy differences ΔE,
and then the procedure is repeated 800 times. Notice that the
PDF late behavior verifies 〈ΔE〉 = 0, indicating a fluctuating
equilibrium state.

observe the evolution of the PDF in time for the cases
θ = 4 or θ = 3.

For the case θ = 4, one observes that initially the
PDF is displaced to the negative values of ΔE, in agree-
ment with the energy rate observed in the early times.
However, as time passes, the distribution becomes clearly
a symmetric distribution centred at ΔE = 0, and with
zero mean value, indicating the existence of a fluctuating
state around a well defined average value of the energy,
in agreement with the findings in Section 4.2. The case
for θ = 3, looks similar, but the final distribution is much
wider and less symmetric than the case θ = 4 and also
agrees with Section 4.3.

6 Discussion

In conclusion, we have characterized quantitatively the
temporal evolution of a special case of the Schelling model,
in terms of the parameters of the model, namely the rel-
ative fraction of populations given by M (fixed during
the evolution), and the satisfaction parameter θ. Despite

the intrinsic stochastic dynamics of the Schelling model,
the system presents the existence of “attractors”, defined
crudely by a fluctuating state that “attracts” most of the
initial configurations. Among all possible parameters, e.g.
the system size, the intrinsic randomness, etc., we always
observe well defined “attractors” quantified by the notion
of energy (2) which is the pertinent value that measures
the global segregation, via the length of interface perime-
ter (surprisingly, this energy has not yet been included
in the characterization of social segregation in commu-
nities). Therefore, all initial configurations, with a wide
range of initial energies, converge to a well defined asymp-
totic energy which characterizes the social segregation. For
a fixed M , this asymptotic or mean energy depends purely
on θ and non substantial modifications appears depending
on the system size.

As stated in reference [8], the threshold θ = 4 de-
fines the case of an evolution which stops in finite time
(θ > 4), and the case of an infinite time dynamics (θ < 4).
The qualitative picture presented already in reference [8],
is verified quantitatively in our statistical study. For the
case of finite time evolution (θ ≥ 4), we have computed
the phase space showing a precise relationship between
the average energy of the segregation as a function of the
initial population fraction, namely the magnetization M
(see Fig. 3).

Although, it has been shown that for θ > 4 the energy
strictly decreases during the evolution [8], numerically is
observed that the maximal segregation (least of energy)
arises for θ = 4 and θ = 3 where the evolution is not
forced to decrease strictly. Of particular interest is the
case θ = 2 which dramatically increases its mean energy
value well above θ = 3. This indicates a possible new
transition. Indeed, in a sequel work we observe in the case
of very large neighbors (of size V ) the existence of two
extra critical thresholds, namely θ = V/4 and θ = 3V/4
which will be considered in a future publication [15].

With the aid of the probability distribution density
functions, in terms of the aforementioned global observ-
ables (1) and (2) we trace the statistical evolution of the
system, providing the basic underlying probabilistic rules
of evolution and the statistical attractors, that is, the final
states in terms of various values of θ.

The intrinsic mechanism that governs the evolution of
the system is revealed. First, for θ ≤ 4 it is numerically
observed that the attractors are characterized by a general
property: the mean energy (total energy per total number
of sites) contribution comes from the so-called happy in-
dividuals, while the net change of energy coming from the
unhappy individuals cancels out. This important “micro-
motive” (using Schelling’s original terminology, for local
a behavior) is completely general (at least for the cases of
θ ≤ 4) and is understood because the unhappy individuals
are the fluctuating population, so that in average cannot
modify the energy because the system is at equilibrium.

Secondly, basically the exchange of individuals is
driven by a probabilistic argument: for instance, for
θ ≥ 4 the probability to increase the energy after a
swap (ΔE > 0) is zero; on the other hand, for θ = 4
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Table A.1. Fraction of individuals according to their local energies for θ = 4. The system size is 2562 (Similar values arises for
N = 1282).

Happy Unhappy

ek −4 −3 −2 −1 0 1 2 3 4

〈fk〉 0.9798 0.0036 0.00024 0.0161 0.00023 5.2 × 10−6 2.7 × 10−9 0.0 0.0

〈Ek〉 = ek 〈fk〉 −3.9192 −0.0108 −0.00048 −0.0161 0.0 5.2 × 10−6 5.4 × 10−9 0.0 0.0
∑

k 〈fk〉 0.9997 0.00024∑
k 〈Ek〉 −3.9466 5.2 × 10−6

Global 〈E/N〉 −3.947

Table A.2. Fraction happy and unhappy individuals in accordance to their local energies for θ = 3. The system size is 2562.

Happy Unhappy

ek −4 −3 −2 −1 0 1 2 3 4

〈fk〉 0.9653 0.0116 0.0089 0.0056 0.0045 0.0031 0.00078 0.00026 0.00006

〈Ek〉 = ek 〈fk〉 −3.8612 −0.0348 −0.0178 −0.0056 0.0 0.0031 0.0016 0.00077 0.00025∑
k 〈fk〉 0.9858 0.0143∑

k 〈Ek〉 −3.9138 0.000076

Global 〈E/N〉 −3.914

Table A.3. Fraction happy and unhappy individuals in accordance to their local energies for θ = 2. The system size is 2562.

Happy Unhappy

ek −4 −3 −2 −1 0 1 2 3 4

〈fk〉 0.0197 0.0662 0.1347 0.2138 0.2439 0.193 0.0994 0.0260 0.0034

〈Ek〉 = ek〈fk〉 −0.0788 −0.1986 −0.2694 −0.2138 0.0 0.193 0.1988 0.0780 0.0136∑
k 〈fk〉 0.0859 0.9142∑

k 〈Ek〉 −0.2774 0.0002

Global 〈E/N〉 −0.277

and θ = 3 the most probable exchanges are energy de-
creasing events. Indeed, a simple probabilistic argument
shows (see Sect. 5) that the probability density function
in terms of the energy change rate after a swap of indi-
viduals during the early evolution, is not symmetric with
respect to the change ΔE ↔ −ΔE. Therefore, in the early
stage of segregation will most probably be observed an en-
ergy decreasing event. This explains the energy decreasing
principle observed numerically in reference [8]. Naturally
as time goes the probability distribution function, recovers
the symmetry ΔE ↔ −ΔE, characteristic of a permanent
fluctuating state. However, for θ = 2 and higher, the early
state of this probability distribution function recovers this
symmetry (see Fig. 9), indicating that one observes an
equal number of events which increase or decrease the to-
tal energy. Therefore it is expected that the mean energy
of the system in this case, is higher.

In summary, in this paper we put forward that the ba-
sic mechanism which drives the system to well defined final
state of segregation, as observed in cities, is mandated by
a pure probabilistic phenomena at the microscopic level.
Therefore, the tendency observed in time of social segre-
gation, is because, the increasing social segregation events
(that individuals of a kind which prefer to be together)
are more probable.
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Appendix

In this Appendix we reproduce the average pertinent
quantities that we have considered to describe the statis-
tical properties of the attractors considered in Section 4.
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