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We explore the possibility of finding pure Lovelock gravity as a particular limit of a Chern-Simons
action for a specific expansion of the AdS algebra in odd dimensions. We derive in detail this relation at the
level of the action in five and seven dimensions. We provide a general result for higher dimensions and
discuss some issues arising from the obtained dynamics.
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I. INTRODUCTION

Lanczos-Lovelock theory [1,2] is the most natural
generalization of the gravity theory in D dimensions that
leads to the second-order field equations. Its action is built
as a polynomial in the Riemann curvature with each term
carrying an arbitrary coupling constant. As recently dis-
cussed in Ref. [3], the higher curvature terms can generate
sectors in the space of solutions carrying different number
of degrees of freedom. In particular, there might be
degenerate sectors with no degrees of freedom and in that
case the metric is not completely determined by the field
equations, i.e., some components remain arbitrary. An
explicit example was first provided in Refs. [4,5] where
it was shown that the metric component gtt of the static
spherically symmetric solution stays arbitrary when the
coupling constants cause the theory to admit a nonunique
degenerate vacuum. In fact, metrics with the undetermined
components were reported not only in the static case [6] but
also when the time dependent metric functions [7–9] are
considered or when torsional degrees of freedom are taken
into account to find a charged solution [10].
The degeneracy problem mentioned above can be

avoided in the static spherically symmetric sector for
particular choices of the coupling constants in the
Lovelock theory. The simplest case corresponds to the
Einstein-Hilbert (EH) action with or without the cosmo-
logical constant term. The next one is given by the action
containing the Einstein-Hilbert and Gauss-Bonnet terms in
D dimensions [11]. Another possibility is to choose the
coefficients as in the Chern-Simons (CS) or Born-Infeld
(BI) theories. Recently in Refs. [12,13] the pure Lovelock
(PL) theory was proposed as another way of fixing the

constants such that the static metric is free of the degen-
eracy. Indeed, the PL theory has nondegenerate vacua in
even dimensions and admits a unique nondegenerate (A)dS
vacuum in the odd-dimensional case. In the first-order
formalism with the vielbein ea and the spin connection ωab,
the considered action contains only two terms instead of the
full Lovelock series,

IDPL ¼
Z

ðα0L0 þ αpLpÞ; ð1Þ

where

L0 ¼ ϵa1…aDe
a1 � � � eaD; ð2Þ

Lp ¼ ϵa1…aDR
a1a2 � � �Ra2p−1a2pea2pþ1 � � � eaD: ð3Þ

As usual, the curvature and the torsion are defined as
Rab ¼ dωab þ ωa

cω
cb and Ta ¼ dea þ ωa

beb, where
wedge product is assumed and the Lorentz indices a, b
are running from 1 to D. This action naturally carries
torsional degrees of freedom and usually, when the study of
solutions is considered (see Ref. [14]), the vanishing of
torsion is assumed.
The new coefficients, in terms of the cosmological

constant related with the (A)dS radius l

Λ ¼ ð∓1ÞpðD − 1Þ!
2ðD − 2p − 1Þ!l2p ; ð4Þ

and the gravitational constant κ, will be given by

α0 ¼ −
2Λκ
D!

¼ −
ð∓1Þpκ

DðD − 2p − 1Þ!l2p ;

αp ¼ κ

ðD − 2pÞ! : ð5Þ

As was pointed out in Ref. [15], the (A)dS space in the PL
theory is not directly related to the sign of a cosmological
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constant like in general relativity. Indeed, the definition of
(A)dS space is due to the sign of curvature Rab ¼∓ 1

l2e
aeb,

and not of the explicit Λ, which now has the dimension of
the length−2p (at the same time the dimension of the
gravitational constant κ is length2p−D).
It was shown in Ref. [13,16] that the corresponding PL

black holes solutions have the remarkable property of
being asymptotically indistinguishable from the AdS-
Schwarzschild ones. In addition, for the maximal power
p ¼ ½D−1

2
� they exhibit a peculiar thermodynamical behav-

ior. From the dynamical point of view, the nonlinear
character of this theory is responsible for the presence of
sectors in the space of solutions carrying different number
of degrees of freedom. The Hamiltonian analysis performed
in Ref. [3] shows that the maximum possible number is the
same as in the EH case.
It should be pointed out that a supersymmetric version of

the general Lovelock theory is unknown, except for the EH
Lagrangian and two very special cases in odd dimensions
corresponding to the CS actions for the AdS and Poincaré
symmetries. The existence of supergravity for the Einstein-
Hilbert term coupled to a Lovelock quadratic curvature
term in five dimensions was discussed in [17]; nevertheless,
the explicit form remains unknown. Regarding the features
of the PL theory mentioned earlier, it would be interesting
to explore the possibility of finding its supersymmetric
form. This is not a trivial task because of the lack of
guidance principle with the kind of terms that must be
considered to ensure the invariance under supersymmetric
transformations, which also are not fully clear. However, if
one could find the PL action as some kind of limit of a CS
or BI theory for a special symmetry, then that result might
be useful to obtain the supersymmetric pure Lovelock
(sPL) theory. Something similar has been done using the
Lie algebra expansion methods [18,19] to obtain general
relativity from the Chern-Simons theory in odd dimension
[20–22]. The same has also been achieved in even
dimensions with the BI actions [23].
We will not deal with the full problem here, but only

focus on the bosonic part in odd dimensions. Thus, as a first
step, in Sec. II we give a brief review of the so-called
Maxwell-like algebras and the S-expansion method [19]
used for their construction, as it provides necessary build-
ing blocks for the actions. We choose one specific family of
algebras that seems to have the best chance to establish the
desired relation between PL and CS. In Sec. III, we
explicitly construct the CS action in five dimensions and
show how it relates with the PL in that context. For
completeness, in Sec. IV, we present similar construction
for seven dimensions, along with the extension of the result
to (2nþ 1) dimensions. Finally, after dealing with the
number of obstacles (assuring the proper relative sign
between the terms, overconstraining superposition of the
field equations) we propose specific configuration that
reproduces the correct PL dynamics.

II. Cm ALGEBRAS AND S EXPANSION

Our task requires finding the symmetry for which the
cosmological constant term and the desired Lovelock term
effectively end up in one sector of the invariant tensor and
unwanted terms in another. The particular symmetries
offering such a feature originate from soðD − 1; 2Þ ⊕
soðD − 1; 1Þ algebra (so-called AdS-Lorentz introduced
in Refs. [24–27]), where we equip the standard set
fJab; Pagwith a new generator Zab. The Abelian semigroup
expansion procedure (also referred as the S-expansion) [19]
has generalized it to the whole family, which we will denote
as Cm, following notation proposed in [28] and where the
subindex refers to (m − 1) types of generators. Although we
extend the AdS algebra, it is worth to mention that form > 4
the new algebras do not contain it as a subalgebra. TheCm, as
well asBm andDm families, introduced in Refs. [21,27,28],
can be regarded as generalizations of the original Maxwell
algebra [29,30] and thus they are all referred asMaxwell-like
algebras. We focus on the Cm family because, for its first
representatives we are going to consider in five dimensions,
one can arrive at the field equations resembling, at least at
first sight, thewanted scheme (effectively giving themaximal
PL-like equation RRþ eeee ¼ 0), whereas Bm (producing
RR ¼ 0 and Ree¼0) and Dm (producing RR¼0 and
Reeþeeee¼0) explicitly exclude the maximal PL
construction.
As we will see below, the S-expansion method is not

only producing new algebras, but it will also deliver the
corresponding invariant tensors needed to construct the
actions. This makes it a very useful and important tool to
relate different symmetries and (super)gravity theories
[21,31–36]. For example, it was shown in Ref. [27] that
the cosmological constant term can arise from the Born-
Infeld gravity theory based on Cm (see also [37]). Some
further applications of the supersymmetric extension of Cm
can be found in Refs. [38–40].
Following Ref. [27], in this section we will review the

explicit derivation of the Cm≥3 algebras from AdS by using
a particular choice of a semigroup. The considered pro-
cedure starts from the decomposition of the original algebra
g into subspaces,

g ¼ soðD − 1; 2Þ ¼ soðD − 1; 1Þ ⊕ soðD − 1; 2Þ
soðD − 1; 1Þ

¼ V0 ⊕ V1;

where V0 is spanned by the Lorentz generator ~Jab and V1

by the AdS translation generator ~Pa. They satisfy the
commutation relations

½ ~Jab; ~Jcd� ¼ ηcb ~Jad − ηca ~Jbd − ηdb ~Jac þ ηda ~Jbc;

½ ~Jab; ~Pc� ¼ ηcb ~Pa − ηca ~Pb;

½ ~Pa; ~Pb� ¼ ~Jab: ð6Þ
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The subspace structure may be then written as

½V0; V0� ⊂ V0; ½V0; V1� ⊂ V1; ½V1; V1� ⊂ V0: ð7Þ

We skip the two first representatives, namely C3 and C4,
because they do not have necessary features, as will be
explained in the next section. Thus, for our purposes we
proceed with a detailed derivation of C5, which we then
generalize to an arbitrary m. We start by considering the

Abelian semigroup Sð3ÞM ¼ fλ0; λ1; λ2; λ3g with the multi-
plication law

λαλβ ¼
�
λαþβ; if αþ β ≤ 3;

λαþβ−4; if αþ β > 3;
ð8Þ

and the subset decomposition Sð3ÞM ¼ S0 ∪ S1, where
S0 ¼ fλ0; λ2g and S1 ¼ fλ1; λ3g. This decomposition sat-
isfies

S0 · S0 ⊂ S0; S0 · S1 ⊂ S1; S1 · S1 ⊂ S0; ð9Þ

which is said to be resonant since it has the same structure
as (7).
According to Theorem IV.2 from Ref. [19], we can say

that gR ¼ W0 ⊕ W1 is a resonant subalgebra of Sð3ÞM × g,
where

W0 ¼ ðS0×V0Þ ¼ fλ0;λ2g×f ~Jabg ¼ fλ0 ~Jab;λ2 ~Jabg;
W1 ¼ ðS1×V1Þ ¼ fλ1;λ3g×f ~Pag ¼ fλ1 ~Pa;λ3 ~Pag: ð10Þ

The new C5 algebra is given by the set of generators
fJab; Pa; Zab; Rag, defined as

Jab ¼ λ0 ~Jab; Pa ¼ λ1 ~Pa;

Zab ¼ λ2 ~Jab; Ra ¼ λ3 ~Pa;

and satisfying

½Pa; Pb� ¼ Zab; ½Jab; Pc� ¼ ηbcPa − ηacPb;

½Jab; Jcd� ¼ ηbcJad − ηacJbd þ ηadJbc − ηbdJac;

½Jab; Zcd� ¼ ηbcZad − ηacZbd þ ηadZbc − ηbdZac;

½Zab; Zcd� ¼ ηbcJad − ηacJbd þ ηadJbc − ηbdJac;

½Ra; Rb� ¼ Zab; ½Zab; Pc� ¼ ηbcRa − ηacRb;

½Ra; Pb� ¼ Jab; ½Jab; Rc� ¼ ηbcRa − ηacRb;

½Zab; Rc� ¼ ηbcPa − ηacPb: ð11Þ

Analogously, we make a transition to the algebras
containing arbitrary number of ðm − 1Þ types of generators,
withm ≥ 3. Because there is no relation between spacetime

dimension D and m, all the algebras Cm can be used to
construct the actions for a given dimension.1 If the Cm-CS
Lagrangian in odd dimensions D ≥ 5 (with m ≥ D) leads
to the desired PL action limit, then Cmþ1 offers exactly the
same result. However, in the last case, the theory has more
extra fields as the gauge symmetry is bigger. So, without
loosing generality, we choose the minimal setting and only
consider m being odd. The analysis might be extended for
even dimensions D ≥ 6 to obtain PL from BI gravities
based on Cm with m even, but we will not deal with that
problem here (work in progress).
Thus, as we are restricting ourselves only to the odd

values of the m index, we obtain Cm algebras using the

Sðm−2Þ
M ¼ fλ0; λ1;…; λm−2g semigroup with the multiplica-

tion law

λαλβ ¼
�
λαþβ; if αþ β ≤ m − 2;

λαþβ−ðm−1Þ; if αþ β > m − 2;
ð12Þ

and the resonant subset decomposition Sðm−2Þ
M ¼ S0 ∪ S1,

with

S0 ¼ fλ2ig; with i ¼ 0;…;
m − 3

2
;

S1 ¼ fλ2iþ1g; with i ¼ 0;…;
m − 3

2
:

The new algebra will be spanned by fJab;ðiÞ; Pa;ðiÞg,
whose generators are related to the soðD − 1; 2Þ ones
through

Jab;ðiÞ ¼ λ2i ~Jab and Pa;ðiÞ ¼ λ2iþ1
~Pa:

General commutation relations will be provided by

½Jab;ðiÞ; Jcd;ðjÞ� ¼ ηbcJad;ðiþjÞmodðm−1
2
Þ − ηacJbd;ðiþjÞmodðm−1

2
Þ

þ ηadJbc;ðiþjÞmodðm−1
2
Þ − ηbdJac;ðiþjÞmodðm−1

2
Þ;

½Jab;ðiÞ; Pa;ðjÞ� ¼ ηbcPa;ðiþjÞmodðm−1
2
Þ − ηacPb;ðiþjÞmodðm−1

2
Þ;

½Pa;ðiÞ; Pb;ðjÞ� ¼ Jab;ðiþjþ1Þmodðm−1
2
Þ: ð13Þ

We can notice that the first nontrivial case is given by
C4 ¼ soðD − 1; 2Þ ⊕ soðD − 1; 1Þ, where C3 trivially cor-
responds to the original soðD − 1; 2Þ algebra.
As was mentioned before, quite interestingly, the

S-expansion method allows us to express the invariant
tensor of the final algebra in terms of the original one.
Based on the definitions of Ref. [19], we can show that the

1The dimension of the Lie algebra depends on the spacetime
dimension, which is encoded in the range of the Lorentz indices
characterizing the generators.
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only nonvanishing components of an invariant tensor in
D ¼ 2nþ 1 spacetime of order nþ 1 for the Cm algebra
(restricted only to the odd values of m) are given by

hJa1a2;ði1Þ � � � Ja2n−1a2n;ðinÞPa2nþ1;ðinþ1Þi

¼ 2n

nþ 1
σ2iþ1δ

i
jði1;i2;…;inþ1Þϵa1a2…a2nþ1

; ð14Þ

where the σj’s are arbitrary dimensionless constants, and
we have

jði1; i2;…; inþ1Þ ¼ ði1 þ i2 þ � � � þ inþ1Þmod

�
m − 1

2

�
:

ð15Þ

With these building blocks at hand, we can now turn to the
construction of the corresponding CS actions.

III. CHERN-SIMONS GRAVITY AND PURE
LOVELOCK ACTION IN D= 5

In the present section, we will show how the five-
dimensional maximal pure Lovelock action (the first non-
trivial example referred also as the pure Gauss-Bonnet
[3,15]) could be obtained from a CS gravity theory for a
particular choice of the Cm algebra.
A CS action [41,42] is a quasiinvariant (i.e. invariant up

to a boundary term) functional of a gauge connection one-
form A, which is valued on a given Lie algebra g. In five
dimensions, it is given by

I5DCS ¼ k
Z �

AðdAÞ2 þ 3

2
A3dAþ 3

5
A5

�
; ð16Þ

where h� � �i denotes the invariant tensor for a given algebra.
Remarkably, the invariant tensor for the Cm algebra [see
Eq. (14)] splits various terms in the action into
different sectors proportional to the arbitrary σ constants.
As we are interested in obtaining the maximal PL action,
the cosmological constant and the highest- (maximal-)
order curvature terms both must be in the same
sector. Use of C3 ¼ AdS and C4 ¼ AdS ⊕ Lorentz alge-
bras allow us to have these terms in the same
sector, however, the Einstein-Hilbert term is also present
there. In fact, these algebras correspond to the CS
Lagrangians having all the gravitational terms (i.e. purely
build from ω; e) proportional just to a single constant. As
we will show now, this is not the case when C5 is
considered, making it an appropriate candidate to get the
EH and the PL terms belonging to different sectors of the
CS action.
To write down the action for the C5 algebra from

Eq. (11), we start from the connection one-form,

A ¼ 1

2
ωabJab þ

1

l
eaPa þ

1

2
kabZab þ

1

l
haRa; ð17Þ

and the associated curvature two-form,

F ¼ FATA

¼ 1

2
RabJab þ

1

l
T aPa þ

1

2
FabZab þ

1

l
HaRa; ð18Þ

where

Rab ¼ dωab þ ωa
cω

cb þ kackcb þ
2

l2
eahb;

¼ Rab þ kackcb þ
2

l2
eahb;

T a ¼ dea þ ωa
beb þ kabhb ¼ Dea þ kabhb;

¼ Ta þ kabhb;

Fab ¼ Dkab þ 1

l2
hahb þ 1

l2
eaeb;

Ha ¼ Dha þ kabeb:

Let us note that the covariant derivative D ¼ dþ ω is
only with respect to the Lorentz part of the connection. See
also that 1

l2 e
aeb term appears in the Fab curvature instead of

being added to the Lorentz curvature as it usually happens
in the AdS gravities. This is a particular feature of the
Maxwell-like algebras, which all share the commuta-
tor ½Pa; Pb� ¼ Zab.
The presence of the l parameter in front of fields ea and

ha in Eq. (17) is to make the dimensions right since our
generators are dimensionless and so must be the gauge
connection A. As usual in the general framework of (A)dS-
CS theory [20], this parameter can be identified with the
(A)dS radius l introduced in Eq. (4), which characterizes
the vacuum solutions in the theory (see also Appendix A).
Similar identification can be made when we introduce a
gauge connection A valued in other Cm algebras. Thus,
from now on, the scale parameter needed to make the
connection dimensionless always will be give by the AdS
radius l.
Using Theorem VII.2 of Ref. [19], it is possible to show

that the nonvanishing components of the invariant tensor
for the C5 algebra are given by

hJabJcdPei ¼
4

3
σ1ϵabcde; hJabJcdZei ¼

4

3
σ3ϵabcde;

hJabZcdZei ¼
4

3
σ1ϵabcde; hJabZcdPei ¼

4

3
σ3ϵabcde;

hZabZcdPei ¼
4

3
σ1ϵabcde; hZabZcdZei ¼

4

3
σ3ϵabcde;

ð19Þ
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where the factor 4
3
comes from the original invariant tensor of

the AdS algebra and, by themeans of the expansion process,
is transmitted to the other components. Note that σ1 and σ3
are arbitrary dimensionless constants allowing to separate

the action into two different sectors. Then considering the
gauge connection one-form (17) and the nonvanishing
components of the invariant tensor in the general expression
for the five-dimensional CS action we find

I5DC5-CS
¼ k

Z
σ1

�
ϵabcde

�
1

l
RabRcdee þ 1

5l5
eaebecedee

�
þ ~L1ðω; e; k; h; Þ

�

þ σ3

�
ϵabcde

�
2

3l3
Rabecedee

�
þ ~L3ðω; e; k; hÞ

�
; ð20Þ

where Rab ¼ dωab þ ωa
cω

cb is usual Lorentz curvature and ~L1, ~L3 are explicitly given by

~L1 ¼ ϵabcde

�
2

l
Rabkcfkfd þ

1

l
kafkfbkcgkgd þ

2

l5
hahbeced þ 1

l5
hahbhchd þ 1

l
DkabDkcd

þ 2

3l3
Dkabeced þ 2

l3
Rabhced þ 2

l3
kafkfbhced þ

2

l3
Dkabhchd

�
ee

þ ϵabcde

�
2

l
DkabRcd þ 2

l
Dkabkcfkfd þ

2

3l3
Rabhchd þ 2

3l3
kafkfbhchd

�
he

and

~L3 ¼ ϵabcde

�
2

3l3
kafkfbeced þ

1

l5
haebeced þ 2

l5
hahbhced þ 2

l3
Dkabhced þ 2

l3
Rabhchd

þ 2

l3
kafkfbhchd þ

2

l
DkabRcd þ 2

l
Dkabkcfkfd

�
ee þ ϵabcde

�
1

5l5
hahbhchd

þ 2

3l3
Dkabhchd þ 1

l
RabRcd þ 2

l
Rabkcfkfd þ

1

l
kafk

fbkcfk
fd þ 1

l
DkabDkcd

�
he:

As we can see, the action (20) splits into two pieces. The
part proportional to σ1 contains the highest-order curvature
term, the cosmological constant term and mixed terms with
the new extra fields kab and ha coupled to the spin
connection and vielbein. On the other hand, the piece
proportional to σ3 contains the Einstein-Hilbert term and a
part containing the new extra fields.
After choosing the constant σ3 to vanish and in a matter-

free configuration ðkab ¼ ha ¼ 0Þ the action

I5D ¼ k
Z

σ1ϵabcde

�
1

l
RabRcdeeþ 1

5l5
eaebecedee

�
; ð21Þ

seems to resemble the structure of the maximal pure
Lovelock action (1) for p ¼ 2 in five dimensions with
the identification kσ1

l ¼ κ. However, it does not match the
sign of the constants in the desired action. Indeed, using
Eq. (5) we see that these constants should be equal α2 ¼ κ
and α0 ¼ − 1

5l4 κ. This relative sign difference makes the PL
theory in odd dimensions and in the torsionless regime to
have a unique nondegenerate dS and AdS vacuum (see
Ref. [3]). This can be directly seen from the field equations

0 ¼ ϵabcde

�
Rab −

1

l2
eaeb

��
Rcd þ 1

l2
eced

�
: ð22Þ

One might ask if performing the expansion of the dS
algebra might solve this sign problem but after looking at
the full (A)dS Chern-Simons action in five dimensions,

I5DðAÞdS-CS ¼ κ

Z
ϵabcde

�
1

l
RabRcdee � 2

3l3
Rabecedee

þ 1

5l5
eaebecedee

�
; ð23Þ

it becomes clear that the cosmological term will have
exactly the same sign for AdS and dS symmetries and we
will end up with exactly the same action (21).
Naturally, the sign problem in our construction is

inherited by the dynamics. When the previous conditions
on the σ’s and matter fields are imposed, the field equations
of the action (20) read
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0 ¼ ϵabcde

�
RabRcd þ 1

l4
eaebeced

�
; ð24Þ

0 ¼ ϵabcdeRcdTe; ð25Þ

0 ¼ ϵabcdeRabeced; ð26Þ

0 ¼ ϵabcdeecedTe; ð27Þ

which do not correspond to the actual PL dynamics. The
system does not even admit AdS space, Rab ¼ − 1

l2 e
aeb, as

a vacuum solution. Moreover, the system does not have any
maximally symmetric vacuum solutions. We can only
recognize in the last line the torsionless condition.
The same results will be brought by considering the C6

algebra, which contains more extra fields and it is generated
by the set of generators fJab; Pa; Zab;ð1Þ; Zab;ð2Þ; Ra;ð1Þg
with the commutation relations given in Ref. [27].
All these facts about signs and dynamics, however, do

not mean that the five-dimensional case is hopeless. To
resolve it we should use a symmetry separating all the
gravity terms into different sectors, instead of “gluing”
some of them together. Thus, then we could put the
whatever sign we want, simply by hand, since invariant
tensors hold arbitrary values. In fact, we do not need to look
very far: we can use for that purpose the C7 algebra.
This can be treated as a generic method: for a particular

dimension, we should use some Cm algebra, with high
enough value of the m index, to assure the separation of all
purely ðω; eÞ terms. That will bring a much wider frame-
work, not only producing the CS limit to the maximal PL
action but also cases like the EH with Λ (see recent
Ref. [43]) and a class of actions similar to the ones
discussed in [17] having the form Rþ LL, where R is
the curvature scalar and LL is understood as an arbitrary
Lanczos-Lovelock term.
Following the definitions of Ref. [19], algebra C7 is

derived from soð4; 2Þ using Sð5ÞM as the relevant semigroup,
whose elements satisfy Eq. (12). Its generators
fJab;ðiÞ; Pa;ðiÞg, with index i ¼ 0; 1; 2 numerating different
types, will be related to the soð4; 2Þ ones by

Jab;ðiÞ ¼ λ2i ~Jab;

Pa;ðiÞ ¼ λ2iþ1
~Pa;

and will satisfy Eq. (13). Let now A be the connection one-
form for C7,

A ¼ 1

2
ωab;ðiÞJab;ðiÞ þ

1

l
ea;ðiÞPa;ðiÞ; ð28Þ

where the spin connection and vielbein being inside
are defined as ωab ¼ ωab;ð0Þ and ea ¼ ea;ð0Þ, respectively.

The extra fields will be denoted as kab;ðiÞ¼ωab;ðiÞ and
ha;ðiÞ ¼ ea;ðiÞ, with i ≠ 0.
Using Theorem VII. 2 of Ref. [19], it is possible to show

that the nonvanishing components of the invariant tensor
are given by

hJab;ðqÞJcd;ðrÞPe;ðsÞi ¼
4

3
σ2uþ1δ

u
jðq;r;sÞϵabcde; ð29Þ

where the σ’s are arbitrary constants and jðq; r; sÞ for
m ¼ 7 satisfies Eq. (15). We express the corresponding
five-dimensional CS action as

I5DC7-CS
¼ k

Z X2
i¼0

σ2iþ1L2iþ1; ð30Þ

where

L2iþ1 ¼ ϵabcde

�δijðq;r;sÞ
l

Rab;ðqÞRcd;ðrÞeðsÞ

þ
2δijðq;r;s;u;1Þ

3l3
Rab;ðqÞec;ðrÞed;ðsÞee;ðuÞ

þ
δijðq;r;s;u;v;2Þ

5l5
ea;ðqÞeb;ðrÞec;ðsÞed;ðuÞee;ðvÞ

�
; ð31Þ

and jð…Þ is satisfying Eq. (15). The explicit form of the
action expression can be found in Appendix B. After
writing the purely gravitational terms ðω; eÞ separately
from those containing extra fields we obtain

I5DC7-CS
¼ k

Z
σ1

�
ϵabcde

�
1

l
RabRcdee

�
þ ~L1ðωðiÞ; eðjÞÞ

�

þ σ3

�
ϵabcde

�
2

3l3
Rabecedee

�
þ ~L3ðωðiÞ; eðjÞÞ

�

þ σ5

�
ϵabcde

�
1

5l5
eaebecedee

�
þ ~L5ðωðiÞ; eðjÞÞ

�
:

ð32Þ

We can see that C7 allows us to have each term in a
different sector. When the σ3 constant vanishes and
σ5 ¼ −σ1, the matter-free configuration limit ðkab;ðiÞ ¼
ha;ðjÞ ¼ 0Þ leads to the maximal p ¼ 2 pure Lovelock
action

I5DCS→PL ¼ k
Z

σ1ϵabcde

�
1

l
RabRcdee −

1

5l5
eaebecedee

�
:

ð33Þ

An additional nontrivial choice of the constants to
consider is σ1 ¼ 0 with σ3 ¼ σ5. This particular choice
leads to the p ¼ 1 pure Lovelock corresponding to EH
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gravity with cosmological constant. Thus, we have shown
that the PL actions of different orders can be related to the
CS action for the C7 algebra. We remind that these choices
of the σ’s are allowed since they are all arbitrary.
Unfortunately, although matching form of the actions,

this still does not lead to the PL dynamics alone. When
the constant σ3 vanishes, a matter-free configuration is
considered and σ5 ¼ −σ1, the field equations read,
respectively,

0 ¼ ϵabcde

�
RabRcd −

1

l4
eaebeced

�
δee;

0 ¼ ϵabcde

�
2

l2
Rabeced −

1

l4
eaebeced

�
δhe;ð1Þ;

0 ¼ ϵabcde

�
RabRcd −

2

l2
Rabeced

�
δhe;ð2Þ; ð34Þ

and

0 ¼ ϵabcdeðRcdTeÞδωab;

0 ¼ ϵabcde

�
2

l2
ecedTe

�
δkab;ð1Þ;

0 ¼ ϵabcde

�
RcdTe −

2

l2
ecedTe

�
δkab;ð2Þ: ð35Þ

As it was pointed out in the Introduction, if we use the first-
order formalism to describe PL gravity, then the vanishing
of the torsion must be imposed by hand (or by introducing
suitable Lagrange multiplier [3]). Here instead, this con-
dition is coming from the variation of the extra δkab;ð1Þ
field.
When the matter fields are switched off and torsionless

condition is assumed the solution still has to simultane-
ously satisfy the PL and two other unusual equations. This
problem has already appeared in Ref. [20], but there one
finds superposition of vanishing of the RR and Reee terms.
Such restriction of the geometry rejected possibility of the
spherical solutions but at least it was fulfilled by the
pp-waves.
One can clearly see that proper handling of the full

problem requires a more subtle treatment. Nevertheless, if
we consider at the level of the action (32) some special
extra fields identification among extra fields:

ha;ð1Þ ¼ ha;ð2Þ ¼ ha and kab;ð1Þ ¼ kab;ð2Þ ¼ kab; ð36Þ

and later impose σ3 ¼ 0, σ5 ¼ −σ1, then we will be able to
find the following field equations in a matter-free configu-
ration limit:

0 ¼ ϵabcde

�
RabRcd −

1

l4
eaebeced

�
δee;

0 ¼ ϵabcde

�
RabRcd −

1

l4
eaebeced

�
δhe;

0 ¼ ϵabcdeðRcdTeÞδωab;

0 ¼ ϵabcdeðRcdTeÞδkab: ð37Þ

Thus, we obtain the appropriate PL dynamics described in
Refs. [12,13,16]. Note that although we are using the same
σ’s constants and eventually we enforce the extra matter
free configuration limit, the PL dynamics is recovered only
from the Lagrangian Lðω; e; h; kÞ and not from the
Lðω; e; kð1Þ; hð1Þ; kð2Þ; hð2ÞÞ. Interestingly, proposed type
of identification on the matter field from (36) can be
applied not only in a five-dimensional CS action but also in
higher-dimensional cases.
One could try to interpret ha as the vielbein, but it is

straightforward to see that the action (32) reproduces the PL
action only when ea is identified as the true vielbein.
Moreover, the matter extra fields (ha; kab) could allow to
introduce a generalized cosmological term to the CS
gravity action in an analogous way to the one introduced
in the four-dimensional case [27,37].
For completeness, we will now supply the generalization

of our construction to higher dimensions.

IV. THE HIGHER-DIMENSIONAL PURE
LOVELOCK AND CHERN-SIMONS

GRAVITY ACTIONS

In this section, we present the general setup to obtain the
ð2nþ 1Þ-dimensional PL action for any value of p from CS
gravity theory using the Maxwell type Cm family. In
particular, we show that the C7 algebra for seven dimen-
sions allows us to recover the maximal p ¼ 3 PL action,
where the sign problem from the five-dimensional case
does not occur.
Let us remind the generic form of the PL constants

αp ¼ 1

ðD − 2pÞ! κ and

α0 ¼ −
ð∓1Þp

DðD − 2p − 1Þ!l2p κ; ð38Þ

with AdS (−sign) and the dS (þsign), and compare them
with the generic (A)dS-Chern-Simons ones [44,45]

~βp ¼ ð−sgnðΛÞÞp
ðD − 2pÞlD−2p

�D−1
2

p

�
k and ~β0 ¼

1

DlD k: ð39Þ

Notice that for the PL constants p is fixed, while for the CS
constants index p is running from 0 to the maximum power
of the curvature N ¼ ½D−1

2
�. The construction of the
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D ¼ 2nþ 1-dimensional Cm Chern-Simons has to take
into account also the arbitrary constants σ,

βp ¼ ð−sgnðΛÞÞp
ðD − 2pÞlD−2p

�D−1
2

p

�
kσ2iþ1δ

i
jði1;…;iD−p;

D−1
2
−pÞ and

β0 ¼
1

DlD kσ2iþ1δ
i
jði1;…;iD;

D−1
2
Þ;

where algebraic m dependence appears explicitly in the
definition of

jði1; i2;…; inþ1Þ ¼ ði1 þ i2 þ � � � þ inþ1Þmod

�
m − 1

2

�

and is responsible for shifting terms into different sectors of
the invariant tensor. Then restricting only to the purely
gravitational terms we obtain

PLðAÞdS∶
α0
αp

¼ −ð∓1Þp ðD − 2pÞ
D

1

l2p ;

CSCm∶
β0
βp

¼ ð−sgnðΛÞÞp ðD − 2pÞ
D

1

l2p

1

ðD−1
2

p Þ

×
δi
nmodm−1

2

δjðn−pÞmodm−1
2

σ2iþ1

σ2jþ1

;

from where we see that

ð−sgnðΛÞÞpCS
1

ðnpÞ
σ2ðn modm−1

2
Þþ1

σ2ððn−pÞmodm−1
2
Þþ1

¼ −ð∓1ÞpPL: ð40Þ

For the same σ’s, whose cancellation forces ðnpÞ ¼ 1, we are
restricted only to the maximal p ¼ N PL. Then we see that
p ¼ even leads to a sign contradiction, as we have found
explicitly in the previous section. This problem does not
appear when the maximal order happens to be p ¼ odd,
which is possible only for D ¼ 3; 7; 11;…; 4k − 1. For
other situations, it is necessary to absorb the problematic
sign and the numerical factors into a definition of one of
the σ’s.
Indeed, in Sec. II we have shown that the five-

dimensional CS action constructed using C5 could not
lead to the maximal p ¼ 2 PL action with the proper sign
but could only produce the right p ¼ 1 PL action, which is
just the Einstein-Hilbert action with Λ. Finally, we man-
aged to show that C7 algebra in that context allowed us to
accommodate minus sign by the means of setting σ5 ¼
−σ1, which effectively provides good maximal p ¼ 2 PL
action.
On the other hand, the right sign for the maximal p ¼ 3

PL in seven dimensions will be obtained in a straightfor-
ward way, simply by using C7. Additionally, by using C9

algebra, we can derive other seven-dimensional PL actions,

p ¼ 2 and p ¼ 1. Naturally p ¼ 3 can be also establish
within that bigger algebra. However, taking into account
growing complexity with the transition to the higher value
of m (see for example Appendix B), we will be always
targeting in the minimal setup leading to the right result.
Then the full picture in odd dimensions becomes clear

and it can be summarized in the following way:
(i) forD ¼ 4k − 1, the smallest representative in theCm

family that allows to obtain maximal p ¼ N PL
action is given by CD, whereas for any other order of
PL p ¼ 1;…; ðN − 1Þ one needs to use CDþ2,

(ii) forD ≠ 4k − 1, the smallest representative in theCm
family that allows us to obtain arbitrary order of PL
action for p ¼ 1;…; N is given by CDþ2.

Obviously, all these PL actions could be recovered as a
limit using even bigger Cm algebras, but then one needs to
introduce more extra fields and conditions on the σ’s.
Although the PL actions can be obtained from the CS

theory, their right dynamical limit requires appropriate
identifications of the extra fields at the level of the action
in order to reproduce the PL dynamics:

ha;ð1Þ ¼ ha;ð2iþ1Þ ¼ ð�1Þpha;ð2iÞ;
kab;ð1Þ ¼ kab;ð2iþ1Þ ¼ ð�1Þpkab;ð2iÞ; ð41Þ

for all i ¼ 1; 2;…; m−3
2
.

One should notice that even if we consider the dS case as
a starting point, it would lead to the same sign problems, as
was mentioned in the five-dimensional case.

A. Chern-Simons gravity and pure
Lovelock action in D= 7

The generic form of a CS action in seven dimensions
[41,42] is given by

I7DCS ¼ k
Z �

AðdAÞ3 þ 8

5
A3ðdAÞ2 þ 4

5
AðdAÞA2ðdAÞ

þ 2A5dAþ 4

7
A7

�
: ð42Þ

Let us first consider the C7 ¼ fJab;ðiÞ; Pa;ðiÞg algebra,
whose generators satisfy Eq. (13), with i ¼ 0; 1; 2. The
associated connection one-form is defined as

A ¼ 1

2
ωab;ðiÞJab;ðiÞ þ

1

l
ea;ðiÞPa;ðiÞ: ð43Þ

From Theorem VII. 2 of Ref. [19] and according to
Eq. (14), it is possible to show that the nonvanishing
components of the invariant tensor of order 4 for C7 are
given by

hJab;ðqÞJcd;ðrÞJef;ðsÞPg;ðuÞi ¼ 2σ2vþ1δ
v
jðq;r;s;uÞϵabcdefg; ð44Þ
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where the σ’s are arbitrary constants and jðq; r; s; uÞ
satisfies Eq. (15). Then using the invariant tensor for C7

(29) and introducing the gauge connection one-form (43) in
the general expression for the seven-dimensional CS action
gives

I7DC7-CS
¼ k

Z X2
i¼0

σ2iþ1L2iþ1; ð45Þ

where

L2iþ1 ¼ ϵabcdefg

�δijðq;r;s;uÞ
l

Rab;ðqÞRcd;ðrÞRef;ðsÞeg;ðuÞ þ
δijðq;r;s;u;v;1Þ

3l3
Rab;ðqÞRcd;ðrÞee;ðsÞef;ðuÞeg;ðvÞ

þ
3δijðq;r;s;u;v;w;2Þ

5l5
Rab;ðqÞea;ðrÞeb;ðsÞec;ðuÞed;ðvÞee;ðwÞ

þ
δijðq;r;s;u;v;w;o;3Þ

7l7
ea;ðqÞeb;ðrÞec;ðsÞed;ðuÞee;ðvÞef;ðwÞeg;ðoÞ

�
:

Separating the purely gravitational terms from those containing extra fields, the action can be written as

I7DC7-CS
¼ k

Z
σ1

�
ϵabcdefg

�
1

l
RabRcdRefeg þ 1

7l7
eaebecedeeefeg

�
þ ~L1ðωðiÞ; eðjÞÞ

�

þ σ3

�
ϵabcdefg

�
1

l3
RabRcdeeefeg

�
þ ~L3ðωðiÞ; eðjÞÞ

�

þ σ5

�
ϵabcdefg

�
3

5l5
Rabecedeeefeg

�
þ ~L5ðωðiÞ; eðjÞÞ

�
: ð46Þ

Let us notice that the action (46) splits into three pieces. The part proportional to σ1 contains the maximal PL Lagrangian
and mixed terms containing extra fields kab;ðiÞ ¼ ωab;ðiÞ and ha;ðiÞ ¼ ea;ðiÞ, with i ≠ 0. Unlike the five-dimensional case,
when the constants σ3, σ5 vanish a matter-free configuration ðkab;ðiÞ ¼ ha;ðiÞ ¼ 0Þ leads to the action corresponding to the
maximal p ¼ 3 PL:

I7DCS→PL ¼ k
Z

σ1ϵabcdefg

�
1

l
RabRcdRefeg þ 1

7l7
eaebecedeeefeg

�
: ð47Þ

Following the same procedure for the bigger C9 algebra, we extend the form of the connection (43) to the range of
i ¼ 0; 1; 2; 3, which also makes

I7DC9-CS
¼ k

Z X3
i¼0

σ2iþ1L2iþ1:

That gives the C9-CS action, which now splits into four terms

I7DC9-CS
¼ k

Z
σ1

�
ϵabcdefg

�
1

l
RabRcdRefeg

�
þ ~L1ðωðiÞ; eðjÞÞ

�
þ σ3

�
ϵabcdefg

�
1

l3
RabRcdeeefeg

�
þ ~L3ðωðiÞ; eðjÞÞ

�

þ σ5

�
ϵabcdefg

�
3

5l5
Rabecedeeefeg

�
þ ~L5ðωðiÞ; eðjÞÞ

�
þ σ7

�
ϵabcdefg

�
1

7l7
eaebecedeeefeg

�
þ ~L7ðωðiÞ; eðjÞÞ

�
:

ð48Þ

Interestingly, each term of the original seven-dimensional
AdS-CS action appears in a different sector of the C9-CS
action. This feature allows us to reproduce any p order of
the PL theory, as it happened for C7 algebra in the five-
dimensional case. Each order can be derived in a matter-
free configuration, after imposing the following conditions:

p ¼ 1∶ σ1 ¼ σ3 ¼ 0; σ5 ¼ σ7; ð49Þ

p ¼ 2∶ σ1 ¼ σ5 ¼ 0; −σ3 ¼ σ7; ð50Þ

p ¼ 3∶ σ3 ¼ σ5 ¼ 0; σ1 ¼ σ7: ð51Þ
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The first case reproduces the EH with cosmological
constant, the second represents first nontrivial seven-
dimensional PL, while third one gives the maximal PL.
Note that last result was already achieved by the smaller C7

algebra, as the spacetime dimension is a particular case of
D ¼ 4k − 1.
When we turn to the dynamical limit of (49)–(51) we

face very complicated superposition of the field equations.
Only minimal and maximal cases, p ¼ 1 and p ¼ 3
automatically assure the torsionless condition. For the
other intermediate case, p ¼ 2, vanishing of torsion is
not coming from field equations. On the other hand, the
following identification in the action (48):

ha;ð1Þ ¼ ha;ð3Þ ¼ ð�1Þpha;ð2Þ;
kab;ð1Þ ¼ kab;ð3Þ ¼ ð�1Þpkab;ð2Þ; ð52Þ

reproduces the desired PL dynamics for any p order after
considering the appropriate conditions on the σ’s and in a
matter-free configuration limit.
One might try to look for a modification of the Cm

algebra that, besides giving the right limit for the action, it
leads also to the right dynamical limit without any
identification on the extra fields. However, we will leave
that task for a future work.
It is important to point out that other nontrivial con-

ditions on the σ’s can lead to other interesting gravity
theories. In fact, after choosing σ5 ¼ σ1 or σ5 ¼ σ3 and
killing all other σ constants, a matter-free configuration will
reproduce the class of actions discussed in Ref. [17] having
the form EH þ LL, where LL corresponds to an arbitrary
Lanczos-Lovelock term.

B. Chern-Simons gravity and Pure
Lovelock action in D= 2nþ 1

To assure the arbitrary p-order PL action resulting from
D ¼ 2nþ 1 CS gravity action, we require the use of
CDþ2 algebra. As previously, we start with the connection
one-form,

A ¼ 1

2
ωab;ðiÞJab;ðiÞ þ

1

l
ea;ðiÞPa;ðiÞ; ð53Þ

with i ¼ 0;…; n and the nonvanishing components of the
invariant tensor given by Eq. (14). It is possible to show that
the ð2nþ 1Þ-dimensional CS action for the CDþ2 algebra is
then given by

I2nþ1
CDþ2-CS

¼ k
Z

ϵa1a2…a2nþ1

Xn
p¼0

l2ðp−nÞ−1

2ðn − pÞ þ 1

�
n
p

�
σ2iþ1

× δijði1;…;i2nþ1−p;n−pÞR
a1a2;ði1Þ � � �Ra2p−1a2p;ðipÞ

× ea2pþ1;ðipþ1Þ � � � ea2nþ1;ði2nþ1−pÞ; ð54Þ

where we identify ωab ¼ ωab;ð0Þ, ea ¼ ea;ð0Þ and function
jð…Þ in the Kronecker delta satisfies Eq. (15). The action
(54) is separated into nþ 1 pieces proportional to the
different σ’s and under specific conditions
(σ2nþ1−2p ¼ ð�1Þpþ1σ2nþ1, vanishing all other σ constants
and of course applying the free-matter configuration limit)
gives the p-order PL action:

I2nþ1
PL ¼ k

Z
σ2nþ1−2pϵa1a2…a2nþ1

×

�
l2ðp−nÞ−1

2ðn−pÞþ1

�
n
p

�
Ra1a2 � � �Ra2p−1a2pea2pþ1 � � �ea2nþ1

þ l−2n−1

ð2nþ1Þe
a1ea2 � � �ea2nþ1

�
: ð55Þ

Naturally, for D ¼ 4k − 1 to derive the maximal PL action
from CS gravity theory, it is enough to use the CD algebra.
The only difference will appear in the range of the indices
i ¼ 0;…; n − 1 enumerating various types of generators
and, consequently, in the modulo function inside the
definition of jð…Þ present in Eq. (54).
Interestingly, we observe that the extra field content

kab;ðiÞ for minimal p ¼ 1 (EH) and maximal p ¼ N PL
always leads to the explicit torsionless condition, whereas
for other situations the torsion remains still involved with
the rest of the field equations.
Arbitrariness of the σ’s allows us to construct a wide

class of actions, where we can couple arbitrary LL terms
together. One of the notable examples could be the
Einstein-Hilbert term equipped by the arbitrary p-order
LL term [17] (coming from setting σ2nþ1−2p ¼ σ2n−1 for
p ≠ 0 and vanishing all others σ’s):

I2nþ1
EHþLL ¼ k

Z
σ2nþ1−2pϵa1a2…a2nþ1

�
nl1−2n

2n− 1
Ra1a2ea3 � � �ea2nþ1

þ l2ðp−nÞ−1

2ðn−pÞþ 1

�
n
p

�

×Ra1a2 � � �Ra2p−1a2pea2pþ1 � � �ea2nþ1

�
: ð56Þ

V. CONCLUSION

We have managed to explore applications of the Cm
algebras in a CS gravity theory to incorporate the PL
actions as a special limit. It was achieved by the fact that the
Cm algebra is shifting various powers of the Riemann
tensor into different sectors of the invariant tensor.
Although it allowed us to obtain the proper p-order PL
action in arbitrary spacetime dimension (by particular
choice of the algebra and by manipulating the constants),
we faced a problem in the dynamical limit caused by
additional field equations, similarly as happens in Ref. [20]
in the context of CS and GR. For the maximal and minimal
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case we see that the extra fields give the explicit torsionless
condition, which can be an interesting feature. Finally to
overcome the nontrivial superposition of the field equations
overconstraining standard solutions we have proposed a
particular identification of the matter fields at the level of
the action allowing to reproduce the correct PL dynamics
for any value of p.
Altogether, the general treatment involves for arbitrary

odd D-dimensional spacetime the use of CDþ2 as it allows
us to fully manipulate the gravitational terms through
imposing suitable conditions on the σ constants. In this
way, we obtained not only the maximal but also the
arbitrary order of the PL action along with the gravity
theories similar to those discussed in Ref. [17]. Some cases
can be achieved with less effort. For example, in D ¼
4k − 1 dimensions, it is sufficient to use the CD algebra to
get the maximal PL.
The possibility of finding a suitable symmetry leading

also to the right dynamical limit with less conditions on the
extra fields still remains as an open problem. This will be
approached in a future work with techniques developed in
Refs. [46,47]. Finally, the mechanism presented here could
be useful to derive the supersymmetric version of the PL
theory.
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APPENDIX A: RELATION OF THE CONSTANTS

Here we present the explicit relation between the con-
stant k appearing in the five-dimensional CS action and the
invariant tensor constants.
The pure Lovelock theory is described by the action

I5DPL ¼ κ

Z
ϵabcde

�
1

l
RabRcdee −

1

5l5
eaebecedee

�
; ðA1Þ

which is equivalent to the tensorial action

I5DPL ¼ −κ
Z ffiffiffiffiffiffi

−g
p �

1

4
Rρσ
μνR

γλ
αβδ

μναβ
ρσγλ − 2Λ

�
d5x: ðA2Þ

When dealing with solutions on this theory [12,13,16], in
both formalisms, the vanishing of torsion is usually
imposed by hand, either by Ta ¼ 0 or Tα

μν ¼ 0.

We, however, are interested in finding this action as a
special limit of a CS action constructed for a specific
symmetry,

I5DCS ¼ k
Z �

AðdAÞ2 þ 3

2
A3dAþ 3

5
A5

�
;

where A is the gauge connection valued on the correspond-
ing algebra and k (different, in principle, from κ) is a
constant that makes this functional of A have dimension of
the action. We notice that all the factors are dimensionless,
as the connection is constructed in a way that is dimension-
less too. When the algebra is chosen to be C7, then the
connection is given by

A ¼ 1

2
ωabJab þ

1

l
eaPa þ

1

2
kab;ð1ÞZab;ð1Þ

þ 1

l
ha;ð1ÞRa;ð1Þ þ

1

2
kab;ð2ÞZab;ð2Þ þ

1

l
ha;ð2ÞRa;ð2Þ;

where the length parameter l assures that A is indeed
dimensionless (remember that the vielbein has dimension
of length, and then extra fields like ha;ðiÞ acquire the same
dimension).
To analyze the relation between C7-CS and PL actions,

we need to identify l with the AdS radius l characterizing a
vacuum solution of the theory, as it is usually done in (A)
dS-CS theory [20]. In Sec. III, we showed that, effectively,
this leads to

I5DCS→PL ¼ kσ1

Z
ϵabcde

�
1

l
RabRcdee −

1

5l5
eaebecedee

�
;

ðA3Þ

where σ1 is a dimensionless arbitrary constant and the
factor k carries suitable dimensions making the functional
have units of an action. Comparing this with Eq. (A1)
written as

I5DPL ¼lκ
Z

ϵabcde

�
1

l
RabRcdee−

1

5l5
eaebecedee

�
; ðA4Þ

we immediately recognize that

k ¼ σ−11 lκ; ðA5Þ

which is clearly dimensionless.
The same line of reasoning was performed in Sec. IV to

analyze other examples of Cm in higher odd dimensions.

APPENDIX B: 5D CS ACTION

In this appendix, we present the explicit expression of the
five-dimensional C7-CS action. To this end, let us consider
the explicit connection one-form
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A ¼ 1

2
ωabJab þ

1

l
eaPa þ

1

2
kab;ð1ÞZab;ð1Þ þ

1

l
ha;ð1ÞRa;ð1Þ þ

1

2
kab;ð2ÞZab;ð2Þ þ

1

l
ha;ð2ÞZa;ð2Þ; ðB1Þ

and the 18 nonvanishing components of the invariant tensor for the C7 algebra:

hJab;ðqÞJcd;ðrÞPe;ðsÞi ¼
4

3
σ2uþ1δ

u
jðq;r;sÞϵabcde: ðB2Þ

After using the connection one-form (B1) and the nonvanishing components of the invariant tensor in the general expression
for the five-dimensional CS action (16), we obtain

I5DC7-CS
¼ k

Z
σ1

�
ϵabcde

1

l
RabRcdeeþ ~L1ðω;e;kð1Þ;hð1Þ;kð2Þ;hð2ÞÞ

�
þσ3

�
ϵabcde

2

3l3
Rabecedeeþ ~L3ðω;e;kð1Þ;hð1Þ;kð2Þ;hð2ÞÞ

�

þσ5

�
ϵabcde

1

5l5
eaebecedeeþ ~L5ðω;e;kð1Þ;hð1Þ;kð2Þ;hð2ÞÞ

�
; ðB3Þ

where ~L1, ~L3, ~L5 are explicitly given by

~L1 ¼ ϵabcde

�
4

l
Rabkc;ð1Þf kfd;ð2Þ þ 4

l
ka;ð1Þf kfb;ð2Þkc;ð1Þg kgd;ð2Þ þ 2

l
Rab;ð1ÞRcd;ð2Þ þ 2

l3
Rabhc;ð1Þhd;ð1Þ

þ 2

l3
Rab;ð1Þhc;ð1Þed þ 2

l3
Rab;ð1Þhc;ð2Þhd;ð2Þ þ 2

3l3
Rab;ð2Þeced þ 1

l5
ha;ð1Þebeced

þ 1

l5
ha;ð1Þhb;ð1Þhc;ð1Þhd;ð1Þ þ 2

l5
ha;ð2Þhb;ð2Þeced þ 6

l5
ha;ð1Þhb;ð1Þhc;ð2Þed

þ 4

l5
ha;ð1Þhb;ð2Þhc;ð2Þhd;ð2Þ

�
ee þ ϵabcde

�
2

l
RabRcd;ð2Þ þ 1

l
Rab;ð1ÞRcd;ð1Þ þ 4

l
Rab;ð2Þkc;ð1Þg kgd;ð2Þ

þ 2

3l3
Rab;ð2Þhc;ð1Þhd;ð1Þ þ 6

l3
Rab;ð2Þhc;ð2Þed þ 2

l3
Rab;ð1Þhc;ð1Þhd;ð2Þ þ 2

l3
Rabhc;ð2Þhd;ð2Þ

þ 2

l5
ha;ð2Þhb;ð2Þhc;ð1Þhd;ð1Þ

�
he;ð1Þ þ ϵabcde

�
2

l
RabRcd;ð1Þ þ 1

l
Rab;ð2ÞRcd;ð2Þ þ 4

l
Rab;ð1Þkc;ð1Þg kgd;ð2Þ

þ 2

l3
Rabeced þ 2

l3
Rabhc;ð1Þhd;ð2Þ þ 2

l3
Rab;ð1Þhc;ð1Þhd;ð1Þ þ 6

l3
Rab;ð2Þhc;ð1Þed

þ 2

3l3
Rab;ð2Þhc;ð2Þhd;ð2Þ þ 1

5l5
ha;ð2Þhb;ð2Þhc;ð2Þhd;ð2Þ

�
he;ð2Þ;

~L3 ¼ ϵabcde

�
2

l
RabRcd;ð1Þ þ 1

l
Rab;ð2ÞRcd;ð2Þ þ 4

l
Rab;ð1Þkc;ð1Þg kgd;ð2Þ þ 6

l3
Rabhc;ð1Þhd;ð2Þ þ 2

l3
Rab;ð1Þhc;ð1Þhd;ð1Þ

þ 2

l3
Rab;ð1Þhc;ð2Þed þ 2

l3
Rab;ð2Þhc;ð1Þed þ 2

l3
Rab;ð2Þhc;ð2Þhd;ð2Þ þ 2

l5
ha;ð1Þhb;ð1Þeced þ 1

l5
ha;ð2Þebeced

þ 1

l5
ha;ð2Þhb;ð2Þhc;ð2Þhd;ð2Þ þ 4

l5
ha;ð1Þhb;ð2Þhc;ð1Þhd;ð1Þ þ 6

l5
ha;ð1Þhb;ð2Þhc;ð2Þed

�
ee

þ ϵabcde

�
1

l
RabRcd þ 2

l
Rab;ð1ÞRcd;ð2Þ þ 4

l
Rabkc;ð1Þg kgd;ð2Þ þ 2

3l3
Rabhc;ð1Þhd;ð1Þ þ 2

l3
Rab;ð1Þhc;ð2Þhd;ð2Þ

þ 2

l3
Rab;ð2Þhc;ð1Þhd;ð2Þ þ 1

5l5
ha;ð1Þhb;ð1Þhc;ð1Þhd;ð1Þ þ 2

l5
ha;ð2Þhb;ð2Þhc;ð2Þhd;ð1Þ

�
he;ð1Þ

þ ϵabcde

�
2

l
RabRcd;ð2Þ þ 1

l
Rab;ð1ÞRcd;ð1Þ þ 4

l
Rab;ð2Þkc;ð1Þg kgd;ð2Þ þ 2

l3
Rab;ð2Þhc;ð1Þhd;ð1Þ þ 2

l3
Rab;ð1Þhc;ð1Þhd;ð2Þ

þ 2

3l3
Rabhc;ð2Þhd;ð2Þ

�
he;ð2Þ;

and
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~L5 ¼ ϵabcde

�
2

l
RabRcd;ð2Þ þ 1

l
Rab;ð1ÞRcd;ð1Þ þ 4

l
Rab;ð2Þkc;ð1Þg kgd;ð2Þ þ 2

l3
Rabhc;ð2Þhd;ð2Þ

þ 2

3l3
Rab;ð1Þeced þ 2

l3
Rab;ð2Þhc;ð1Þhd;ð1Þ þ 2

l3
Rab;ð2Þhc;ð2Þed þ 2

l5
ha;ð1Þhb;ð1Þhc;ð1Þed

þ 2

l5
ha;ð2Þhb;ð2Þhc;ð2Þed þ 4

l5
ha;ð1Þhb;ð2Þeced þ 6

l5
ha;ð1Þhb;ð2Þhc;ð2Þhd;ð1Þ

�
ee

þ ϵabcde

�
2

l
RabRcd;ð1Þ þ 1

l
Rab;ð2ÞRcd;ð2Þ þ 4

l
Rab;ð1Þkc;ð1Þg kgd;ð2Þ þ 2

l3
Rabeced

þ 2

l3
Rabhc;ð1Þhd;ð2Þ þ 6

l3
Rab;ð1Þhc;ð2Þed þ 2

3l3
Rab;ð1Þhc;ð1Þhd;ð1Þ þ 2

l3
Rab;ð2Þhc;ð2Þhd;ð2Þ

þ 1

l5
ha;ð2Þhb;ð1Þhc;ð1Þhd;ð1Þ þ 1

l5
ha;ð2Þhb;ð2Þhc;ð2Þhd;ð2Þ

�
he;ð1Þ

þ ϵabcde

�
1

l
RabRcd þ 2

l
Rab;ð1ÞRcd;ð2Þ þ 4

l
Rabkc;ð1Þg kgd;ð2Þ þ 2

l3
Rabhc;ð1Þhd;ð1Þ

þ 6

l3
Rab;ð1Þhc;ð1Þed þ 2

3l3
Rab;ð1Þhc;ð2Þhd;ð2Þ þ 2

l3
Rab;ð2Þhc;ð1Þhd;ð2Þ

�
he;ð2Þ;

where we have defined

Rab;ð1Þ ¼ Dkab;ð1Þ þ ka;ð2Þc kcb;ð2Þ;

Rab;ð2Þ ¼ Dkab;ð2Þ þ ka;ð1Þc kcb;ð1Þ:
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