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Master equation approach to reversible and conservative discrete systems
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A master equation approach is applied to a reversible and conservative cellular automaton model (Q2R). The
Q2R model is a dynamical variation of the Ising model for ferromagnetism that possesses quite a rich and
complex dynamics. The configuration space is composed of a huge number of cycles with exponentially long
periods. Following Nicolis and Nicolis [G. Nicolis and C. Nicolis, Phys. Rev. A 38, 427 (1988)], a coarse-graining
approach is applied to the time series of the total magnetization, leading to a master equation that governs the
macroscopic irreversible dynamics of the Q2R automata. The methodology is replicated for various lattice sizes.
In the case of small systems, we show that the master equation leads to a tractable probability transfer matrix
of moderate size, which provides a master equation for a coarse-grained probability distribution. The method is
validated and some explicit examples are discussed.
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I. INTRODUCTION

In statistical physics one basically considers a large set of
reversible and conservative ordinary differential equations for
the description of particle dynamics. The temporal evolution
for this cumbersome problem, even for a modest number
of particles, requires a statistical description that introduces
the concept of a probability distribution function for the
phase space of the system. Irreversibility, equilibrium, and,
more importantly, nonequilibrium properties emerge from this
probability conception of systems (with a large number of
degrees of freedom) and its deterministic evolution. Briefly, the
methodology reduces (under some assumptions) to a kinetic
description that displays an irreversible behavior to equilib-
rium observed in macroscopic systems. The assumptions for
this approach are (i) macroscopically, a system is described
by a finite set of observables, (ii) the robust instability of the
microscopic motions, which is at the basis of the sensitivity
to initial conditions and the ergodic assumption, and (iii) a
stosszahlansatz that introduces explicitly a broken before-after
symmetry for the evolution of the probability distribution.

Nicolis et al. [1,2] introduced a systematic coarse-graining
approach for the treatment of the macroscopical variables.
As a consequence, this coarse graining breaks naturally the
past-future symmetry in time, leading to an irreversible master
equation for a reduced probability distribution function of the
system. In the current paper we apply this systematic approach
to conservative and explicit reversible cellular automata.
In particular, we consider the Q2R model, introduced by
Vichniac [3], which is a cellular automaton that runs on a
two-dimensional grid of finite size and is reversible in a
physical sense, that is, not only is the automaton rule invertible,
but the backward rule reads exactly the same as the forward
one. Moreover, it was shown by Pomeau [4] that the Q2R
automaton possesses a conserved energy like quantity.

The main reason to apply the coarse-graining approach to a
cellular automaton instead of to a coupled system of ordinary
differential equations is because a cellular automaton is a
discrete model with Boolean entities as microscopic variables,
thus, the system is numerically reversible and conservative. In
consequence, Q2R seems to be a good benchmark to test the
principles of statistical physics. However, the phase space is

finite, hence the dynamical system only possesses fixed points
and periodic orbits; therefore it cannot be ergodic, at least
in the usual sense of continuous dynamics. Nevertheless, for
large enough systems, the phase space becomes huge and the
periodic orbits may be, as we show, exponentially long, thus, in
practice, of infinite period. Further, if the initial state is random,
the temporal behavior may be quite random and it possesses
many properties of chaotic systems, such as sensitivity to initial
conditions and mixing. For any purpose, the observation of
a short periodic orbit is really improbable for large enough
systems with random initial conditions. In general, there is a
huge number of initial conditions that are almost ergodic.

By “almost ergodic” we mean that the original Q2R system
is formally not ergodic, because it only possesses finite
periodic orbits. Although finite, these periodic orbits may be
exponentially long, so an arbitrary initial condition explores
vastly the phase space, validating the equivalence of ensemble
and temporal averages. Indeed, numerical studies confirm that
the premises of statistical physics are valid, in particular,
observables may be computed using standard methods of
statistical physics. We will show that temporal averages of
a macroscopic quantity provide the same information as the
master equation for the coarse-grained distribution functions.

The study of the dynamics and properties of the Q2R
model has had a long history. Soon after the seminal works of
Vichniac [3] and Pomeau [4], Herrmann [5] implemented the
Q2R algorithm to study the two-dimensional Ising model in the
frame of the microcanonical ensemble. He studied the global
magnetization, obtaining an excellent representation for the
magnetization as a function of the initial conserved energy,
displaying a coherent picture for the phase transition of the
Ising model. Later, Herrmann et al. [6] studied numerically the
probability to reach an infinitely long period for some energies.
Moreover, if the energy is large enough, this probability
tends to unity [6]. Next Takesue [7] focused on the possible
realization of statistical mechanics for reversible cellular
automata. His studies concerned explicitly all classes of rules
in the one-dimensional case, the Q2R being only a special
case. However, the Q2R model (90R in his terminology) is the
analog of an ideal gas of particles with speeds +1 or −1, a
system that cannot reach equilibrium in practice. However, it is
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ergodic only in thermodynamical equilibrium. More recently,
in Ref. [8], Goles and Rica studied numerically the irreversible
behavior and the existence of a spontaneous transition from a
noncoherent state to a coherent state.

The present article is organized as follows. The Q2R model,
its main features, and findings are presented in Sec. II, which
is subdivided as follows: We briefly report the numerical
studies of Ref. [8] in Sec. II A; the phase-space properties,
in particular some results on the distribution of periods of the
dynamics, are reported in Sec. II B; the sensitivity to initial
conditions is discussed in Sec. II C; and the scope of the paper
is presented in Sec. II D. Section III introduces the notion of a
master equation for the statistical description of the dynamics.
In Sec. IV we provide some precise examples, where a
coarse graining is realized, in order to get an adequate and
tractable master equation. We provide an exhaustive validation
of the technique and we discuss different coarse graining
over the phase space. Finally, we summarize in Sec. V.

II. THE Q2R MODEL

For simplicity, we consider a regular two-dimensional
lattice with N = L2 nodes, in which each node is only seen by
its four closest neighbors (the von Neumann neighborhood);
we use periodic boundary conditions. Each node k possesses
a discrete value xk that may take a value +1 or −1. The Q2R
model, introduced by Vichniac [3], is based upon the following
two-step rule:

xt+1
k = xt−1

k φ

⎛
⎝∑

i∈Vk

xt
i

⎞
⎠,

where the function φ is such that φ(s = 0) = −1 and φ(s) =
+1 if s �= 0. In the sum Vk denotes the von Neumann neighbor
of the site k. The reversibility follows directly from the inverse
relation xt−1

k = xt+1
k φ(

∑
i∈Vk

xt
i ), which is the backward rule

[notice that φ(
∑

i∈Vk
xt

i )
2 = 1 in all cases].

This two-step rule may be naturally rewritten as a one-step
rule by introducing a second dynamical variable [4]

yt+1
k = xt

k, xt+1
k = yt

kφ

⎛
⎝∑

i∈Vk

xt
i

⎞
⎠. (1)

The rule (1) is complemented with the initial condition xt=0
k

and yt=0
k .

As shown by Pomeau [4], the energy

E[{xt ,yt }] = −1

2

∑
〈i,k〉

xt
ky

t
i (2)

is conserved, E[{xt ,yt }] = E[{xt=0,yt=0}], under the dynam-
ics defined by the Q2R rule (1). Moreover, the energy is
bounded by −2N � E � 2N .

Despite the existence of an energylike quantity, it is not
possible to speak about a Hamiltonian for a discrete dynamics
because the variables xt and yt and the energy (2) are discrete
quantities [4]. Moreover, supported by the existence of a large
number of periodic orbits, it is believed that Q2R possesses
a large number of other invariants. An example of additional
conserved quantities are the staggered invariants [9]. Indeed,

for a square periodic lattice of even size L (N = L2), the full
lattice may be divided into two sublattices as follows. We
denote by kx and ky the indices of the full square. Then we
define the W sublattice by all points such that kx + ky is an even
number, while the B lattice is characterized by the condition
kx + ky being an odd number. (In other words, these sublattices
represent the white and black fields in the chessboard.) Then
we define

EW [{xt ,yt }] = −1

2

∑
kx+ky even

xt
k

∑
i∈Vk

yt
i ,

EB[{xt ,yt }] = −1

2

∑
kx+ky odd

xt
k

∑
i∈Vk

yt
i .

The conserved energy (2) may be rewritten as E[{xt ,yt }] =
EW [{xt ,yt }] + EB[{xt ,yt }]. Further,

J [{xt ,yt }] = (−1)t (EW [{xt ,yt }] − EB[{xt ,yt }]) (3)

is also an invariant, i.e., J [{xt ,yt }] = J [{xt=0,yt=0}]. This
extra invariant splits the subspace of constant E into a subset of
constant E and constant J . The role of this staggered invariant
in the macroscopic behavior will be not be investigated in the
present work.

A. Long-time dynamics of the Q2R cellular automata

Numerical simulations of the Q2R model in two space
dimensions and for large system sizes, e.g., N = 256 × 256,
and random initial conditions show that the dynamics displays
a fluctuating spatiotemporal pattern showing regions with
states +1 and sectors with states −1, as well as zones
with chessboardlike patterns [8]. The full patterns will be
characterized by the global magnetization

M(t) = M[{xt }] =
∑

k

xt
k. (4)

Naturally, the function M is restricted to the set {−N,−N +
2, . . . ,N − 2,N}, therefore there are N + 1 possible states of
magnetization.

A detailed characterization of the evolution, as well as the
fluctuations, for the magnetization has been treated in detail
in Ref. [8]. Briefly, after a transient the average magnetization
depends mainly on the initial energy. If the energy is low, one
sees that the average magnetization evolves slowly in time
to an equilibrium state with an almost constant value plus
weak fluctuations. For larger energies, the fluctuations play
an important role. One may observe that the system is in an
almost stable state, but then suddenly jumps into a metastable
state with zero average magnetization, and then jumps into an
opposite magnetization state [8].

The plot of the temporal average for the global magnetiza-
tion versus the energy is reported in Fig. 1. One can see that the
magnetization spontaneously increases below a critical energy
per site around Ec/N = −1.4, which is close to the critical
energy of the Ising model Ec/N = −√

2 [10,11]. Moreover,
in Refs. [5,8] the magnetization is compared as a function of
the internal energy of the system, showing a close agreement
with numerical values.
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FIG. 1. Magnetization curves as a function of initial energy for
three different system sizes N = 8 × 8, N = 16 × 16, and N =
256 × 256, as indicated in the legend. Each point corresponds to
a different initial condition; in this case we sample different energies.
As it can be noticed, there is a finite system dependence on the critical
behavior of the system. Indeed, the critical behavior disappears
for small system sizes N = 8 × 8 and N = 16 × 16, whereas for
large systems the magnetization curve reaches a critical behavior.
The continuous line represents the well known statistical mechanics
calculation for the Ising model M/N ≈ 25/16(

√
2 + E/N )1/8.

We emphasize that the main feature of the Q2R automaton
is that it shows a deterministic microcanonical dynamics.
Moreover, as shown in Fig. 1, for larger size systems, the results
agree with the thermodynamical calculations in an infinite
system size [10,11]. On the other hand, other probabilistic
evolutions, such as Monte Carlo simulations or Glauber
dynamics [12], deal with a spin system in contact with a
thermal bath, that is, in canonical equilibrium. However, as
expected, both methodologies share the same macroscopic
equilibrium.

B. Phase space

The configuration space of all states is defined through
all possible values of the state {x,y}. The resulting space is
composed of the 22N vertices of a 2N -dimensional hypercube.
The smallest possible system corresponds to an N = 2 × 2
lattice. In this case there are 22×4 = 28 = 256 states and the
phase space is a hypercube in dimension 8. However, the
dynamics is too simple; it contains cycles of period 4 at most.
The phase space for a 4 × 4 system is the largest possible one
that can be studied exactly, case by case. In this case the system
possesses 22×16 = 232 states and it contains a rich variety
of cycles [13]. This case will be studied deeply as a good
benchmark for conjectures in larger-dimensional systems.

As an example, from this case, it is observed that the total
number of cycles n(T ,E) of period T and energy E would be
bounded by [14]

n(T ,E) <
1

T
22Ne−α|E| ∼ e2N ln 2−α|E|.

From the data one has that for 3 × 3 and 4 × 4, α ≈ 0.6,
but this value varies as the lattice size increases. Here one
notices a dramatic difference among the cases depending on
|E| (greater or smaller than Ec = 2

α
ln 2). If |E| is greater than

Ec the probability to see a long period is exponentially small,
but for |E| < Ec this probability reaches unity. Higher lattice
sizes confirm this scenario but modify slightly the value of
α. This behavior is consistent with the numerical simulations
of Ref. [6].

C. Sensitivity to initial conditions

The sensitivity to initial conditions of Q2R has been
discussed previously in Ref. [8]. In fact, when starting from
two distinct initial conditions, which share the same energy and
J , they will evolve along two different paths. As the distance
in phase space is bounded, these two cycles will diverge in a
nonexponential way. However, the separation growth between
them is fast enough so as to be completely analogous with the
concept of sensitivity to initial conditions.

To perform this study we require two close enough
initial configurations. A first initial configuration {x,y}t=0

is arbitrarily chosen. The second one is built by swapping
a single site k̄ in the previous configuration. This site is
randomly selected such that the average magnetization due
to its neighbors is zero (that is

∑
i∈Vk̄

xi = 0 or
∑

i∈Vk̄
yi = 0).

In this way, both initial configurations have the same energy.
Finally, running independently both initial configurations, a
separation distance between both paths can be measured by
employing the so-called Hamming or Manhattan distance
defined as

dH (t) = 1

4N

N∑
k=1

(∣∣xt
k − x̄t

k

∣∣ + ∣∣yt
k − ȳt

k

∣∣),
with {x,y}t and {x̄,ȳ}t denoting two different sequences
belonging to two different cycles. It can be shown numerically
that dH (t) grows approximately as t2 (see Ref. [8] for details).

D. Scope of the paper

Though the Q2R model is quite simple its dynamics is
usually very rich, as it has been documented extensively in the
literature. Moreover, this conservative and reversible system
appears to behave as a typical macroscopic system, as the
number of degrees of freedom increases, showing a typical
irreversible behavior, sensitivity to initial conditions, a kind of
mixing, etc. It is believed that this Q2R is a good representation
of an Ising model in thermodynamical equilibrium.

The phase space of the Q2R system of N sites possesses
22N states, which are partitioned in different subspaces of
constant energy, which are partitioned into a large number of
smaller subspaces of periodic orbits or fixed points. Notice
that, because the system is conservative, there are neither
attractive nor repulsive limit sets; all orbits are fixed points
or cycles.

This feature of the phase space is schematized in Fig. 2(a),
where the constant energy subspace shares in principle many
cycles and fixed points. An arbitrary initial condition of
energy E falls into one of these cycles and runs until it
returns to the initial configuration after a time T , which could
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(a)

(b)

FIG. 2. (a) Scheme for a subspace of constant energy composed
of a number of cycles and fixed points. (b) Cartoon of a cycle of
period T , for which the cycle is composed of T states.

be exponentially long, and it displays a complex behavior
(not chaotic, strictly speaking; see, for instance, [15]). More
importantly, the probability that an initial condition exhibits
such a complex behavior is finite [6]. Moreover, Q2R manifests
sensitivity to initial conditions, that is, if one starts with two
distinct, but close, initial conditions, then the conditions will
evolve into very different cycles as time runs [8]. In some sense,
an initial state explores vastly the phase space, justifying the
grounds of statistical physics.

In conclusion, the overall picture is that, although for a
finite-size system the deterministic automaton Q2R possesses
periodic dynamics so it is not ergodic, there is a huge number
of initial conditions that explore vastly the configuration space
(this is particularly remarkable for initial conditions of random
structure). Therefore, one expects that a master equation
approach may be successful.

III. MASTER EQUATION

A. General formalism

Given a set of initial conditions with a fixed energy E, the
probability distribution �E

t ({x,y}) evolves following a Perron-
Frobenius-like equation

�E
t+1 = LE�E

t , (5)

which, in principle, can be computed by using the microscopic
evolution rule (1). Indeed,LE is easy to build: If the state {x,y}i
at time t evolves into {x,y}k at time t + 1, then one sets the
(i,k) components equal to 1, that is, LE

ik = 1. Checking all
available elements �(E) for a given energy, we can build the
huge, �(E) × �(E), linear operatorLE . This matrix possesses
a large number of blocks and zeros, revealing the existence
of a large number of cycles in the Q2R model (in some
sense, LE is a kind of adjacency matrix of a graph, the graph
being the total number of existing cycles for a given energy).
However, this description is impractical because of the typical

magnitude of �(E). Therefore, the full phase space is reduced
to a description using gross or macroscopic variables, namely,
the total magnetization (4), instead of microscopic variables.

We proceed with a coarse-graining scheme as in Ref. [1].
Let us define a noninvertible projection operator � that maps
the original distribution function �E

t onto ρt (M),

ρt (M) = � · �E
t ({x,y}) =

∑
states with

∑
k xk=M

�E
t .

Formally, �E
t may be seen as a vector of dimension �(E) and

ρt as a vector of dimension N + 1, indexed by M; hence �

is formally a matrix with N + 1 rows and �(E) columns.
Applying the projector operator on the Perron-Frobenius
equation (5), one gets

ρt (M) = � · �E
t = � · LE · �E

t−1 = � · (LE)t · �E
0 , (6)

where �E
0 ({x,y}) is an initial distribution.

As explained in detail in Ref. [1], in general, it is not
possible to reduce the original Perron-Frobenius equation to a
self-contained master equation. Following, Nicolis et al. [1,2],
we take an initial reduced distribution �E

0 ({x,y}) as a combi-
nation of step functions in the aforementioned intervals:

�E
0 ({x,y}) =

∑
M

αMϕM ({x,y}). (7)

In Eq. (7) we have defined

ϕM ({x,y}) =
{

1 for
∑

k xk = M

0 for
∑

k xk �= M.

The linear operator ϕ may be seen as a matrix with N + 1
rows and �(E) columns (a state {x,y} that belongs to a
column vector of dimension �(E) and maps onto a single
magnetization, which may take N + 1 different values). This
is the central assumption of the coarse-graining approxima-
tion. States with the same magnetization are assumed to
be uniformly distributed in the original phase space [see
the ansatz (7)]. The coefficients αM may be obtained by
inverting (7) [1]. The result is

αM =
∑
states

�E
0 ({x,y})ϕM ({x,y}).

Therefore, αM is precisely the Mth component for the coarse-
grained distribution ρ0(M) = ��E

0 . Thus, for this special type
of initial distribution one has

�E
0 ({x,y}) =

∑
M

ρ0(M)ϕM ({x,y}) = ϕ† · ρ0.

In the last equality we have written explicitly ρ0 as an
(N + 1)-dimensional vector and ϕ† as an �(E) × (N + 1)
matrix. Therefore, the Perron-Frobenius equation (6) becomes

ρ t = � · (LE)t · ϕ† · ρ0. (8)

Notice that ϕ† · � = I is the �(E) × �(E) identity matrix.
Therefore, defining the (N + 1) × (N + 1) matrix W by

W = � · LE · ϕ†, (9)

one is able to write the final reduced Perron-Frobenius
equation, which will be of the form

ρ t+1 = W · ρ t . (10)
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The linear operator W acts only in the subspace of constant
E, but is spanned over arbitrary values of magnetization, and
at the same time the reduced density ρ is a vector with its
components indexed by M .

As in the original Perron-Frobenius equation, W depends
explicitly on the Q2R rule through LE ; therefore, in principle,
it is possible to compute it explicitly. However, in practice,
because of the complex and unknown structure of LE (in
particular because of the existence of a myriad of different
periods for a given E), it is not a realistic task because the
matrix W could be quite large.

However, the matrix W can be further reduced fol-
lowing a second coarse-graining process. This partition
is defined through a finite number of sets of nonover-
lapping intervals I1 = [−N,M1),I2 = [M1,M2), . . . ,IK−1 =
[MK−2,MK−1),IK = [MK−1,N ]. [The previous case (10) cor-
responds to K = N + 1.]

We can proceed as previously, defining a second noninvert-
ible projection operator π that maps the reduced distribution
function ρt into a discrete and shorter column vector of
dimension K: f t = (f1,f2, . . . ,fK ). Finally, we obtain a
coarse-grained master equation for the probability distribu-
tion [1,2]

f t+1 = Ŵ · f t . (11)

Here Ŵ is named the transition probability matrix.
The following are important features of the master equa-

tion (11).
(i) The probability vector f t should be positive and

normalizable. Let 1 = (1,1, . . . 1) be a K-dimensional vector;
then we set 1 · f t = 1. More importantly, because of normal-
ization

∑K
i=1 wik = 1, one has Ŵ † · 1 = 1. This implies that

the probability is conserved under the evolution 1 · f t+1 =
1 · Ŵ f t = 1 · f t = 1.

(ii) The Perron-Frobenius equation could be solved exactly
provided it is given an initial given distribution f 0: f t =
Ŵ t f 0.

(iii) Because of the Frobenius theorem, there exists an
eigenvalue that is one, λ1 = 1, while other eigenvalues fall
inside the unitary circle |λi | < 1 for i > 1. Let f eq be the
eigenvector associated with the eigenvalue λ1 = 1; this is an
invariant vector f eq = Ŵ f eq.

(iv) In what it follows we denote by χ (i) the eigenvectors
of Ŵ corresponding to λi . Naturally one has χ (1) ≡ f eq.

(v) There exists an equilibrium state limt→∞ f t = f eq.
(vi) Because all elements in the W matrix are positive, any

non-negative initial distribution remains non-negative.

B. Explicit calculation for the transition probability matrix Ŵ

As already mentioned, to determine empirically the matrix
W or Ŵ , we cannot use (9). Instead, we start with a
magnetization sequence {. . . ,Mt−1,Mt ,Mt+1, . . .} obtained
from direct numerical simulations. This sequence is always
finite, but it could be exponentially long (so in practice infinite).

The transition probability matrix Ŵ may be found from
the probability density functions at times t and t + 1. The
elements of the matrix are given by the following conditional

0.1

0.2

0.3

0.1
0.2
0.3
0.4

FIG. 3. Distribution ρt (M) at a time t schematized in the
distribution on the left. The fraction inside the interval Ik is distributed
after the evolution into a new distribution ρt+1(M) schematized in the
diagram on the right. The normalized distribution provides the kth
element of the ith column: wik .

probabilities (here we use different notation than in Ref. [1]):

wik = P (Mt+1 ∈ Ii |Mt ∈ Ik) = P (Mt+1 ∈ Ii ∩ Mt ∈ Ik)

P (Mt ∈ Ik)
.

Here Mt belongs to the interval Ik at time t and Mt+1 belongs
to the interval Ii at t + 1. Finally, the matrix Ŵ does not
depend on time, which is a feature of a Markov process. The
coarse-graining method is schematized in Fig. 3.

C. Chapman-Kolmogorov condition and time-reversal
symmetry

The final expression for the probability transition matrix (9)
found after applying the formalism of Refs. [1,2] follows
directly from Eq. (8) and the ansatz (7), which implies
ϕ† · � = I . These relations are equivalent to the so-called
compatibility condition

� · (LE)t · ϕ† = W t .

This compatibility condition (or Chapman-Kolmogorov condi-
tion) arises as a result of the approximations done in Sec. III A,
however it is not a general property of the dynamics. For
instance, by taking a complete cycle (t = T ), one readily gets

� · (LE)T · ϕ† = I

(with I being the identity matrix), which evidently differs from
WT because W represents an irreversible behavior toward
equilibrium. Therefore, the compatibility condition is only
valid as an approximation for a limited number of time steps
that enter to a particular sequence. The same argument holds
for the reduced matrix Ŵ defined through (11).

Let us call Ŵ (τ ) the resulting probability transfer matrix
after τ steps; that is, by computing Ŵ as a consequence of
the evolution from t up to t + τ , the Chapman-Kolmogorov or
compatibility condition for Ŵ reads

Ŵ (τ ) = Ŵ (τ1) · Ŵ (τ2), (12)

where τ = τ1 + τ2. In particular, for τ1 = τ2 = 1 one should
satisfy

Ŵ (2) = Ŵ · Ŵ = Ŵ 2.

Other compatibility conditions are

Ŵ (3) = Ŵ (2) · Ŵ , Ŵ (3) = Ŵ · Ŵ (2),

Ŵ (4) = Ŵ (2) · Ŵ (2), Ŵ (4) = Ŵ · Ŵ (2) · Ŵ ,
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etc. In Sec. IV C we check in practice how well these Chapman-
Kolmogorov conditions are satisfied.

Finally, let us state an important result due to Pomeau [16].
The K-time correlation functions impose some restrictions
on the W matrix. Because of time-reversal symmetry, for all
indices i1,i2, . . . ,iK = {1,2, . . . ,K} the symmetry relation

wi1i2wi2i3 · · · wiK−1iK wiKi1 = wi1iK wiK iK−1 · · ·wi3i2wi2i1 (13)

must be satisfied. In what it follows, we apply this coarse-
graining approach to compute the probability transfer matrix
for some particular cases.

IV. SPECIFIC COMPUTATION OF THE TRANSITION
PROBABILITY MATRIX IN VARIOUS SITUATIONS

In this section we apply the coarse-graining approach to the
Q2R dynamics in the case of a small lattice size. In Ref. [17]
we have explored the computation of the transition probability
matrix, in particular, in the case of extended systems (N =
256 × 256). However, in this case the cycles are usually huge,
therefore this general approach is not really satisfactory. In
this sense, we focus our effort on treating systems of moderate
sizes, namely, N = 4 × 4, N = 8 × 8, and N = 16 × 16, all
of them having tractable cycles.

A. Robustness of the methodology

In general, for a system of small size, one is able to find
some cycles for a given energy. Building a time series for
the magnetization {M(t)} = {M1,M2, . . . ,MT }, one defines
a partition of the possible values of the magnetization, as
explained in Sec. III. In the cases considered here, it is always
possible to use the finest possible partition, that is, for the exact
available values of the magnetization (something impractical
in large systems). In this case the partitions are composed
of a set of N + 1 (N is assumed to be even) well defined
values M = {−N,−N + 2,−N + 4, . . . ,N − 2,N}. That is,
for 4 × 4 the partition has a maximum of 17 elements, for
N = 8 × 8 there are 65 elements, and for N = 16 × 16 the
partition possesses a maximum of 257 elements.

The first result concerns the equivalence of the probability
density function of magnetization obtained via the time series
of the magnetization and the equilibrium distribution resulting
from the eigenvectors of the transition probability matrix
Ŵ . Hence, the results arising from temporal averages and
the transition probability matrix in the configuration space
are consistent among themselves. This fact ensures an initial
validation of the method. However, the transition probability
matrix provides extra information about a system, including
the nonequilibrium properties, given by the spectrum of Ŵ .

Next we describe the methodology for the case of a lattice
of size 16 × 16 for an orbit with E = −292 and period T =
43 115 258. The transition probability matrix Ŵ is constructed
following the steps of Sec. III B. However, first we verify that
the master equation does not strongly depend on the length of
the time series for the magnetization. It is important to remark
that we think that this is a crucial step, because it allows us to
compare explicitly the dependence of the results on the partial
length of the cycles, something that is not possible for larger
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FIG. 4. (a) Plot of the equilibrium distribution f eq for the case of
a 16 × 16 system size with E = −292 (E/N ≈ −1.14) and a cycle
of period T = 43 115 258 (the complete cycle). The computation of
f eq is compared with shorter sequences of the same time series of
length T ∗ = 106,5 × 106,20 × 106. (b) Set of 257 eigenvalues of the
Ŵ matrix for the same conditions as in (b).

systems, because in these cases we would never be able to
build the complete period for the time series.

To test the above, we use again the finest partition. In this
case, the transition matrix is of dimension 257 × 257 (so we
will not provide it explicitly) and we characterize it by its
equilibrium distribution and the full set of eigenvalues of Ŵ .
Figure 4(a) plots the equilibrium distributions f eq for the total

cycle T and f T ∗
for the partial cycle of length T ∗. Similarly,

Fig. 4(b) plots the set of 257 eigenvalues, denoted by λT ∗
i ,

for the same sequence {M(t)}, but for four different lengths
of the time series. Visually, no substantial difference among
the different values of T ∗ can be observed. Moreover, Table I
compares quantitatively the mean square difference measur-
ing Q1 = || f T ∗ − f eq||2/K and Q2 = ∑K

i=1 |λi − λT ∗
i |2/K .

Here K is the number of partitions.

TABLE I. Error estimation of the equilibrium distribution and the
spectral decomposition of the Ŵ matrix for different lengths of the
time series.

T ∗ Q1 Q2

106 3.95 × 10−5 0.0038
5 × 106 3.91 × 10−5 0.0020
20 × 106 3.84 × 10−5 0.0002
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Notice that an important feature of the transition probability
matrix is that its eigenvalues are real if the time series satisfies
reversibility [16]. We have verified that the coarse-graining
approach applied to the full cycle with period T shows this
important feature. Namely, the eigenvalues of the Ŵ matrix
are real numbers. However, as we apply the same approach
to a partial sequence of the same cycle of length less than
T , some eigenvalues become complex (typically located near
the origin in the complex plane). This is important because,
in practice, for larger-size systems, one never closes a cycle,
hence only incomplete sequences are available and thus the
matrix would not have, in general, pure real eigenvalues.
However, we emphasize that the existence of these complex
eigenvalues is spurious.

Finally, it is important to compare results for partitions of
different size. First, we compute the equilibrium distribution
for three different partitions sets, more precisely, for an 8 × 8
system evolving by Q2R at E = 0 in a periodic orbit of
T = 672 018. Figure 5(a) compares the three different coarse-
graining partitions (containing 5, 11, and 34 elements). Despite
the evident differences among the coarse- and the finer-
graining partitions, one notices that both partitions exhibit
the same accurate behavior of the equilibrium distribution.

FIG. 5. (a) Plot of the equilibrium distribution feq vs M for an
8 × 8 system size with E = 0 and a cycle of a period T = 672 018
for three different partitions of the magnetization values. The plot
shows how all distribution functions lie under the same curve. The
inset shows the parabolic behavior in magnetization, which after
a fit reads ln feq = −M2/116. (b) Plot of the second eigenmode
χ (2) corresponding to the eigenvalue closest to the unit circle. It is
noticeable how all partitions produce similar results.

Moreover, Fig. 5(b) compares the second eigenmode χ (2)

without any substantial difference among the partitions.
In what follows, we summarize the methodology for cases

of sizes 4 × 4, 8 × 8, and 16 × 16. In all cases, the full cycles
are considered and we provide the finest possible partition.

B. Exact calculation for various lattices

We have studied in detail the case of a 4 × 4 periodic
lattice because the phase space possesses 232 ≈ 4 × 109

distinct configurations and the calculations can be completely
performed, thus showing explicitly the method. It is shown that
the coarse-graining approach is fully applicable in the 4 × 4
lattice case. We used different partitions, getting a well defined
probability transfer matrix Ŵ . Reference [13] summarizes the
calculations and main characteristics for various energies.

Next we explore a few cycles for larger systems (8 × 8 and
16 × 16). The cycles in these cases may be as long as desired
for any practical purpose so that the equilibrium distribution
is calculated with enough precision.

In the case of 8 × 8, for various energies and the finest
possible coarse graining, for the sake of brevity, we omit
explicitly the plots of the first eigenvector f eq as well as the
eigenvalues because they are similar to the 16 × 16 lattice case.

The case of a 16 × 16 system size displays the most accurate
equilibrium distribution found in the current research. The fluc-
tuations around the distribution are small and the eigenvalues
seem to form a continuous spectrum (the difference between
two consecutive eigenvalues is small). We have also explored
a wide range of energies. The rank of the matrices (that is, for
the finest partition) is K = 122 for E = −332, K = 205 for
E = −316, K = 197 for E = −292, K = 129 for E = −168,
and K = 101 for E = −92. The equilibrium distribution, as a
function of the magnetization, is plotted in Fig. 6(a). Similarly,
the spectral decomposition is shown in Fig. 6(b).

In Fig. 6(a) one notices how in the case of larger energies,
say, E = −92 and −168, the equilibrium distribution function
is symmetric, under the change M → −M; however, as
the energy decreases one sees that for the lowest energy
E = −332 a spontaneous symmetry breaking appears, so
the equilibrium distribution is no longer an even function.
The equilibrium probability may manifest a positive or
negative magnetization (switching from one case to the other
by changing the initial condition via the transformation
{x,y}t=0 → {−x,−y}t=0). Moreover, the energy E = −316
case shows an equilibrium probability density function that
manifests bi-stability. Indeed, these bimodal distributions
possess three peaks, one at M = 0 and the two other at
M = ±M0 �= 0. Finally, the width of the probability density
functions increases near the transition energy.

Figure 6(b) shows the spectral distribution of the probability
transfer matrix that defines the master equation. Already
for a lattice of size 16 × 16 one observes how the spectral
distribution is almost continuous. One notices that the energies
E = −316 and −292 possess the largest eigenvalues for
a given index i. This means that, probably, the largest
eigenvalues occur near the critical energy.

It is interesting to remark that the nonequilibrium is gov-
erned by those eigenvalues close to one. The nonequilibrium
features behave as slow modes. In the current case one has
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FIG. 6. (a) Equilibrium distributions f eq for the case of a 16 × 16
system size and for the energies and periods E = −332 and T =
796 398, E = −316 and T = 4 015 624, and E = −292 and T =
43 115 258, respectively. We also consider E = −168 and −92 with
periods larger than T > 108. (b) Eigenvalues of the W matrix showing
the existence of long-wave relaxation properties.

f t = ∑K
i=1 αiλ

t
iχ

(i). Defining σi = − ln λi , one obtains the
usual slow mode relaxation. Moreover, the global behavior
of the eigenvalues closest to unity represents the transport
coefficients [17]. Figure 6(b) indicates that λi ≈ 1 − γ i,
which suggests that the nonequilibrium features are governed
by a Fokker-Planck kind of equation. The behavior of the
eigenvector agrees also qualitatively with this picture (see [17]
for more details).

C. Chapman-Kolmogorov conditions

We have checked the Chapman-Kolmogorov relations for
the case of Q2R in a 16 × 16 lattice for the case of E = −292
and a periodic orbit of T = 43 115 258. We have built five
different probability transfer matrices Ŵ (τ=1), . . . ,Ŵ (τ=5) (see
Sec. III C for the definition of Ŵ (τ )).

First, we compared the matrices Ŵ (τ=2) and Ŵ (τ=1) ·
Ŵ (τ=1), both of rank 197 × 197, computing the distance
between them, e.g., Ŵ (τ=2) and Ŵ (τ=1) · Ŵ (τ=1), via the usual
distance (the square indicates the product of a matrix by itself)

d = 1

K2
Tr[(Ŵ (τ=2) − Ŵ (τ=1) · Ŵ (τ=1))2].

-200 -100 0 100 200

0.8
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1.4

1.6

1.8

2

FIG. 7. Plot of the ratio qn for five eigenmodes for the case of a
16 × 16 system.

In the current case, the matrices are similar up to d =
5.81 × 10−6. More quantitatively, we look at how good the
eigenvectors of different matrices are, namely, Ŵ (τ=2) and
Ŵ (τ=1) · Ŵ (τ=1). To do that, we compute the ratio among the
nth eigenvectors of the aforementioned matrices, that is,

qn = χ (2)
n

χ
(1)
n

,

where χ (2)
n and χ (1)

n are the nth eigenvector of the matrices
Ŵ (τ=2) and Ŵ (τ=1). This quantity is plotted in Fig. 7. One
notices that qn ≈ 1 almost for all values of magnetization, but
it also has an anomalous behavior near the nodal points of
the eigenvector χ (1)

n . In general, the agreement of all these
eigenvectors is satisfactory.

Next we check the Chapman-Kolmogorov relations written
in Sec. III C, comparing the spectral properties of both
matrices, namely, the set of eigenvectors and its eigenvalues.
As can be seen in Fig. 8(a), the equilibrium distribution f eq
matches perfectly for different values of τ = {1,2,3,4,5}. This
proves that the equilibrium configuration f eq is an invariant
of the dynamical system. However, nonequilibrium properties
do depend on the sampling time τ . Indeed, the eigenvalues
corresponding to different probability transfer matrices do
depend on the choice of the parameter τ . This is not a surprise,
because it is expected that the eigenvalues λ

(τ )
i of Ŵ (τ ) should

scale as λ
(τ )
i = λτ

i , where λi are the set of eigenvalues of
Ŵ (τ=1). This scaling is shown in Fig. 8(b), indicating an
anomaly because it does not work for the case τ = 1, but the
scaling works well for higher τ . This deserves more careful
study.

D. Pomeau’s reversal symmetry relation

According to Pomeau [16], the microscopic time-reversal
symmetry imposes the symmetry relation (13). For rank-K
transition probability matrices, it is possible to verify that
there are KK different required conditions (13). Therefore,
it is only possible to check this condition for a moderate rank
K . For the case of 4 × 4 all probability transfer matrices
that we have checked satisfy Pomeau’s reversal symmetry
relation [13]. For larger Ŵ matrices, say, K > 9, we have not
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FIG. 8. (a) Equilibrium distributions f eq for the case of a
16 × 16 system and for the energy E = −292 and T = 43 115 258.
(b) Eigenvalues of the W matrix showing the existence of long-wave
relaxation properties.

checked Pomeau’s relation because it involves a cumbersome
numerical calculation.

V. CONCLUSION

The basic properties of a Q2R cellular automaton, namely,
its formal reversibility and the existence of a conserved energy,
suggest that Q2R could be a good benchmark to test ideas of
statistical mechanics. More importantly, the reversibility is not

conditioned by any kind of approximate numerical algorithm.
The Q2R model possesses a rich dynamics characterized by
a huge number of invariants that partition the phase space in
terms of the conserved energy and a huge number of periodic
cycles. Although in a system of moderate size the periods are
huge [6], for lattices of small size these cycles may be fully
characterized.

We introduced a coarse-graining approach that allowed us
to write a coarse-grained master equation, which characterizes
equilibrium and nonequilibrium statistical properties of the
system. We reviewed the methodology and tested the con-
sistency of results in lattices of different sizes. We found
that for well chosen partitions, this coarse-graining technique
is a powerful tool to reduce the information of the whole
system in such a way as to obtain a tractable probability
transfer matrix that simplifies the original master equation.
One central property of this matrix is the existence of an
invariant probability distribution that agrees with different
coarse-graining procedures. In addition, we computed the
spectral decomposition of the probability transfer matrix
characterizing the nonequilibrium properties of the system.
Finally, we checked the compatibility conditions, as well as
the time-reversal symmetry conditions for short time steps. In
many situations the methodology is consistent and provides a
complete statistical description of the system. However, some
discrepancies appear that deserve caution.

This study provided us with a systematic approach for
reducing the number of pertinent macroscopical variables
resulting into a manageable master equation.
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