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We establish a precise relation between mixed boundary conditions for scalar fields in asymptotically 
anti de Sitter spacetimes and the equation of state of the dual fluid. We provide a detailed derivation of 
the relation in the case of five bulk-dimensions for scalar fields saturating the Breitenlohner–Freedman 
bound. As a concrete example, we discuss the five dimensional scalar-tensor theories describing dark 
energy in four dimensions.

© 2017 Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.
1. Introduction

It is now widely accepted that there is a precise correspon-
dence between observables in a (D − 1)-dimensional gauge field 
theory and a D-dimensional gravity theory. Indeed, since this du-
ality was precisely formulated by Maldacena [1], there has been 
an increasing amount of conceptual understanding of its meaning. 
In particular, the long wavelength regime of the duality, known 
as the fluid/gravity correspondence, has attracted much attention, 
e.g. [2–5]. It follows from the fact that a relativistic form of the 
Navier–Stokes equations governing the hydrodynamic limit of a 
field theory in (D − 1) dimensions, on a fixed background γab , is 
equivalent to the dynamics of D-dimensional Einstein gravity with 
a negative cosmological constant with γab as its conformal bound-
ary.

This correspondence allows one to pick a fluid dynamical so-
lution, with an equation of state dictated by the tracelessness of 
the boundary energy momentum tensor, and reconstruct a bulk 
solution of the full Einstein equations (for a review see [6]). This 
opened the possibility of modeling fluid dynamics using general 
relativity, for instance the elusive description of turbulence has 
been considered within the fluid/gravity duality. It has been pro-
posed that gravitational dynamics can become turbulent when 
its dual fluid is at large Reynolds number [7–9]. This has led to 
the definition of a “gravitational Reynolds number” constructed in 
terms of the black hole quasinormal modes [10].
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In asymptotically anti de Sitter (AdS) spacetimes with a con-
formally flat boundary, this description is intrinsically limited to 
traceless energy momentum tensors and so the actual fluid is a 
very particular one. For understanding realistic fluids by using the 
fluid/gravity duality, one must be able to describe their dynamics 
by a general equation of state that is experimentally determined. 
The holographic relation between the real world systems, which 
are not conformally invariant in ultraviolet (UV), and gravity re-
quires that the conformal symmetry in the boundary should be 
broken (see, e.g., [11] for a related discussion on the Wilsonian ap-
proach).

The main goal of this Letter is to propose a concrete relation 
between the equation of state of a (non-conformal) fluid and the 
asymptotic fall-off behaviour of a scalar field in the AdS bulk. We 
treat the case of a single scalar field with mass m2 = −4l−2, where 
l is the AdS radius, which is the mass of some of the scalars of type 
IIB supergravity on AdS5 × S5. This case is also interesting because 
the mass saturates the Breitenlohner–Freedman (BF) bound in five 
dimensions [12,13] and so the logarithmic branches exist [14–16]. 
We find that, in general, the coefficients of the leading terms in the 
asymptotic expansion of a scalar field in AdS gravity determine the 
relationship between the pressure and density of a perfect fluid on 
the conformal boundary.

This can be traced back to the existence, in any dimension, of 
two normalizable modes for scalar fields with masses m2 in the 
window [17]

− (D − 1)2

2
= m2

B F ≤ m2 < m2
B F + l−2 . (1)
4l
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For our analysis, it is important that they admit mixed bound-
ary conditions, some of which break the conformal invariance at 
the boundary. This implies that the dual energy momentum ten-
sor is not traceless [18,19] and so the hydrodynamic limit of the 
field theory is described by a non-conformal fluid. We are going to 
obtain a general holographic equation of state for a time depen-
dent scalar field using a counterterm method similar in spirit with 
the one in [19] (the work of [18] is based on the Hamilton–Jacobi 
equation). It follows that our results are easily generalizable to any 
dimension and theories with scalars satisfying (1).

Our conventions are defined by the action principle

I [g, φ] =
∫
M

d5x
√−g

(
R

2κ
− 1

2
(∂φ)2 − V (φ)

)

+ 1

κ

∫
∂M

K
√

−h + Ict , (2)

where κ = 8πG is the reduced Newton constant in five dimen-
sions. The potential V (φ) is required to have at least one local 
maximum, where it attains a negative value, so that the metric 
can asymptotically match a locally AdS spacetime. The gravitational 
counterterms Ict are known from well-established results and ren-
der the action principle finite [20,21]. Along the lines of [19] we 
construct the corresponding scalar counterterms for mixed bound-
ary conditions. We are interested in describing a timelike boundary 
and so the induced metric on ∂M is hμν = gμν −nμnν . The extrin-
sic curvature of the surface with metric hμν is Kμν = 1

2Lnhμν =
1
2

(∇μnν + ∇νnμ

)
where nμ is the outwards-pointing normal and 

K = hμν Kμν . We use below the Einstein equations as defined by 
the relation

Eμν = Gμν − κTμν = 0 , (3)

where Gμν is the Einstein tensor and

Tμν = ∂μφ∂νφ − gμν

[
1

2
(∂φ)2 + V (φ)

]
. (4)

Working in units where the speed of light and Planck’s constant 
are set to 1, we consider the class of metrics

ds2 = −A(t, r)dt2 + B(t, r)dr2 + S(t, r)d�k , (5)

where d�k has a constant Ricci scalar R (�k) = 6k, with k = ±1
or 0. The boundary metric is

hμνdxμdxν = −A(t, r)dt2 + S(t, r)d�k , (6)

and the field theory dual metric, which is related by a conformal 
transformation to hμν , is

γabdxadxb = −dt2 + l2d�k . (7)

The counterterms Ict are constructed so that the action prin-
ciple is well-posed and to obtain a finite action. The quasilocal 
formalism of Brown and York [22] provides a concrete way to com-
pute the action and stress tensor, from which one can directly 
obtain the mass of the system. We provide an independent cal-
culation of the mass using the Hamiltonian formalism in the next 
section. In the third section we show that a very precise countert-
erm exhibits all the desired features reproducing the Hamiltonian 
result. In the fourth section we compute the dual energy momen-
tum tensor and provide the connection between the equation of 
state of the dual fluid and the generalized boundary condition of 
the bulk theory. In the final section we conclude with some com-
ments on these results.
2. Hamiltonian mass

We use the Regge–Teilteiboim approach [23,24] to compute the 
energy of the system. The main point is that in a theory of gravity, 
due to the Hamiltonian constraint, the bulk Hamiltonian vanishes 
and so the conserved charges are associated with the asymptotic 
symmetries. Therefore, the charges obtained from the Hamiltonian 
formalism are also appropriate for a holographic interpretation.

We start by noting that the form of the gravitational and scalar 
contributions to the Hamiltonian is universal when given in terms 
of its variations

δH = δQ G + δQ φ , (8)

and the concrete expressions can be found in [23] — exact solu-
tions were studied in [25–30]. Let us now consider the case when 
the scalar field saturates the BF bound, m2 = − 4

l2
. The fall-off of 

the scalar field is

φ = α(t) ln(r)

r2
+ β(t)

r2
+ O (

ln(r)

r3
) . (9)

We emphasize that the coefficients α and β can be time-
dependent. For some concrete applications when the time-
dependence plays an important role see, e.g., [31–34]. In particu-
lar, this kind of analysis was useful in describing cosmology models 
from a holographic point of view [31].

When the metric matches (locally) AdS at infinity the relevant 
fall-off is

gtt = r2

l2
+ k − μ(t)

r2
+ O (r−3) , gij = r2�i j + O (r−3) ,

(10)

grr = l2

r2
− l4k

r4

+ l2

3

3M0(t)l2 + 3k2l4 + κα(t) (α(t) − 4β(t)) ln(r) − 2κα(t)2 ln(r)2

r6

+ O

(
ln(r)2

r7

)
, (11)

where �i j is the metric associated with the “angular” part, d�k .
Inserting these expansions in the Einstein-scalar field equations 

(3) we find

Et
t − Er

r = −12μ(t) + 12M0(t) + κα2(t)l−2 − 4κl−2α(t)β(t) + 8κl−2β2

2r4

+ O

(
ln(r)2

r5

)
, (12)

and so the boundary conditions (10)–(11) are compatible with the 
field equations provided

M0(t) = μ(t) − κl−2

12

(
α(t)2 − 4α(t)β(t) + 8β(t)2

)
. (13)

Using the fall-off of the metric and scalar field we obtain

δH =
[

3δM0(t)

2κ
− 1

l2
(α(t)δβ(t) − 2β(t)δβ(t))

]
σk , (14)

and so the Hamiltonian is finite. Using the relation that arises from 
the field equations, (13), the result can be written in the form

δH =
[

3δμ(t)

2κ
+ 1

l2

(
1

2
β(t)δα(t) − 1

2
α(t)δβ(t) − αδα(t)

4

)]
σk ,

(15)

and so the Hamiltonian is finite.
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To remove the variations from these equations we need to im-
pose boundary conditions on the scalar field. If we write β =
dW (α)

dα then the right-hand side of (15) is a total variation and the 
mass of the spacetime is

H =
[

3M0(t)

2κ
+ 1

l2

(
W (α(t)) + β(t)2 − α(t)β(t)

)]
σk + H0 ,

(16)

or, using the field equations (13),

H =
[

3μ(t)

2κ
+ 1

l2

(
−1

8
α(t)2 − 1

2
α(t)β(t) + W (α)

)]
σk + H0 ,

(17)

where μ(t) is the O (r−2) coefficient of the gtt and δH0 = 0.
There are two cases that yield H = 3μ(t)σk

2κ + H0:

• α = 0: these are Dirichlet boundary conditions and ensure 
asymptotic AdS invariance.

• β = − 1
2 α ln( α

α0
): these are the multi-trace deformations

boundary conditions and are compatible with the asymptotic 
AdS symmetry.

It was originally pointed out in [17] that the evolution of scalar 
fields in AdS is well defined for Robin boundary conditions for 
scalar fields with masses that satisfy m2

B F ≤ m2 < m2
B F + l−2 where 

m2
B F is the Breitenlohner–Freedman bound, m2

B F = − 4
l2

[13]. In-
deed, it is possible to find this kind of formula in a number of 
places in the literature [35]. What is new here is that we have 
taken one order more in the fall off of gtt , namely the μ/r2 term, 
and shown how it connects with the standard definition of mass 
given in terms of the coefficient of O (r−2) of g−1

rr (see, also, [36]).

3. Counterterm method

First, we restrict our considerations to static configurations. We 
shall find a counterterm that provides the right free energy in the 
canonical ensemble for hairy black holes with the fall-off condi-
tions of the previous section. We use the standard technique of 
Wick rotating the time direction and so the Euclidean path inte-
gral yields a thermal partition function. Hence, to study the gauge 
theory thermodynamics holographically, one has to obtain the ac-
tion on the Euclidean section.

Due to integration over an infinite volume, the action suffers 
from infrared divergences that can be regulated by adding suitable 
boundary terms. With this in mind, the action can be naturally di-
vided into the bulk part I B , the usual Gibbons–Hawking boundary 
term IG H , the Balasubramanian–Kraus counterterm I B K , an extrin-
sic scalar field counterterm, Iφext , and an intrinsic scalar field coun-

terterm, Iφct :

iI E = I B + IG H + I B K + Iφext + Iφct , (18)

where I E is the Euclidean action, and at the RHS are the usual 
Lorentzian expressions integrated in imaginary time t ∈ [0, −iT −1). 
The boundary conditions (9)–(11) and field equations (13) yield

I B + IG H + I B K = −i
A
4G

+ i
1

T

[
3M0

2κ
+ 3k2l2

8κ
− α2l−2 ln(r)2

+ αl−2

2
(α − 4β) ln(r)

]
σk , (19)

and we see that the logarithmic divergences are proportional to 
the slower fall-off branch of the scalar field. Here, A = σk S(r+)3/2
is the horizon area. It is possible to introduce the following coun-
terterms that provide the correct result for the free energy

Iφext = 1

2

∫
∂M

d4x
√

−hnμφ∂μφ

= 1

l2

∫ √−γ d4x

(
−α2 ln2 r − 1

2

(
α2 − 4αβ

)
ln(r)

+ αβ

2
− β2

)

= −i
σk

l2T

(
−α2 ln2 r + 1

2

(
α2 − 4αβ

)
ln(r) + αβ

2
− β2

)
(20)

Iφct = 1

l5

∫
∂Mγ

d4x
√−γ

[
αβ

2
− W (α)

]
, (21)

where we have used the metric γab of the dual field theory de-
scription. For completeness, we expand at the boundary the RHS of 
(20) and write it in an explicit intrinsic form, which is an equiva-
lent counterterm written in terms of the local fields on the bound-
ary and a cutoff r along the lines of [37]. The main difference is 
that we do not use a Fefferman–Graham-like expansion, but the 
goal is the same, namely to cancel the divergences in the action. 
The intrinsic counterterm Iφct can be written in terms of the grav-

ity field and a cutoff, r, by using that α + β
ln(r) + O (

ln(r)
r ) = φ r2

ln(r)

and β = φr2 − α ln(r).
The agreement with the Hamiltonian computation becomes 

clear if we fix H0 = 3k2l2

8κ and read off the mass from the Euclidean 
action

I E = − A
4G

+ 1

T

[
3M0

2κ
+ 3k2l2

8κ
+ 1

l2

(
β2 + W (α) − αβ

)]
σk .

(22)

Having checked the black hole thermodynamics, we pause to 
verify that the same counterterms provide a well-posed variational 
principle, restoring the time dependence. When the field equations 
hold, the variation of the total action (22) vanishes for Dirichlet 
boundary conditions for the metric and for scalar field boundary 
conditions of the form β (t) = dW

dα , namely

lim
r→∞ δ I = 0 . (23)

Let us clarify this further for the scalar field. From (18) we ob-
tain

δ I =
∫
M

−d5x∂μ

(√−g gμνδφ∂νφ
) + 1

2

∫
∂M

d4x
√

−hnμδφ∂μφ

+ 1

2

∫
∂M

d4x
√

−hnμφ∂μδφ

+ 1

l5

∫
∂Mγ

d4x
√−γ

(
−β (t)

2
+ α (t)

2

d2W

dα2

)
δα (t) , (24)

when the field equations hold. Using

φ = α (t) ln(r)

r2
+ β (t)

r2
+ O (

ln(r)

r3
)

=⇒ δφ =
(

ln(r) + d2W
2

)
δα (t)

2
+ O (

ln(r)
3

) , (25)

dα r r
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and employing (9)–(11) and (13), it is straightforward to show that 
(23) indeed holds.

There is one remaining ambiguity in (22), namely that of adding 
finite counterterms quadratic in the Riemann tensor, Ricci tensor 
and Ricci scalar of the boundary metric. This is related to the reg-
ularization of the field theory dual as discussed in [20].

4. Holographic equation of state

The expectation value of the dual energy–momentum tensor is 
related to the quasilocal stress tensor (including the counterterms):

〈Tab〉 = − 2√−γ

δ I

δγ ab
= lim

r→∞
r2

l2
T B K
μν + lim

r→∞
r2

l2
T ext
μν + T ct

ab ,

(26)

where the first term is the Balasubramanian–Kraus part [20]

T B K
μν = − 1

κ

(
Kμν − hμν K + 3

l
hμν − l

2
Gμν

)
, (27)

with Gμν the Einstein tensor constructed with the metric h. The 
second term is the contribution of the extrinsic scalar field term

T ext
μν = 1

2
hμνnμφ∂μφ , (28)

and the last term is the finite contribution

T ct
ab = 1

l5
γab

[
α (t)β (t)

2
− W (α)

]
. (29)

The relevant divergence coming from the bulk and Gibbons–
Hawking contributions is canceled out by the divergence from the 
counterterm and we obtain the following regularized stress tensor 
of the dual field theory:

〈Tab〉 = γab

l3

[
−3M0 (t)

2κ
+ k2l2

8κ
+ 2μ(t)

κ

+ 1

l2

(
α (t)β (t) − β (t)2 − W (α)

)]

+ 1

κl
δ0

a δ0
b

[
k2

2
+ 2μ(t)

l2

]
. (30)

Taking the trace

γ ab 〈Tab〉 = 1

l3

[
−6M0 (t)

κ
+ 6μ(t)

κ

+ 4

l2

(
α (t)β (t) − β (t)2 − W (α)

)]
(31)

and using the field equations (13), we obtain

γ ab 〈Tab〉 = 1

l5

[
1

2
α (t)2 + 2α (t)β (t) − 4W (α)

]
, (32)

which vanishes for the AdS invariant boundary conditions de-
scribed below equation (17).

Using the normalized timelike vector ua = ∂t , the energy den-
sity of the fluid is

ρ = uaub 〈Tab〉
= 1

l3

[
3M0 (t)

2κ
+ 3k2l2

8κ
− 1

l2

(
α (t)β (t) − β (t)2 − W (α)

)]
.

The total mass is the energy density integrated on a spacelike sec-
tion
M =
∫
�

ρl3d�

=
[

3M0 (t)

2κ
+ 3k2l2

8κ
+ 1

l2

(
−α (t)β (t) + W (α) + β (t)2

)]
σk

= H , (33)

where the last equality is to remark that this result is in agree-
ment with the Hamiltonian computation of the second section. The 
counterterm computation also provides the Casimir energy of the 
large N limit of N = 4 Super Yang–Mills theory — a cross check of 
our computation is its exact agreement with the original paper of 
Balasubramanian–Kraus when the scalar field vanishes [20].

The introduction of the scalar field yields a perfect dual fluid 
with energy momentum tensor

〈Tab〉 = (ρ + p) uaub + pγab .

Hence, we can identify

p = 1

l3

[
M0 (t)

2κ
+ k2l2

8κ

+ 1

l2

(
α (t)2

6
+ 1

3
α (t)β (t) + 1

3
β (t)2 − W (α)

)]
, (34)

ρ = 1

l3

[
3M0 (t)

2κ
+ 3k2l2

8κ
− 1

l2

(
α (t)β (t) − β (t)2 − W (α)

)]
,

(35)

where we have used the relation (13). Note that when there is no 
scalar field we get a thermal gas of massless particles ρ = 3p [38]. 
We remark that, once the boundary conditions are fixed, infrared 
regularity conditions in the bulk must still be imposed. This finally 
fixes M0 = M0(α), implying there is only one integration con-
stant in the black hole solutions. To fix M0 as function of α for a 
given boundary condition is necessary to fix the theory, namely the 
scalar field potential, and to use standard numerical techniques, 
see the discussion in [31].

Since β = dW (α)
dα , the density and pressure are specified by the 

choice of W (α). This is tantamount to defining an equation of 
state. Conversely, specification of an equation of state p = p(ρ)

necessarily determines W (α) from equations (34) and (35). In-
deed, we need M0(α) to determine the exact equation of state of 
the perfect fluid. However, we will keep the discussion general and 
treat a simple case. Using the notation of the second section we 
can write the pressure and the density as follows:

p = 1

l3

[
μ(t)

2κ
+ k2l2

8κ
+ 1

8l2

(
α (t)2 + 4α (t)β (t) − 8W (α)

)]
,

(36)

ρ = 1

l3

[
3μ(t)

2κ
+ 3k2l2

8κ
− 1

8l2

(
α (t)2 + 4α (t)β (t) − 8W (α)

)]
,

(37)

and we shall set the infrared regularity condition by requiring a 
relation between μ and α. Writing

μ = α3 dω(α)

dα
, (38)

we find that the equation of state p = c2
s ρ , where c2

s is a con-
stant speed of light squared, is equivalent to the following one-
parameter family of boundary conditions

W (α) = l2
(
3c2

s − 1
)

κ
(
c2 + 1

) (
α2ω(α) − k2l2

8

)
− α2

4
ln(

α

α0
) , (39)
s
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where α0 is an integration constant. We readily see that when 
c2

s = 1
3 we recover the description of the gas of massless particles 

and the AdS invariant boundary conditions discussed in section 2. 
When the four dimensional fluid is a four dimensional cosmologi-
cal constant (c2

s = −1), we find

μ = −k2l2

4
, (40)

with the function W (α) undetermined. Hence, a four dimensional 
cosmological constant is special because it fixes the infrared con-
dition but not the boundary condition.

5. Conclusions

We have obtained a concrete and general expression (30) for 
the dual stress tensor in Einstein-dilaton theories that depends on 
the boundary conditions imposed on the scalar field; in the context 
of a perfect-fluid interpretation we obtained explicit expressions 
(36) for the pressure and (37) for the density. In this way we can 
model putative dual theories by constructing the equation of state 
as a function of the Robin boundary conditions on the scalar field. 
These boundary conditions can, in general, break the conformal 
symmetry on the boundary; an important advantage of our analy-
sis is that it takes this into account.

We emphasize that our results hold for time dependent bulk 
configurations; there is no requirement that the fluid respect 
conformal symmetry. Furthermore, one can choose the scalar 
field boundary conditions so that the dual fluid describes four-
dimensional dark energy. However, a general equation of state can 
be modeled by choosing appropriate parameters in equation (39).

Although we have worked in five dimensions for scalar fields 
saturating the Breitenlohner–Freedman bound, our results are eas-
ily generalized to any spacetime dimension for any scalar field 
with masses between this bound and the unitarity bound. This can 
be of particular use to the holographic description of metals, super-
conductors and different kind of materials [39]. The holographic 
description of condensed matter systems has recently been dis-
cussed in the hydrodynamic regime [40]. The results brought in 
here allow to actually introduce a detailed description of the con-
densed matter system through its equation of state, in the holo-
graphic picture.

We point out that our approach (together with information on 
IR data) was useful to obtaining a universal formula of the speed 
of sound [41]. The formalism introduced here also has a direct ap-
plication on the exact, time dependent hairy black hole solutions 
in Einstein-dilaton gravity with general moduli potential, recently 
constructed in [42–46] (or the AdS boson stars [47,48]). Indeed, all 
these collapsing black holes are dual to some process in fluid/grav-
ity with a very precise equation of state that can now be unveiled. 
It should be noted that the time dependent black holes do not have 
an straightforward Euclidean continuation, as the naive wick rota-
tion makes the metric complex. The Lorentzian formalism is thus 
more natural for these configurations.

We also found remarkable the possibility of describing a posi-
tive, four dimensional, cosmological constant, using the fluid/grav-
ity correspondence, but a detailed analysis of the holographic 
properties is beyond the scope of this Letter. However, along the 
same lines, an equation of state (but for a bulk theory with two 
scalar fields) was used in [34] to describe some holographic prop-
erties of dS spacetime. The fact that the cosmological constant 
equation of state fixes the infrared regularity condition in such 
specific form, implies that the five-dimensional scalar-tensor the-
ories allowing for this equation of state, namely admitting the 
infrared regularity condition (40), should be very peculiar, and 
probably interesting in their own right.
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