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a b s t r a c t 

This study proposes a methodology for market basket analysis based on minimum spanning trees, which 

complements the search for significant association rules among the vast set of rules that usually charac- 

terize such an analysis. Thanks to the hierarchical tree structure of the subdominant ultrametric distances 

of the MST, the association network allows us to find strong interdependencies between products in the 

same category, and to find products that serve as accesses or bridges to a set of other products with 

a high correlation among themselves. One relevant aspect of this graph-based methodology is the ease 

with which pairs and groups of products susceptible to carrying out marketing actions can be identified. 

The application of our methodology to a real transactional database succeeded in: 1. revealing product 

interdependencies with the greatest strengths, 2. revealing products of high importance with access to 

another product set, 3. determining high quality association rules, and 4. detect clusters and taxonomic 

relations among supermarket subcategories. This is highly beneficial for a retail manager or for a retail 

analyst who must propose different promotion and offer activities in order to maximize the sales volume 

and increase the effectiveness of promotion campaigns. 

© 2017 Elsevier Ltd. All rights reserved. 
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1. Introduction 

Certain aspects of the administration of a supermarket chain

can be critical to the success of sales and the chain’s sustain-

ability. For example, store managers must handle the inventory

carefully, identifying which items sell the best and which tend to

remain longer on the shelf. This is important for negotiating with

suppliers. 

In order to increase sales, a well-considered location for items

can help improve the purchase volume. Some items are displayed

at the customers’ eye level, or high-turnover items (for example,

bread and milk) are placed at the back of the store. What set of

products would be good candidates for this type of strategy? What

products or set of items should be part of discounts in exchange

for a privileged space in the store? These are typical questions for

a retail manager to keep the business competitive. 

One way to achieve this is to take advantage of Expert Sys-

tems that can process data, extract knowledge and patterns
from the enormous amount of accumulated data from customer 
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ransactions, and then, represent it understandably for a human

ecision-maker in a user-friendly way. An advantage of this ap-

roach is that it is easy to detect customer purchase behavior

atterns, which would otherwise be impossible. Thus, specific and

argeted promotion strategies based on empirical data are within

he manager’s reach. 

The market basket analysis (MBA) deals precisely with finding

onsumer purchase patterns from transactional databases ( Linoff &

erry, 2011 ). MBA focuses on discovering buying patterns along

housands or millions of transactions. In this task, Association

ules (ARs) have played an important role to find frequent item-

ets and relationships of purchases between different products in

hich explicit declarations of the type are established: if item X is

ought, then item Y is also bought ( Agrawal, 1994 ). 

One of the disadvantages of association rules is that even with

atabases of hundreds of transactions, the algorithm produces a

ery high number of rules which makes it impossible to analyze

hem all ( Kotsiantis & Kanellopoulos, 2006 ). The traditional way

o overcome this problem is by imposing a restriction on the

asic measures of the ARs, for example, leaving aside all those

ules with support and confidence below a predefined threshold.

ven with this solution, however, the number of rules is still too

arge. Another issue with ARs is that they usually produce rules

hat are spurious ( García, Romero, Ventura, & Calders, 2007 ), so

https://doi.org/10.1016/j.eswa.2017.12.028
http://www.ScienceDirect.com
http://www.elsevier.com/locate/eswa
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t is difficult to identify which rules are practical and useful for

ecision-making. 

An alternative to association rules is transactional data mod-

ling in the form of networks. The nodes that comprise the net-

ork are items or product categories, while the edges that unite

he nodes represent the simultaneous occurrence of two products.

hese kind of networks are called network of products ( Raeder &

hawla, 2009 ). This way network-based techniques can be applied,

cquiring valuable data on customer purchase behavior, which is

ery difficult with association rules. The network-based approach

solates the influence between products, which can detect the in-

errelation of those that are strongest through community detec-

ion methods widely recognized in the literature. For example,

aeder and Chawla (2011) developed a product community mea-

urement based on the confidence of the relationship indicated by

he network edge. This makes it possible to find groups of items

hat are highly likely to be bought at the same time. 

Graph mining techniques have the advantage of being able

o process large volumes of information and displaying the re-

ults easily and intuitively using intensity thresholds and filters on

he edges of the product network ( Ríos & Videla-Cavieres, 2014;

idela-Cavieres & Ríos, 2014 ). Thus, product associations can be

ore easily interpreted. An interesting extension of the market

asket network is the co-purchased product network. In this net-

ork, items are linked when they are bought by the same cus-

omer ( Kim, Kim, & Chen, 2012 ). The analysis examines customer

urchase behavior, promising to establish personalized services

nd purchase recommendations aimed at certain types of cus-

omers more efficiently. 

On the other hand, graphical techniques exist that help the vi-

ual exploration of ARs. Some authors have proposed ARs visu-

lization techniques to help deal with the large number of rules

hat the algorithm generates. For example, grouped representation

as been proposed ( Hahsler & Karpienko, 2017 ) in which a sig-

ificant number of rules can be viewed in a matrix form or in a

raph-based visualization. Another approach is to use parallel coor-

inates approach ( Bruzzese & Buono, 2004 ) in which multidimen-

ional data sets are transformed in such a way that it is possible

o observe the ARs in a 2D graph. Representations in n × n grids, in

hich the LHS and RHS of the rules labels the rows and columns,

re useful for observing and comparing association rules, especially

hen the graph allows interaction with the user ( Sekhavat & Hoe-

er, 2013 ). Another alternative arises when deploying clustered as-

ociation rules in a 2D dimentional graph, observing rules charac-

erized by certain levels of measures of quality ( Couturier, Ham-

ouni, Yahia, & Nguifo, 2007; Kim, 2017 ). 

Although useful, these graphical representations work directly

ith the rules already generated, so that they can be only used

s means to compare other rules according to a quality measure

uch as confidence and lift. We focus in using minimum spanning

rees (MST), which allows us to observe how the products or items

re related to each other, and not as part of a rule. This advan-

age allows the analyst to be active in the search for interesting

ules for the retail manager, observing at first-hand stronger rela-

ions between products, and from there, to look for rules found

y the Apriori algorithm that involve those products of interest. In

ther approaches, the analyst confines himself to finding rules with

 better quality attribute. 

The MST allows us to reduce the complexity of the network of

roducts by interconnecting the nodes with the highest correla-

ion and discarding low co-occurrence or random interconnections.

he MST has been an important part of data mining and machine

earning applications. For this reason, researchers have developed

ew and faster algorithms and variants of the Prim and Kruskal al-

orithm to find MST for large amounts of available information. For

xample, by using Artificial Neural Networks ( Ferilli, Sacco, Teti, &
uscema, 2016; Wang, Wang, Ma, & Wilkes, 2015; Zhong, Malinen,

iao, & Fränti, 2015 ), others using KNN ( Zhong et al., 2015 ), others

sing fuzzy level weight coefficients ( Gao, Zhang, Lu, Wu, & Du,

017 ), and also to learn extended version of the tree-augmented

aive Bayes classifiers ( de Campos, Corani, Scanagatta, Cuccu, &

affalon, 2016 ). 

The input information to the proposed method is the correla-

ion matrix between the set of all product vectors that denote the

resence or non-presence of them in consumer market baskets.

hese correlations are directly related to the lift, which measures

he quality of association rules, indicating the level of association

etween antecedent and the consequence of the rule. The output

onsists of an undirected graph with at most N nodes and N − 1

dges connecting the products with high level of interdependen-

ies (or minimum distance path). This is the MST that can be seen

tself as the set of rules of maximum quality, and from which more

omplex rules can be searched that involve more number of items

n the rules. 

The main goal of this paper is to propose a methodology to

nalyze the structure and behavior of consumer market baskets

rom the discovery of the network topology. On the basis of the

ethodology, we develop two specific elements that guide the ef-

ective search for association rules: The first one is the detection of

trong links between products, which are represented in the MST

s smaller distances relative to the rest of the edges in the tree.

he second one, is the detection of key products by a simple mea-

ure of local importance that takes into account the degree and

he connection distances of the node to other adjacent ones. As a

esult, certain areas of the spanning tree (with low distance be-

ween nodes, and nodes with access to other products) provide

o the analyst, potential action points for effective promotional

ctivities. 

The main novelty in this study is the simplicity with which it is

ossible to visualize or report the product sets with a high level of

omplementarity or co-occurrence from large volumes of data con-

ained in the hundreds of thousands of customer transactions in a

ertain period. This approach responds to the need to offer a ro-

ust visualization for the human analyst, which is in line with the

ork by Techapichetvanich and Datta (2004) . To be more specific,

ur proposal enables: 

1. The discovery of the strongest interdependencies between

products of the same and different categories. For example,

given product A , finding (if there is one) a product set S that

has a strong dependency on A , i.e., both appear in the same

market basket. This is equivalent to focusing the search for high

quality association rules. 

2. The identification of key products that act as the nexus to

other different product groups of the same or a different cate-

gory, and the recognition of zones of influence in the MST. This

makes it possible to use the methodology as a pruning tool for

narrowing the scope of ARs. 

3. The use of the network of products from which it is possible to

reduce the complexity of the analysis by building the associated

minimum spanning tree. Consequently, the resulting MST gives

us the hierarchical structure of the products under analysis. 

4. The analysis of taxonomic groups revealed by the ultrametric

distances of the MST, which allows us to study the coherence

between the product categories used by the supermarket, and

the underlying product groups formed from the purchasing be-

haviour. 

Our model is based on the level of correlation of items present

r not present in the customers’ market baskets. Therefore, the

ocus is on discovering the interdependencies between items or

roduct subcategories and finding those that serve as bridges to

ifferent product groups. This view of the issue through correla-
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Fig. 1. Overview of the proposed methodology. 
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tions helps guide the search for association rules ( Brin, Motwani, &

Silverstein, 1997 ), and not from the classic paradigm of predefined

thresholds of support and confidence. 

Within the proposed methodology, we have made technical

contributions. First, we developed a procedure based on a permu-

tation test and mutual information to assess the statistical sig-

nificance of the MST’s edges, using the stepwise procedure of

Benjamini, Drai, Elmer, Kafkafi, and Golani (2001) . This ensures

that the final version of the MST does not contain relationships be-

tween products due to chance. Second, we found that the central-

ity measures in betweenness and closeness to the MST are not ap-

plicable to our problem. Therefore, we defined a local importance

measure of each product based on the distances of the MST and

the nodes degree, and third, we defined a measure to establish the

degree of closeness between products, based on the empirical dis-

tribution of distances of the MST. 

The rest of this paper is organized as follows: In Section 2 , each

step of the methodology is presented and applied, which will pro-

vide an understanding of how the MST is constructed and how it is

connected to association rules. In this section we also present the

results of the application to see each step of the methodology in

action. In Section 3 an example application is presented, showing

the usefulness of the MST in orienting the search for high qual-

ity association rules. In Section 4 a comparison between a recently

matrix oriented approach and our network based methodology is

carried out to provide insightful differences. In Section 5 we pro-

vide conclusions and describe future work to be undertaken. 

2. Methodology 

The proposed methodology consists of four steps summarized

in Fig. 1 . The first one is data knowledge and pre-processing. This

involves detecting data that contains no logical errors and discard-

ing transactions that are corrupted due to lack of data or with log-

ical inconsistencies. The second step is the construction of the MST

from the set of all the transaction vectors coming from the trans-

action matrix. The result is a spanning tree in which each node

can represent an item or subcategory of products, and the edges

connects the nodes with the shortest distance. The third step is

to identify significant edges and discard those that are not. Fi-

nally, identify key products and influence zones, which will allow

a search of meaningful association rules already found with the

Apriori algorithm. 

2.1. Data knowledge preprocessing 

In order to better understand the proposed analysis methodol-

ogy, we used a list of real transactions from a supermarket located

in the northern sector of Santiago, Chile corresponding to one of

the main branches of an important national supermarket chain

in this area of the capital. The list of transactions corresponds to
he purchases made by registered customers of the supermarket

hain between July 2010 and November 2011. The data contains the

ransaction date, customer ID, item internal code, amount bought

f each item and the price paid. A total of 1,046,804 transactions

nd 3,240 products were recorded. The first problem observed in

his type of database is the large number of items with the same

r different brands: in essence they represent the same product.

hey differ in their presentation formats and/or size. For example,

n the category of Wines , subcategory Red wines , the same brand

nd product appear in four different formats: 1 L glass bottle, and

etra packs of 10 0 0, 150 0 and 20 0 0 cubic centimeters. 

The purchase frequency for many of the items is low seen at

his disaggregated level. If a minimum threshold is applied to dis-

ard low-frequency items, many items in the same subcategory

ould be left out of the analysis (this might be valid if the man-

ger were interested in analyzing only those items with a high pur-

hase frequency). On the other hand, if left with this level of dis-

ggregation, we will see the classic problem of product networks

escribed by Raeder and Chawla (2009) : unlike other networks in

hich interaction between two nodes is real (for example, a cita-

ion network or social network), in a product network, two items

nteracting through an edge does not necessarily mean there is a

elation between them. Many items are present in the same mar-

et basket for circumstantial reasons and not because there is a

rue motivation that connects two or more products. 

From a practical and technical point of view, it could be not

onvenient to work with products at a very disaggregated level.

here are products that are essentially the same, but come in dif-

erent packaging formats (such as the wine example). Some of

hem have high turnover rates and others very low. Given this sit-

ation, there are two options: The first one is to aggregate them

s a one, that is, to add the number of purchases that a customer

akes of these products as if it were only one. The second one, to

rop the products of very low turnover. We opted for the first op-

ion because, in this way we do not discard information that is part

f customers’ buying behavior. For example, if a customer buys a

ed wine in a box package, and a red wine in a bottle, for us, it is

quivalent to say that the customer bought two units of the prod-

ct red wine . In this way, the purchase vector of this customer will

ndicate that he bought red wine. 

The same is applied to other products such as meats, milks,

leaning articles, etc. It is worth recalling that 3240 items were

ecorded. Many of these items have very low turnover, so we do

ot see a benefit in complicating the analysis taking into account

ach of these items separately (given a transactional database of

ver a million of transactions, it might not be appropriate to ob-

ain measures of association between products with such a low

resence in the sample). Each of these items belongs to one of the

20 product subcategories (which is defined by the supermarket).

n this way, a customer’s market basket can have several products

rom the same subcategory, but for our analysis, it is equivalent to

ay that the customer buys any of the 220 product subcategories. 

Fig. 2 shows the degree k and weight w distribution of the en-

ire product network. Similar to what was found by Raeder and

hawla (2009) , in the distribution on the left, note that there are

 few items that serve as hubs, i.e., which serve as connectors to

nother group of items, whereas a large number of other nodes

ave very little connectivity, much of which is possibly spurious

r random. In the decision rules analysis, when a minimum sup-

ort threshold is taken, the product network edges to the left tail

f this distribution are removed, and consequently the number of

tems that are on the right remain. Although this approach of ap-

lying thresholds to deal with noisy edges created by circumstan-

ial purchases is simple, the problem is that the distribution of the

henomenon is altered and leaves an entire range of products out

f the analysis which, even with a low frequency, could have im-
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Fig. 2. On the left, the degree distribution of the entire network of items. Note the heavy-tailed curve, characteristic of this type of network. On the right, the weight 

distribution, again with a heavy-tail indicating few but strong relationships between items, and a large but weak relationship between items. 

Fig. 3. Frequency items. 
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ortant associations. In addition, this approach does not solve the

ssue of excess and the large number of association rules that are

sually found Raeder and Chawla (2009) . 

However, our approach consists of keeping all the products, but

ith a higher level of aggregation, in which several different items

hat are in essence the same product, are grouped in the same cat-

gory. Thus, the 3,240 products are grouped into 220 specific prod-

ct categories. 

Fig. 3 illustrates 20 product categories with the highest pur-

hase frequencies. For example, the vitamin-enriched pasta cate-

ory (80) is the group of items with the greatest presence in the

arket baskets with 10.2%. Then stirred yoghurt 9.3% (214), veg-

table oil with 6.6% (7) and grade 2 rice (11) with 3.8%. Follow-

ng this are soft drinks (codes 28 and 23), 1 L of whole white milk

100) and probiotic yoghurt (221). These products come to a to-

al of 41.2%. From here on, the challenge is to determine which of

ll these product categories has a high degree of association, and
hich serve as a key or access to other groups of items. We do this

hrough the MST. 

.2. MST construction 

Given that the MST is the core of our proposal and its applica-

ion over a network of products to support the ARs discovering as

he main novelty, we claim that the MST are able to provide a good

haracterization of complex networks, managing to recover struc-

ural elements of the network and they are unique solutions for

ach network ( Dusser et al., 1987; Macdonald, Almaas, & Barabási,

005 ). Thus, for product networks with potentially spurious con-

ections and heavy tails in their distributions, the MST applied to

he product network is more efficient as means of gaining access to

roducts or a combination of products for marketing and promo-

ion purposes, and offers a starting point towards the systematic

xploration of weighted product networks. 
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Fig. 4. Product network using the correlation-to-distance transformation as edges. 

On the top, the network showing node connections with distances shorter than the 

10th percentile. In the center, showing node connections shorter than 2.5% of the 

distances, and shorter than 0.1% on the bottom. Colors indicate main product cate- 

gories (17 in total). Note that by eliminating edges isolated groups of graphs begin 

to appear; a certain level of product grouping from the same category is also ob- 

served. (For interpretation of the references to color in this figure legend, the reader 

is referred to the web version of this article.) 
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The MST is defined as a connected subgraph devoid of loops

with (N − 1) edges that connects the N nodes so that the sum of

the link weights is minimized. The philosophy behind the MST lies

in its capacity to represent the customers’ aggregate market bas-

kets, in which all the products are connected by their level of co-

occurrence between pairs of products. This is equivalent to think-

ing that each product is a location. Thus, for example, if the desire

is to establish a connection between products X and Y , the MST

allows us to arrive at product Y by the route that maximizes the

purchase co-occurrence chain from product X. From the analyst’s

point of view, the MST offers an answer to the question: how can

I access product Y starting from the assumption of the presence of

product X in the basket? 

Similar to the MST studies in stock and currency markets ( Birch

& Soramaki, 2016; Bonanno, Caldarelli, Lillo, & Mantegna, 2003;

Kwapie ́n, Gworek, Dro ̇zd ̇z, & Górski, 2009; Mantegna, 1999; On-

nela, Kaski, & Kertész, 2004 ), the interactions between the N

products are computed through the Pearson correlation. However,

with regard to binary purchase vectors that represent the pres-

ence or absence of a product in the basket, this measurement

of association is equivalent to the coefficient φ ( Davenport & El-

Sanhurry, 1991 ), which assumes delimited values between -1 and

1, and the resulting correlation matrix is symmetrical, i.e., φi j =
φ ji . 

1 

We are aware that the Jaccard distance is usually computed to

measure the similarity between binary vectors, as the case of mar-

ket basket analysis. However, the main benefit of using the phi-

coefficient instead of the other measures, as the Jaccard distance, is

that the first one offers us information of the positive or negative

association between the pair of vectors, whereas the Jaccard dis-

tance or the simple matching coefficient, or even the simple num-

ber of co-occurrences, does not convey this information. They just

give us the level of similarity. This distinction is important because

a level of positive association between products may mean that

both products are complementary, whereas a negative association

may mean that products are substitutes. 

In order to transform the correlation matrix to a distance mea-

surement that fulfills the positive definiteness axiom ( Birch & So-

ramaki, 2016 ), we use the distance function: 

d i j = 

√ 

2(1 − φi j ) (1)

where 0 ≤ d ij ≤ 2, between products i and j ( Mantegna, 1999 ). As

a result, the distance matrix is obtained, which serves as input to

construct the MST using the Prim algorithm ( Prim, 1957 ). 

To better understand the difference between our methodol-

ogy and that of other studies, we first show the product network

with different distance thresholds, following the idea of Videla-

Cavieres and Ríos (2014) . Fig. 4 shows a graph of the network

with the 220 product subcategories. On the top is the product net-

work, from which the edges with distances above the 10th per-

centile have been removed. In the center, the same network, re-

moving edges with distances above the 2.5 percentile; a substan-

tial number of nodes is disconnected. On the bottom, the same

network, but now removing edges with distances above the 0.1

percentile. Thus, when the strongest edges of the network remain,

many edges disappear, leaving a growing number of isolated nodes,

and showing the strongest relations between products. With this
1 Since our proposed method is a complement to the association rules, it is im- 

portant to recognize that the use of the coefficient φ is directly related to Lift as a 

quality measurement in association rules between two product sets. For example, 

if we are interested in the association between the purchase of tea (T) and coffee 

(C), then Li f t(T, C) = 

P(T,C) 
P (T ) P (C) 

. If Li f t(T, C) = 1 then there is statistical independence 

between the purchase of coffee and tea. If Lift ( T, C ) > 1, the correlation is positive 

(and the distance is short), whereas if Lift ( T, C ) < 1, the correlation is negative (and 

the distance will be grater). 

u  
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t  

T  
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pproach, the problem is to determine what the suitable distance

hreshold is. 

However, Fig. 5 is the MST found for the 220 product subcate-

ories using the correlation-based distance. At first sight, a certain

evel of product grouping by the main category to which they be-

ong is noted. For example, the products in the category chicken

nd turkey (network nodes) tend to be very close to each other.

omething similar occurs with cleaning products (magenta node),

ine products (pink node) and personal hygiene articles (light blue

odes). Other products, however, like cheese (cyan nodes), yoghurt

green nodes) and milk (blue nodes) seem to be products bought

ogether with others, forming more heterogeneous product group-

ngs. 

.3. Identifying significant edges 

In the MST, the edges that unite each node represent the dis-

ance calculated from Eq. (1) . The correlation between two binary

ariables can be noisy and consequently may not necessarily be a

elation of co-occurrence between two products. It is important to

nderstand that even when the MST finds the minimum distance

etween product pairs, this does not ensure that the correlations

hey represent are significant; therefore, it is necessary to ensure

hat the structure of the MST is valid and not merely random. 

If the significance test is not carried out, it could happen that

he MST is connecting a pair of products only by spurious correla-

ion, which, certainly for the product networks, is a central theme.

hus, the analyst could erroneously conclude an intense positive

ssociation between two products when in fact there is not. From
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Fig. 5. MST found for 220 products categories. The numbers at the side of each node is the corresponding code. Each color represents a general category of products: 

White:red meats; red:bird meats; yellow-white:meats; blue:milks; green:yogurt products; cyan:cheeses; brown:rice; light-green:oats and cereals; yellow-green:noodles; 

gray:oils; khaki:soft drinks; pink:wines; magenta:cleaning articles; light-blue:personal hygiene items; dark-blue:baby items; deep-pink:butter and condensed milk; or- 

ange:others. Note: The edges distances are not proportional to their weights. (For interpretation of the references to color in this figure legend, the reader is referred to 

the web version of this article.) 
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2 We choose 10 0 0 times in order to gain power in the statistical test. It is possi- 

ble that the mutual information (I) between two variables is small, but significant. 

We are interested in the fact that the test we carry out has enough resolution to 

detect the significance of small magnitude of Is. We do not want to disconnect net- 

work nodes (which already have low distance between nodes) due to type II error 

problems. 
he topological point of view, non-identification of non-significant

dges gives rise to different versions of the same MST depending

n the data sample. 

The following stage consists of removing the edges from the

ST that do not fulfill a criterion of statistical significance. The

utual information ( Thomas & Cover, 2006 ) was used as a mea-

ure to decide whether an edge should be removed or not. The

utual information between two product subcategories p and q is:

(p; q ) = 

∑ 

x,y 

r (x, y ) log 2 
r (x, y ) 

p(x ) q (y ) 
(2)

here p ( x ) and q ( y ) are the distributions of p and q respectively,

nd r ( x, y ) is the joint distribution of p and q of finding value x

nd y . If I(p; q ) = 0 , then p and p are statistically independent,

.e., there is no association between the purchase of both prod-

cts. Otherwise, I ( p ; q ) will be a positive amount. As we are deal-

ng with purchases that may be circumstantial and not necessarily

ecause there is an association between pairs of products, it must

e decided whether I ( p ; q ) > 0 based on a statistical test. The null

ypothesis is to assume that p and q are independent. The rejec-

ion of this test at a certain level of significance means that we

ave detected a network structure ( Steuer, Kurths, Daub, Weise, &

elbig, 2002 ). Given that we are dealing with a simultaneous test

or N − 1 edges of the MST, an adjustment to the confidence level

ust be made to control for the false discovery rate. To do this, we

se the BH stepwise procedure ( Benjamini et al., 2001 ). This pro-
edure based on false discovery rate, has the main advantage that

t can deal with the problem of multiple testing of dependence,

ithout incurring in loss of power (as in the classical Bonferroni

rocedure). 

For each pair of products (or nodes in the MST) we developed a

ermutation test ( Good, 2005; Pethel & Hahs, 2014 ) to determine

he significance of I ( p ; q ). The procedure to carry out the signifi-

ance test is as follows: 

1. Select a pair of nodes Q and P connected in the MST and iden-

tify binary vectors p and q , respectively. 

2. Create p ∗ and q ∗ as random permutations of the elements p and

q respectively in order to destroy any dependence that may ex-

ist between the two vectors. 

3. Compute I ( p ∗; q ∗). 

4. Repeat step 2 and 3 at least 10 0 0 times. 2 The result of this is

the null distribution. 

5. Perform test at significance test level α given by the BH step-

wise procedure. If I(p; q ) > I(p ∗, q ∗) 1 −α, the H 0 is rejected and

the edge is not removed. Otherwise, the edge is removed. 
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Fig. 6. MST representing the isolated nodes in red. These are the isolated products and are removed from the MST for further analysis. Note: The edges distances are not 

proportional to their weights. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.) 

Table 1 

Sub-categories removed from the MST. These products are those nodes of the MST 

that after applying the removal of non-significant edges were isolated from the MST 

with no connection to any other node. 

Removed nodes 

Diaper covers (30) 

Packaged chiken casserole (35) 

Slice chanco cheese (48) 

Merkat bow-tie pasta 200gr (56) 

Powder laundry detergent (97) 

White skimmed milk 200gr (98) 

Packaged ground chicken (133) 

Other white milks 1L (139) 

White wine pack (147) 

Packaged boneless chicken breast (158) 

General boneless chicken breast (159) 

Packaged hard cheeses (178) 

Packaged turkey leg-wing (192) 

Barrel/carafe of red wine (207) 
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6. Repeat from step 1, for every pair of connected nodes in the

MST. 

After applying the procedure to the MST network, we find that

14 edges are removed that represent 6.4% of the total connections

in the MST. Interestingly, the edges that are removed are all the

edges that connect terminal nodes in the MST. The nodes that are

isolated from the rest of the MST network are shown in Table 1 .

These are the isolated products (see Fig. 6 ) because the presence
f another product in the basket does not determine or influence

he likelihood that these types of products are bought on a visit to

he supermarket. These isolated products no longer influence the

est of the MST network, and as a result, once identified they are

emoved from the network. 

Another interesting aspect of the MST is that it allows us to dis-

inguish the relations between products with strong or weak inten-

ity. For this, we define the influence zones which are a subset of

dges of the MST that connect nodes to each other and are char-

cterized by having very short distances in relation to the rest of

dges. The utility of recognizing these edges is practical because

t means that there is a subset of MST nodes that are very close

o each other, and therefore are products that have a high com-

lement level and/or have a high likelihood of being included in a

arket basket simultaneously. 

In our case, the influence zone are edges whose distances are

elow than the 10th percentile. It is easy to find the influence

ones in the MST. These are zones in which the products have a

trong degree of relation (red edges), and which are candidates for

arketing actions. Fig. 7 is the same representation of the MST,

ut emphasizing the edges with a very short distance or a high

nfluence (red). Table 2 identifies pairs of subcategories that are

onnected in the influence zones. 

The use of another percentile to determine the influence zones,

ill depend on the user, according to the resolution and the level

f practicality. A very high percentile makes many parts of the MST

emain as areas of influence, while a very low, will highlight per-
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Fig. 7. Red edges indicate strong relationships (distances are below the 10th percentile, which represents the influence zone), grey are weak relationships (distances above 

the 90th percentile); the rest are in black. Red nodes have importance equal to or above the 95th percentile (these are the most important nodes). Yellow represents equal 

to or above the 90th percentile but below the 95th. Black color nodes have importance are below the 90th percentile. Note: The edges distances are not proportional to 

their weights. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.) 
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aps a small portion of the MST with products with high level of

omplement. 

Note that in Table 2 there are several nodes that are repeated,

hich suggests that there are products that connect several others

t very short distances. For example, the vitamin-enriched pasta

80) is connected with other 7 products with a very short distance.

his indicates that product 80 is an excellent candidate for an offer

r promotion. In addition, this subcategory is the one of the most

requently purchased (see Fig. 3 ). 

.4. Key products 

The terminal nodes in the MST are those that have degree 1,

nd are equivalent to those nodes at the end of the trajectory by

 branch of the MST. On the other hand, the nodes with a degree

qual to 2 are bridge nodes and serve as connections along the tree

ranch. It is of practical interest to know which nodes are charac-

erized as granting access to other nodes in the network, and at

he same time an access at a very short distance. We call these

odes key products . In the MST, these nodes must have a degree

reater than 3. It is of interest to know a measurement that or-

ers these nodes according to some criterion of importance. One

pproach is to employ centrality measures. 

Freeman (1978) formalizes three different node centrality mea-

ures: degree, closeness and betweenness. For an exhaustive re-
iew of centrality measures, see Brandes and Erlebach (2005) . To

ur knowledge, there is no measure that can capture the relevance

f the nodes of weighted trees, and in particular one that cap-

ures at the local level and simultaneously the degree and close-

ess to other nodes. The use of the degree as a measure of im-

ortance does not consider the weights of incident edges. On the

ther hand, for our purposes, the application of the betweenness

nd closeness to a MST is not absolutely practical because these

easures capture the centrality of the node globally, even though

ts application to a MST is much simpler than to a network with

oops. Additionally, these measures do not consider the effect of

he degree and the weights simultaneously. 

We first define a general term for the importance of a node.

et T = (V, E, W ) be a spanning tree. V is the set of N nodes, E the

et of N − 1 edges that connects pairs of nodes u and v in V with

 distance w uv in W . The importance of a node u, I ( u ) is the sum

ver all distances that connects node u with the set K u of nodes all

ncident to it: 

(u ) = 

∑ 

k ∈ K u 

1 

w uk 

(3) 

Thus, the greater the node degree, the importance value in-

reases in inverse proportion to the distance of the incident node.

he closer the node is to the other adjacent one, the importance

alue increases. 
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Table 2 

Influence zones for marketing activities. 

Edge Node 1 Node 2 

1 Family-sized favored soft drinks (28) Family-sized cola drink (23) 

2 Boxed red wine (212) Family-sized cola drink (23) 

3 Sunflower oil (4) Vitamin-enriched pasta (80) 

4 Noodle soup (79) Vitamin-enriched pasta (80) 

5 Vegetable oil (7) Vitamin-enriched pasta (80) 

6 Grade 2 rice (11) Vitamin-enriched pasta (80) 

7 Canned mackerel (89) Vitamin-enriched pasta (80) 

8 Flavored noodles (78) Vitamin-enriched pasta (80) 

9 Grade 1 rice (10) Vitamin-enriched pasta (80) 

10 Whole chicken thigh (204) Whole chicken breast (162) 

11 Functional yogurt (208) Light yoghurt (219) 

12 Floor cleaner (118) Traditional bleach (55) 

13 Dishwashing detergent reg-reg (94) Vegetable oil (7) 

14 Dishwashing detergent reg-reg (94) Multipurpose cleaner (117) 

15 Dishwashing detergent reg-reg (94) Traditional bleach (55) 

16 Manual dishwashing liquid reg-reg (91) Traditional bleach (55) 

17 Tr. balsam conditioner (21) Family-sized shampoo (187) 

18 Tr. balsam conditioner (21) Specific shampoo (186) 

19 Special balsam conditioner (22) Specific shampoo (186) 

20 Hard cheeses in bulk (179) Goat’s cheese in bulk (170) 

21 Turkey breast C-H bulk (155) Goat’s cheese in bulk (170) 

Table 3 

First 8 rules found with the highest level of Lift. 

Left Hand Right Hand Support Confidence Lift 

Side (LHS) Side (RHS) 

1 22 → 186 0.0025 0.314 20.018 

2 51 → 189 0.0011 0.215 13.627 

3 80, 118, 94, 187 → 21 0.0010 0.565 13.467 

4 118, 94, 187 → 21 0.0013 0.552 13.156 

5 214, 11, 21, 72 → 187 0.0010 0.756 13.148 

6 80, 94, 21, 72 → 187 0.0011 0.755 13.138 

7 214, 80, 7, 21, 72 → 187 0.0011 0.752 13.091 

8 94, 7, 21, 72 → 187 0.0011 0.750 13.042 
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When calculating this measurement of importance to the nodes

of the MST, we observed that a minority of nodes are relevant

in terms of the number of other nodes that connect (i.e., as key

products) and in terms of the closeness with which they connect.

Fig. 7 shows our MST, in which the nodes have been colored ac-

cording to their importance. The red nodes are the most impor-

tant, and then the key products because they connect many other

nodes at a short distance. This means that these products have the

potential to influence others in the purchase behavior. For exam-

ple, we observe that items 80, 214 and 94 are of high importance

due to their level of connectivity and closeness to other products,

and also have a high purchase frequency (see Fig. 3 ). Additionally,

however, we note that items 55 (traditional bleach) and 188 (fabric

softeners) are not in the top ten of highest purchase frequency, but

have a high level of importance. 

3. Meaningful association rules with the help of MST 

In order to demonstrate the simplicity of the proposed method-

ology in contrast to association rules, a rules discovery process

was carried out using the Apriori algorithm ( Agrawal, Imieli ́nski, &

Swami, 1993 ), employing the same transactional database to con-

struct the MST. Using a minimum support and minimum confi-

dence of 0.001 and 0.01, respectively, 179,610 non-redundant asso-

ciation rules were found. Of these, 33,759 had a lift higher than 1.

Although the number of rules was significantly reduced, the num-

ber of rules was still too high to perform a practical analysis and

recommend promotion or marketing strategies. 

To observe the set of association rules in greater detail,

Table 3 presents eight rules (of the 33,759) with the highest level

of lift. For example, the antecedent of the first rule is subcate-
ory 22 (balsam conditioner), and the consequent is 186 (specific

hampoo). The interpretation of this rule is that when balsam con-

itioner is taken, then a specific shampoo is also purchased. This

ule is easily deduced from the MST ( Fig. 5 , lower part of the MST,

ight-blue nodes). In fact, for example, rules 51 → 189 (51 repre-

ents preserved ribbed mussels, and 189 represents seafood broth)

s also easily detected in the MST, left of center (the yellow and

range nodes). 

For rules with more than two products, the location of the

odes on the graph is harder to find and does not appear to be

rivial relationships. For example, rule number 4 involves cleaning

roducts (118, 94) and personal care products (187, 21). Each pair

f products is close to each other, but more distant between them

n the MST because they are located on different branches. This is

ot surprising since the construction of the MST is based on corre-

ations of product pairs, and does not take conditional correlations

nto account. 

.1. MST as a good associations rules discoverer. 

The MST has 220 nodes or category products, and therefore 219

dges. Each of these edges can be considered as an association

ule. As the MST includes low-distance connections, ie, high level

f correlation between products, these connections are equivalent

o association rules with high levels of Lift. 

To demonstrate that the MST easily delivers high-quality rules,

e developed a simulation in which for each MST product i , we

earch for the set R i of all association rules of type P i → P j where

 � = j . That is, for our case, there will be 220 different sets of rules.

hen, for set R i we find the rule P i → P m 

, where m represents the

roduct or node that is connected to the product i in the MST. For

his rule we obtain their respective Lift. Then, we compare this Lift

evel with the Lift mean of the set rules R i . This procedure is car-

ied out for all products. 

The result of the analysis is shown in Fig. 8 . We plotted the

ift of the association rules given by the MST. There is also the

ercentile 75 and 90 of the distribution of all Lifts for each set of

ules R i . It is easy to realize that the association rules from the

ST are of high quality. All these rules, except 4, have a Lift level

bove the 75th percentile, which means that these rules are almost

lways within the 25% of rules with higher level of Lift. It is even

ossible to observe that most of the rules of the MST are above the

0th percentile. In fact only 40 rules of 219 are below the orange

ine (18%). These results give us assurance that the MST is also a

raphical representation of association rules with high quality. 

.2. The underlying hierarchical connections 

A fundamental advantage of the MST is that it can show the in-

erconnections between products, detecting clusters and taxonomic

elations among the wide variety of supermarket items. The On-

ologies on the other hand, are a set of concepts in an area of do-

ain that denote some property to each other. In this case, the

ntologies correspond to the set of the 17 main categories of prod-

cts defined by the supermarket. 

.2.1. Taxonomic relations 

As a way to show the link between taxonomies and ontolo-

ies, we demonstrate that our methodology allows to recover to

ome degree the original ontologies, finding clusters of subcate-

ories from the MST. 

To find the cluster (or taxonomic group) to which the subcat-

gory belongs, we find the hierarchical tree using average linkage

luster, in which the input distances are given by the MST weight

atrix. The tree useful for understanding and detecting global

tructures and taxonomies in the data. Then, we set a cut distance
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Fig. 8. Plot of log(Lifts) of the association rules given the MST (black points). The red and orange lines represents the percentile 75 and 90 respectively of the distribution 

of log(lift) for each set R i of association rules. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.) 

Table 4 

Association between clusters found from the MST with 17 clusters. 

in 

MST 

cluster 11 Soft 

drinks 

12 

Wines 

13 House 

cleaning 

products 

14 Personal 

Hygiene 

2 Bird 

meats 

1 Red 

meats 

3 Fish 

meats 

4 

Milks 

5 

Yogurts 

6 

Cheesses 

8 Oats 

and 

cereals 

17 Butter and 

condensed 

milk 

7 

Rice 

10 

Oils 

9 

Pastas 

15 Baby 

items 

16 

Others 

A C1 7 2 1 1 

B C2 14 2 1 

C C4 8 1 1 3 

C8 14 1 1 1 1 3 

C13 11 

D C14 8 

E C12 1 16 1 1 

C15 6 1 

C17 7 

F C7 9 3 1 1 

G C16 2 5 1 

C3 2 3 1 

C5 1 6 5 4 1 2 

C6 1 5 1 2 2 4 

C9 1 1 12 2 2 2 2 1 2 

C10 1 1 1 3 

C11 3 2 4 2 

t  

a  

c  

t

 

n  

m  

m  

M

 

g  

a  

n  

s  

t

 

p  

w  

c  

H  

u  

t  

p  

r  

M  

a  

M  

d

 

Y  

s  

t  

s  

c  

c  

a  

t  

n  

h  

s  

l

 

C  

a  

a  

m  
o determine the separation of the taxonomic groups. Thus, for ex-

mple, by setting a cut distance to obtain 17 taxonomic groups, we

an compare the correspondence between the ontologies and these

axonomic groups through the contingency matrix. 

Obviously, we can use another cut distance to get a different

umber of clusters, but we have selected to find 17 clusters and

ake it easier to compare ontologies (described by the company’s

ain product categories), and the taxonomies recovered from the

ST. 

Table 4 shows the result. Each column shows the main cate-

ories of products used by the supermarket. Each row represents

 cluster according to the hierarchical structure of the MST. The

umbers in each box, counts the number of nodes (of a certain

ubcategory) that is in any of the clusters found in the clusters of

he hierarchical structure. 

Table 4 shows what we anticipated: Some subcategories of

roducts tend to be grouped according to the main category to

hich they belong. For example we see that Soft drinks are all in

luster C1; Wines subcategory tend to be grouped in cluster C2;

ouse cleaning products in C4, C8 and C13; Personal Hygene prod-

cts at C14, bird meats in C12, C15 and C17; Fish meat in C7. On

he MST it is easy to see these groupings. In Fig. 9 , we identify the

roduct clusters with a capital letter. For example, the letter E, rep-
esent clusters C12, C15 and C17 of bird meats (red nodes on the

ST). Note that for this subcategory of products, cluster C17 is sep-

rated (in terms of distance in the MST) from C12 and C15, but the

ST recognizes the hierarchy of products (in terms of ultrametric

istance) and it is grouped as products of the same cluster. 

Under the letter G, we have grouped the subcategories of Milk,

ogurt, Cheeses, Oats and Cereals, and Butter. In the MST all these

ubcategories are located in the same large branch (located at the

op of the MST), but in hierarchical analysis with 17 clusters, it

eems that all of them belong to a same main category. Other sub-

ategories like Rice, Oils and Pastas are not clearly defined in a

luster and consequently, it does not seem to form by themselves

 taxonomy according to the pre-established ontology. In the MST

his means that these products can be in different branches and

ot close to each other. The MST suggests the existence of 8 large

ierarchical structures (or 8 main branches of the MST). Table 5

hows the results of grouping subcategories into 8 clusters using a

arger cut distance. 

The original cluster C1 for soft drinks (A) and original cluster

2 for Wines (B) were now merged in a single cluster NC1 (these

re the branch A and B on the MST). The original clusters C4, C8

nd C13, are now merged into a single cluster NC6, which groups

ainly house cleaning products and personal hygene products (the
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Fig. 9. Identification of clusters on the MST. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.) 

Table 5 

Association between clusters found from the MST and 8 clusters. 

cluster 11 Soft 

drinks 

12 

Wines 

13 House 

cleaning 

products 

14 Personal 

Hygiene 

2 Bird 

meats 

1 Red 

meats 

3 Fish 

meats 

4 

Milks 

5 

Yogurts 

6 

Cheesses 

8 Oats and 

cereals 

17 Butter and 

condensed 

milk 

7 

Rice 

10 

Oils 

9 

Pastas 

15 Baby 

items 

16 

Others 

NC1 7 18 4 2 1 

NC6 25 9 1 1 1 3 1 

NC8 22 2 

NC5 1 4 2 9 8 1 1 1 

NC2 2 1 12 10 4 9 1 1 2 

NC7 8 1 2 2 2 2 2 1 2 

NC3 8 1 1 3 

NC4 1 2 1 5 1 2 2 4 
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Fig. 10. A portion of the hierarchical tree of the subdominant ultrametric space. 

This shows the group of nodes (subcategories) forming a part of the branch of 

household cleaning products. 

t  

a  

c  

p  

g  

t  

n  

i  

b  

t  

i

 

c  

y  

o

3

 

d  

a

 

s  

s  

s  

5  

g  

p  

b  

fl  

s  

m  

m  

f  

t  

g  

f  

b  

t  

M  

b

 

u  

u

3

 

p  

d  

M  

u  

h  

p  

t  

t  

p  

a  

p

 

t  

s  

t

 

a  

p  

i  

t  

w  

u  

d

 

e  

a  

c  

L  

f

 

fi  

t  

T  

L  

o  

t  

e  

o  

s  

m  

l  

i  

L  

A  

t  

T  

c  

1  

c  

5

 

p  
hree main lower branches of the MST). The original clusters C12

nd C15 are now merged in NC8, while the Red meats are now in

luster NC5 (the branch F in the MST). The NC5 cluster has mainly

roducts Fish meat category (branch F in the MST). The subcate-

ories of Milks, Yogurt, Cheeses, Oats and Cereals are located in

he cluster NC2 (the set of branches G at the top of the MST). Fi-

ally, the rest of the subcategories (rice, vegetable oils, pastas, baby

tems and others) do not seem to be grouped in a specific cluster,

ut are dispersed in other clusters. The latter is also due to the fact

hat the number of subcategories of each of these main categories

s low. 

In conclusion, from the interconnections between product sub-

ategories in the MST, it is possible to carry out a hierarchical anal-

sis, which reveals some clusters that tend to correspond to the

ntology of main categories of products defined by the company. 

.2.2. Specific example 

As an specific example, we take the product subcategory tra-

itional bleach (55). In the MST it is a node of high importance

ccording to our measurement of importance from Eq. (3) . 

Fig. 10 shows the hierarchical structure of a subset of product

ubcategories, using average linkage clustering. In particular, we

how the hierarchical structure of the branch in the MST, corre-

ponding to household cleaning products. We begin with product

5. The closest product to this is 94 (manual dishwashing deter-

ent reg-reg) and the two are groups, forming a cluster of two

roducts. Then, the product closest to this cluster is 114 (bleach

athroom cleaner). Similarly and due to their closeness, 39 (wood

oor wax), 64 (white powder detergent), 75 (shampoo/general bal-

am), 37 (floating floor wax) and 109 (semi-skimmed powdered

ilk) are added. Then, we observe that product 65 (economical

anual powder detergent) and 91 (manual dishwashing liquid)

orm another cluster, which is combined with the previous clus-
er. The same happens with 72 (economical powder machine deter-

ent) and 62 (delicates liquid detergent), then with 171 (packaged

resh cheese) and 53 (scented bleach), together with 126 (packaged

lock mantecoso cheese). It is instructive to see in Fig. 11 (a) that

he formation of this structure is intimately related to that of the

ST. The order in which the products are grouped is indicated in

lue. 

This analysis is useful to understand the way in which the prod-

cts are grouped, indicating strong relationships between the prod-

cts. 

.3. Application of the MST 

The -influence zones- and the -key products- defined in the

revious subsections offer a clue about doing a search refined by

ecision rules. For example, in Fig. 11 (b) we see a zoom of the

ST in the area of household cleaning products. Products 94 (Reg-

lar dishwashing detergent) and 55 (Traditional bleach) represent

ighly important nodes. At the same time, the edge that connects

roduct 55 with 91 (conventional dishwashing liquid) and the edge

hat connects 55 with 118 (Floor cleaner) are at a very short dis-

ance (they are in the influence zone), which shows that these

airs of products are highly likely to be taken simultaneously. Thus,

 promotion strategy focused on product 94 could have a high im-

act on 55, and in turn on 118 and 91. 

Key products offer the potential of efficiently directing promo-

ion campaigns, i.e., the action on one of those products affects

everal others, whereas the influence zones assure us that this po-

ential is more certain. 

Following the previous example, a marketer might wish to find

ll the rules whose antecedent is product 55 to study which other

roducts have influence, i.e., this is to say, rules of type 55 → P i for

 � = 55. The first three columns in Table 6 show some rules of in-

erest, which according to the MST should offer a good clue as to

hich products are the most influential for product 55, in partic-

lar those that are separated from this product by only 1 edge of

istance. 

The first three rules correspond to those that in the MST are

quivalent to the influence zone (edges 12, 15 and 16 in Table 2 )

nd should have an elevated level of Lift. The following five rules

orrespond to the weakest edges and should have lower levels of

ift, but more elevated than the rules with the products farthest

rom 55 in the MST. 

Of the total set of 179,610 non-redundant association rules, we

nd 80 rules of the type 55 → P i for i � = 55 which comply with

he minimal support and confidence. In the Ranking column in

able 6 , we have ranked the rules from greatest to least by level of

ift. Of the 8 rules suggested by the MST, 5 are within the top 10

f rules with greatest Lift. In fact, rules 55 → 91 y 55 → 118 have

he highest levels of Lift and are exactly those in the MST influ-

nce zone. In addition, those in 55 → 94 but positioned in place 6

f 80. Rules 55 → 37 and 55 → 109 were eliminated by the rules

earch algorithm because they did not fulfill the requirement of

inimum support and confidence. In any case, we have put the

evel of Lift to show that, in the case of 55 → 37, it is easy to see

n the MST that it should be an important rule, because it has a

ift of 4.09, so it would remain in position 6 of 80 if it is included.

dditionally, we have included three other rules that are in the

op 10, but which are more than 1 edge of distance from node 55.

hese are 55 → 144, 55 → 120 and 55 → 117. Node 144 (Bathroom

leaner) is 3 edges of separation from 55 (passing by node 118 and

20), whereas nodes 120 (Furniture polish) and 117 (Multipurpose

leaner) are two edges of separation. These rules are in position 4,

 and 6, respectively. 

For the marketing manager, it would be useful to know the ex-

ected sales of each sale thanks to a marketing campaign on prod-
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Fig. 11. Zoom of the MST in the area of household cleaning products. (a) MST leaving only the nodes of interest. The thickness of the edges is proportional to the expected 

value indicated in Table 6 . Dotted lines are not edges in the MST, but they make reference to the expected value of rules 55 → 144 y 55 → 120. The numbers in blue show 

the order in which the nodes are grouped in the hierarchical structure, forming the ultrametric distances from least to greatest. (b) Nodes of high importance are in red, 

terminal nodes are in white. Important nodes below the 90th percentile are in black. (For interpretation of the references to color in this figure legend, the reader is referred 

to the web version of this article.) 

Table 6 

Summary of some significant rules from node 55. 

Distance Left Hand Right Hand Support Confidence Lift Ranking Expected 

Side (LHS) Side (RHS) Value 

1 Zone of Infl. 55 → 118 0.01139 0.1707 4.617 2 169.9 

2 Zone of Infl. 55 → 91 0.00725 0.1087 4.696 1 86.9 

3 Zone of Infl. 55 → 94 0.01778 0.2666 4.156 6 285.3 

4 1-edge 55 → 39 0.00537 0.0806 4.544 3 65.3 

5 1-edge 55 → 37 < 0.001 < 0.01 4.094 – 10.3 

6 1-edge(weak) 55 → 109 < 0.001 < 0.01 2.481 – 251.1 

7 1-edge(weak) 55 → 64 0.00226 0.0338 3.985 8 47.0 

8 1-edge (weak) 55 → 72 0.01174 0.1761 3.108 23 328.6 

9 3-edges 55 → 144 0.00211 0.0317 4.395 4 38.7 

10 2-edges 55 → 120 0.00245 0.0368 4.270 5 26.1 

11 2-edges 55 → 117 0.00525 0.0787 4.042 7 66.7 
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uct 55. In general, the expected value of an additional sale is: 

E(sales ) = P (i | j) ∗ P i (4)

where j in our example is product 55, i is the purchased prod-

uct and P i is the price of product i . Note that P ( i | j ) is the Con-

fidence( j → i ). In the Expected Value column in Table 6 the ad-

ditional sales are calculated. It is clear that rules 55 → 94 and

55 → 72 are the most profitable and as a result promotions on

items 55, 94 and 172 would make the products more profitable

than selling them separately. Note that when observing the MST,

these rules are evident and offer a general overview of how one

product is related to another, whereas the rules in themselves do

not facilitate this understanding. 

Fig. 12 (a) shows the Lift of each of these rules, for each of

the rules found between product 55 and another P i . Clearly the

MST provides an alternative to find association rules with high

Lift, especially in those that are in the influence zone. In addi-
ion, the MST offers awareness of the situation around the prod-

ct of interest. For greater convenience, Fig. 12 (b) shows the

istance associated with the edge in the MST for each rule. It

s easy to see that edges with a short distance (red and orange

ots) are associated with high Lift rules. These results show that

he MST is able to reveal the rules with a high level of Lift,

ut also makes it easy to observe other relevant product con-

ections, which in turn are association rules with a high level of

ift compared to the enormous set of other existing rules. Basi-

ally, we see that the shorter the distance between products, the

igher the Lift of the rule. It is worth mentioning, that in ad-

ition to obtaining high level Lift ARs, these rules also tend to

ave high levels of undominance ( Bouker, Saidi, Ben Yahia, & Me-

hu Nguifo, 2014 ), which ensures that the rules suggested by the

ST have excellent levels of support and confidence relative to

ther rules outside of the MST (see Supplementary Material for

etails). 
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Fig. 12. (a) On x-axis are represented the rules of the type P i → 55, i � = 55, and on 

y-axes their Lift. (b) The same as (a), but on y-axis the edge distance on the MST 

of the equivalent rule. Rules whose edges in the MST belong to the zone of influ- 

ence (edges of very low distance) are in red color. Rules composed of products that 

are separated by 1 edge of distance of the product 55 are in orange color. Rules 

composed by products that are separated by 2 edges of the product 55 are in green 

color. More distant products in black color. (For interpretation of the references to 

color in this figure legend, the reader is referred to the web version of this article.) 
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We repeat the same experiment, finding association rules in

hich product 55 is maintained as a result, but now with 2 prod-

cts as antecedents. This time, we restrict the search for rules,

hich contains only products present along the entire branch of

ousehold cleaning items and the subsequent leaves in the MST,

eginning with 7 (vegetable oil). The sum of the rules found was

95. The MST still continues to be a good indicator of rules with

levated Lift, as observed in Fig. 13 . We see that the rules derived

rom the four nodes in the influence zone (items 55, 91, 94 and

18) are rules with one of the most elevated levels of Lift. Some-

hing similar occurs with rules derived from nodes that are one

dge of distance from product 55 (in orange). Nevertheless, it must

e considered that the construction of the MST did not take partial

orrelations into account; therefore, it is not possible to guarantee

hat more complex rules (with 3 or more products) can be cap-

ured by the MST. 

. Comparing with another methodology 

Recently, in Kim (2017) a matrix-based methodology is pro-

osed called structured association map (SAM) that allows the an-
lyst to find groups of items that are highly related visually, which

onstitutes, similarly to our methodology, a guide to finding rel-

vant association rules. Kim’s article (2017) and our work have at

east one common motivation: both papers propose a methodology

hat tries to deal with the problem of the large number of associa-

ion rules, and they offer a guide to select rules that are important

or the analyst. 

In this section, we compared both methods. For this, we have

pplied the matrix-method SAM of Kim (2017) on a limited num-

er of products corresponding to the MST branch which contains

ousehold cleaning products. Specifically, some products corre-

ponding to the example in Fig. 11 . Because Kim’s method requires

o know beforehand which variables are factors and which are the

esponses , we have determined as factor variables 4 products of the

ranch that according to our methodology have a higher level of

mportance: 

• 55: traditional bleach 

• 94: Dishwashing detergent 
• 118: floor cleaner 
• 120: polish furniture 

In addition, we have selected two other products that we know

ell in advance that they are far away from the branch, and these

re: 

• 167: packaged cheese 
• 217: cereal yogurt 

For the response variables, we have selected 7 products from

he same branch and another one far away from it: 

• 37: floating floor wax 
• 39: wood flooring 
• 62: liquid machine detergent 
• 64: detergent for powdered machine 
• 65: economical powder machine detergent 
• 72: economic special detergent powder machine 
• 91: Conventional Dishwashing liquid 

• 109: milk powder 

This selection involves a matrix of 6 (factors) × 8 (responses).

ollowing the methodology proposed by Kim (2017) , we determine

he Lift levels for each rule of the type { F i } → { R j }, which determine

he 6 × 8 matrix. For both, the factor variables and the response

ariables, we find several dendograms with different grouping and

inkage methods, using the Jaccard distance as a measure of sim-

larity between the variables. The combination of configurations

hat resulted in the best SAM (structured association map) based

n the S2C measure, was the complete linkage for both, the fac-

or and response variables. This configuration maximizes the S2C

easure with a final value of 288.6, which corresponds to the sum

f the Lifts of the closed rules and open rules of the type { F a ,

 b } → { R c , R d } in the matrix. The result is shown in Fig. 14 . Red

olor indicates strong positive association between pairs. White

olor indicates null association (Lift = 0). 

From the analysis performed, it was possible to extract 2 × 2

ules from 3 interesting areas, shown in Fig. 14 : PST1, PST2 and

ST3, all of them are positive association rules. These are PST1:

118, 167} → {37, 39} with a Lift of 106.46, PST2: {55, 94} → {37,

9} with a Lift of 3.74, and PST3: {55, 94} → {64, 72} with a Lift of

.83. 

The first rule indicates the association between 118/floor

leaner - 167/packaged cheese and 37/floating floor wax - 39/wood

ooring. The latter rule could be questioned due to its no practi-

al importance, since cheese is not a complementary product to

leaning products. Attention is drawn to the high level of Lift in

his rule, however, this is because the joint probability P(118,167)

probability of carrying packaged cheese and floor cleaner) is very
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Fig. 13. The x-axis represents the rules of the type P i → 55, i � = 55. Their Lift is shown on the y axis. The rules composed of products in the influence zone are shown in 

red. The rules composed of products separated by no more than 1 edge from product 55 are in orange. More than one edge of distance from product 55 is in grey. (For 

interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.) 

Fig. 14. SAM with the highest S2C using complete linkage method for clustering variables. 
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low equal to 8.5e −5, and since this term is in the denominator, the

value of Lift is high. 

The second rule indicates the association of 55/traditional

bleach - 94/Dishwashing detergent with 37/floating floor - 39/wax

wood flooring. The third rule indicates the association between

55/traditional bleach - 94/Dishwashing detergent and 64/detergent

machine powder - 72/detergent special economical machine pow-

der. The second and third rules make a lot of sense in MST since

the products are in the same product branch with close proximity

to each other, so it is no surprise to find these rules with high Lift

levels in relation to other potential rules of the matrix. 

No areas of negatively associated rules were found. However, it

should be noted that product 120 is strongly related to 37 and 39

(intense color red in the matrix). In MST ( Fig. 11 ), product 120 is

two edges away from products 37 and 39, passing through prod-
o

ct 55. This is not surprising, as we know that the product rules

oupled with a short distance in the MST have high Lift levels. 

As expected, it can be seen from the matrix in Fig. 14 , that

roducts 167, 217 and 109 have very low level of Lift or null

ift level with the rest of the products. This is clear in MST, as

hese products are far away from household cleaning products

ranch. 

In essence, both methodologies provide a visualization of the

trongest relationships between pairs of variables, and both pro-

ide useful information to narrow down the search space for as-

ociation rules, as well as to investigate more complex association

ules with more items in the area of interest. However, the simple

xample shown above, allows us to declare that both approaches

re based on different principles and provide different, but comple-

entary information. The main differences between the two meth-

ds are indicated in Supplementary Material:S2. 
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. Conclusions 

We have demonstrated that a network analysis based on a min-

mum spanning tree (MST) is a suitable approach to market bas-

et analysis (MBA). The representation of the purchase behavior

hrough a MST is easy to interpret and makes it possible to rec-

gnize strong interrelations among a set of products, which makes

t an attractive working tool for marketing managers. 

We showed that an association network of products in a gro-

ery store serves as a guide to orient the search for association

ules (ARs). This is particularly important because the ARs are a

lassic MBA tool, but have the drawback of producing a high num-

er of rules that they require and therefore selecting only those of

reatest interest and practical sense is very time-consuming. 

MSTs may be considered a unique and simplified representa-

ion of an association network that can overcome the problems of

xcessive data by significantly limiting the search space for ARs.

n addition, MSTs have the advantage of permitting greater control

ver spurious relations and noise ( Hero & Michel, 1997; Miccichè,

onanno, Lillo, & Mantegna, 2003 ) by addressing the significance

f the edges, as is shown in this study. This last point is also an

dvantage over ARs, which are usually spurious rules ( Aggarwal &

u, 1998; Tuzhilin & Adomavicius, 2002 ). 

In spite of the advantages of the MST, there is hardly any liter-

ture that applies such networks in business-related phenomena,

ike for example the aggregate purchase behavior of thousands of

ustomers. However, in other disciplines, MSTs have been useful

n describing and understanding phenomena related to brain func-

ion ( Stam et al., 2014; Tewarie, van Dellen, Hillebrand, & Stam,

015 ), image processing ( Xu & Uberbacher, 1997 ), clustering gene

xpression ( Xu, Olman, & Xu, 2002 ), currency and shares exchanges

 Wang, Xie, Chen, & Chen, 2013 ), among other applications. 

The graph-oriented study of the MBA allowed us to make inter-

sting observations. First, the product associations graph can reveal

trong interdependencies between products in the same category.

his is to say, the products that share a category tend to be con-

entrated on the same branch of the MST. This means that the pur-

hase of products in a specific category tends to be accompanied

y another one in the same category. Thus, it is possible to de-

ect for example pairs of products from the same category that are

ighly correlated, and are therefore candidates of targeted offers or

romotions. This is a result of the taxonomic nature that exposes

he discovery of groups of product categories that are close to each

ther (i.e., categories present in a basket), which suggests the dis-

overy of basket patterns ( Rammal, Toulouse, & Virasoro, 1986 ).

his because the MST reveals the hierarchical tree of the subdomi-

ant ultrametric distances ( Lee & Djauhari, 2012; Mantegna, 1999 ).

Second, it is possible to identify key products that link different

roduct branches from different categories or from the same one.

iven the hierarchical nature of the MST, nodes that have access

o the different branches are naturally exposed. However, in order

or these nodes to make practical sense from the retail manager’s

oint of view, they need to be ordered by their degree of impor-

ance. We define the importance of the nodes of the MST by: 1)

heir capacity to be the nexus with other adjacent nodes in the

etwork, and 2) the closeness that the node has with other adja-

ent nodes in the network. Thus for example, a node with a high

egree and a short distance to the adjacent nodes is more impor-

ant than another one with a lower degree and greater distances.

ith these criteria, it was possible to uncover nodes with a high

mportance as being access nodes to branches with a high number

f other very close nodes. 

Third, the simplicity of the MST allows for an evaluation of

he significance of a limited set of interrelations, leaving aside all

hose edges which, being at a short distance (or high correlation),

re not significant. This is an advantage when looking for associa-
ion rules, avoiding consideration of potential rules that can have

 high level of Lift (high correlation), but which turn out to be by

hance ( Webb, 2007 ). In this sense, the MST enables the analyst

r decision-maker to have a general overview of how one prod-

ct is related to another, and thus to assess possible promotion

trategies. With association rules it is more difficult to obtain this

nderstanding of connectivity. 

Our method is not only usefull to find rules of the type

 A } → { B }, but also to guide the search for more complex and prac-

ical rules, from the influence zones and key products found on the

ST. An extension of this study is to build MSTs based on condi-

ional correlations (or partial correlations). Sometimes some corre-

ations between pairs of products can be given due to the influ-

nce of a third product. Taking this into consideration, the inferred

dges may represent a more direct influence between the nodes

 Kolaczyk & Csárdi, 2014 ). Thus, the limitation of the current MST

ould be overcome in that we desire to increase the complexity of

n association rule by increasing the number of items it contains,

t becomes more difficult to discover these rules by observing the

ST directly. Nevertheless, the MST continues to be a good guide. 

We anticipate that our study can provide a good starting point

or subsequent MBA research using MSTs. There are many appli-

ation possibilities. For example, the comparison of MSTs before

nd after an important promotion campaign could detect changes

n edges that connect (or do not connect) nodes that were not

onnected before (or were). This way, the MST has become a tool

o observe the impact of an action, not only at the local level

n the product network, but also systemically in the set of all

he items that comprise the network. The proposed methodol-

gy would also enable study of the purchase behavior of different

ranches of a chain of supermarkets in different geographic loca-

ions. The MST can identify distinctive purchase behaviors between

ranches, which would allow the retail manager to choose local-

zed ad-hoc promotion campaigns for the sociodemographic popu-

ation that uses a particular branch. 

In conclusion, the MST in conjunction with the detection of sig-

ificant and short edges as well as the detection of nodes of high

mportance focuses attention on a reduced product group, towards

hich the retail manager can direct marketing activities that in-

olve pairing like items. Pairing together products that are very

lose to each other in the influence zone in the MST is an oppor-

unity to boost sales. But bundling products that are linked to a

ode of high importance is also another opportunity to improve

he turnover of such products. 
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