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ABSTRACT
The standard Tobit model is constructed under the assumption of
a normal distribution and has been widely applied in econometrics.
Atypical/extreme data have a harmful effect on the maximum like-
lihood estimates of the standard Tobit model parameters. Then, we
need to count with diagnostic tools to evaluate the effect of extreme
data. If they are detected, wemust have available a Tobit model that
is robust to this type of data. The family of elliptically contoured dis-
tributions has the Laplace, logistic, normal and Student-t cases as
some of its members. This family has been largely used for provid-
ing generalizations of models based on the normal distribution, with
excellent practical results. In particular, because the Student-t dis-
tribution has an additional parameter, we can adjust the kurtosis of
the data, providing robust estimates against extreme data. We pro-
pose amethodology based on a generalization of the standard Tobit
modelwith errors following elliptical distributions. Diagnostics in the
Tobit model with elliptical errors are developed. We derive residuals
andglobal/local influencemethods considering several perturbation
schemes. This is important because different diagnosticmethods can
detect different atypical data. We implement the proposed method-
ology in anRpackage.We illustrate themethodologywith real-world
econometrical data by using the R package, which shows its poten-
tial applications. The Tobitmodel basedon the Student-t distribution
with a small quantity of degrees of freedomdisplays an excellent per-
formance reducing the influence of extreme cases in the maximum
likelihood estimates in the application presented. It provides new
empirical evidence on the capabilities of the Student-t distribution
for accommodation of atypical data.
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1. Introduction

Standard regression models describe the relation between a response (dependent) variable
and a set of explanatory (independent) variables. Some non-standard regressions corre-
spond to the logit, probit and Tobit models; see [11,23,24,29,50]. Such as in standard
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regression models, the normal distribution plays a preponderant role in probit and Tobit
models. However, it is well known that the normal distribution is not always suitable in the
data modeling; see, for example, [6,21].

The family of elliptically contoured (EC) distributions has the Laplace, logistic, normal
and Student-t (hereafter called ‘t’) cases as some of its members. For more details about
EC distributions and modeling, see [2,12,13,15,20,27,31,40,45]. The EC distributions offer
a flexible framework formodeling extreme cases that are frequently present in data sets fol-
lowing distributions of heavy-tails. In particular, a number of authors have suggested the
t-distribution as an alternative to the normal distribution, allowing for accommodation of
atypical data and providing robust estimation of the parameters, when the t-distribution is
used. From the pioneer work by Lange et al. [27], the t-distribution has proved to be versa-
tile and useful for robust modeling in many regression models. Indeed, the t-distribution
has an additional parameter which permits us to model the kurtosis in a flexible way. Such
a property of the t-distribution permits the modeling of data including atypical/extreme
cases, being it the main difference in relation to the normal distribution which has a fixed
kurtosis level. Therefore, maximum likelihood (ML) estimators under normality are very
sensitive to this kind of cases, even when the number of them is small, for example, less
than 1%; see [27].

A diagnostic analysis is a necessary step in the data modeling after the estimation
procedure of parameters to assess the suitability of the distributional assumptions and
the sensitivity and stability of this procedure. Diagnostics can be conducted by residual
analysis and/or by global and/or local influence methods. Residual analysis allows us to
evaluate the distributional assumptions and to detect atypical cases. Global influencemeth-
ods give emphasis to eliminating cases and evaluating their effect on the fitted model
globally; see [7,9]. The local influence method permits us to evaluate the effect of per-
turbations in the model and/or data on the estimates of model parameters locally; see
[5,8]. For the use of diagnostic methods in non-normal models, see, for example, [12,
18,22,28,32–34,38,41,44,47–49]. Particularly, the pioneer papers which have initiated and
developed the area of statistical diagnostics for regression models in EC distributions are
attributed to Galea et al. [19] and Liu [36, 37].

The Tobit model based on the normal distribution (called Tobit-normal hereafter) is
widely used in econometrics, as well as in other areas, and is also known as regression
model with censored or limited response variable; see [3,29, 50]. However, as mentioned,
atypical data have a harmful effect on the ML estimates of the model parameters under
the normality assumption. Arellano et al. [1] and Garay et al. [21] introduced Tobit mod-
els under the t-distribution and scale mixtures of normal distributions, respectively, which
are members of the EC family. A statistical analysis carried out with EC distributions is
usually called generalized analysis; see [16]. In this work, we focus on a Tobit model based
on the t-distribution (called Tobit-t hereafter) due to its interesting robustness property in
the parameters estimation above-mentioned.We compare Tobit-normal and Tobit-tmod-
els, both particular cases of generalized Tobit models. Results for other members of the
generalized Tobit family, as the Tobit-Laplace and Tobit-logistic models, for example, are
directly obtained from the methodology proposed in this paper. To evaluate the effect of
atypical data in generalized tobit models, we need to count with diagnostic tools, including
residual analysis and/or global/local influencemethods. This is important because different
diagnostic methods can detect different atypical data.
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The main objectives of this research are (i) to generalize the Tobit model relaxing
the normality assumption considering the wide family of EC distributions; (ii) to derive
residuals and global/local influence methods for a Tobit model under EC distributions;
(iii) to develop an R package with the proposed methodology; and (iv) to apply the
obtained results to real-world econometrical data. Note that the normal distribution and t-
distribution are particular cases of the ECdistributions. Then, the generalizedTobitmodels
proposed in the article have as particular cases the Tobit-normal and Tobit-t models.

Formulation and ML estimation of the model are introduced in the following section,
as well as the likelihood function, the score vector, the Hessian matrix, the observed
information matrix and asymptotic inference. Diagnostic methods based on residuals and
global/local influence for the a Tobit model under EC distributions are derived in the third
section. For residual analysis, we use the martingale-type (MT) residual. For global influ-
ence, we utilize the generalized Cook distance (GCD). For local influence, we employ the
perturbation schemes of case-weight, scale, response variable and explanatory variable (or
covariate). We implement ML-based inference and all the tools of diagnostics by a compu-
tational routine in the statistical softwareR; see www.R-project.org and [46].We provide an
emphasis special in the Tobit-normal and Tobit-t models. We use this computational rou-
tine for carrying out an application with real-world econometrical data to show potential
applications.

2. Themodel

2.1. Elliptically contoured distributions

Let the k × 1 random vector y have any distribution belonging to the family of EC distribu-
tions with location vectorμ ∈ R

k, scale matrix� ∈ R
k×k of rank(�) = k and generator g

of its probability density function (PDF). This is denoted by y ∼ ECk(μ,�; g). Then, the
PDF of y is defined as

f (y) = c|�|−1/2g((y − μ)��−1(y − μ)), y ∈ R
k, (1)

with c being a normalizing constant, such that
∫ +∞
0 g(u)/u1/2 du = 1/c. If the function

g given in Equation (1) is continuous and decreasing, its maximum value ug exists, is
finite and greater than zero. In addition, if g is differentiable, then ug is the solution to
the equation G(u) + k/(2u) = 0, where

G(u) = g′(u)
g(u)

, u > 0,

with g′(u) being the derivative of g(u) given in Equation (1) with respect to u>0. In
addition, in EC models, it is usual to define w(u) = −2G(u), which is called the weight
function. Other interest quantity when left-censored data are present in the modeling, is
defined by

H(y) = F′(y)
F(y)

= f (y)
F(y)

, y ∈ R,

where F is the cumulative distribution function (CDF) of the EC distribution and F′(y) is
its derivative with respect to y.

http://www.R-project.org
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Table 1. Constant (c), generator (g), CDF (F) and PDF (f = cg) of Z ∼ S(0, 1; g), distribution of U = Z2

(U), mean of U (c0 = E(U)), weight (w = −2g/g′) and its derivative (w′), for the indicated distribution.

Distribution

Laplace Logistic Normal t

c
1

4
1

1√
2π

�( ν+1
2 )√

νπ�( ν
2 )

, ν > 0

g(u) exp
(

− 1

2

√
u

)
(exp(−√

u))

(1 + exp(−√
u))2

exp
(

− 1

2
u

) (
1 + u

ν

)−(ν+1)/2
, ν > 0

f (u)
exp(−√

u/2)

4

(exp(−√
u))

(1 + exp(−√
u))2

exp(−u/2)√
2π

�( ν+1
2 )(1 + u

ν
)−(ν+1)/2

√
νπ�( ν

2 )
, ν > 0

F(z)
exp(z)

2
, z < 0

1

1 + exp(z)
�(z)

1

2

(
1 + Iz2/(z2+ν)

(
1

2
,
1

2
ν

))
, ν > 0

1 − exp(−z)

2
, z ≥ 0

U
√
U ∼ G

(
1

2
, 1
)

1

1 + exp(
√
U)

∼ B(1, 1) U ∼ χ2(1) U ∼ F(1, ν)

c0 8 ≈ 0.8 1
ν

ν − 2
, ν > 2

w(u) 8
√
u

1

2
√
u

(
exp(−√

u) − 1

exp(−√
u) + 1

)
1

ν + 1

ν + u
, ν > 0

w′(u)
4√
u

u−1/2 exp(−√
u)

(exp(−√
u) + 1)2

0 − (ν + 1)

(ν + u)2
, ν > 0

H(z)
φLa(z)

�La(z)

φLo(z)

�Lo(z)

φ(z)

�(z)
Ht = φt(z)

�t(z)

H′(z)
φ′
La(z)

φLa(z)

φ′
Lo(z)

φLo(z)

φ′(z)
φ(z)

H′
t =

φ′
t(z)

φt(z)

where �(a), Ix(a, b), G(b,d) and B(b,d) denote, respectively, the usual gamma function, the ratio of incomplete beta func-
tions, the gamma distribution with parameters (b, d) and mean b × d, and the beta distribution in [b, d], with Ix(a, b) =∫ x
0 ta−1(1 − t)b−1 dt/

∫ 1
0 ta−1(1 − t)b−1 dt. In addition, φLa and �La are the Laplace PDF and CDF, φLo and �Lo are the

logistic PDF and CDF,�(z) = ∫ z
−∞ φ(u) du is the N(0 1) CDF, with PDF φ(z) = exp(−z2/2)/

√
2π , and φt and�t are the

PDF and CDF of the t-distribution, respectively.

In some EC distributions, g depends on a further parameter denoted by ν, which per-
mits us to handle the kurtosis level of the distribution. Note that ug = k for the normal
distribution, as well as for the t-distribution with ν degrees of freedom (DFs), which we
denote by t(ν). Furthermore, if k=1, we are in the presence of symmetric distributions
instead of EC distributions, denoted by Y ∼ S(μ, σ 2; g), where E(Y) = μ and Var(Y) =
c0σ 2, with c0 = E(U) andU = Z2 = (Y − μ)2/σ 2 ∼ Gχ2(1; g), that is, the generalizedχ2

distribution with one DF and PDF generator g; see [15]. Table 1 details constant, PDF gen-
erator, distribution ofU, c0 = E(U), weightw(u) and its derivative, with u>0, for some EC
distributions. Note that in the univariate case, the PDF given in Equation (1) if expressed as

f (y) = c
σ
g

((
y − μ

σ

)2
)
, y ∈ R, μ ∈ R, σ > 0.

2.2. Tobit formulation

A Tobit-normal model with censored response variable to the left is defined as

Yi = max{τ ,Y∗
i }, i = 1, . . . , n; (2)



JOURNAL OF APPLIED STATISTICS 149

where Y∗
i = x�

i β + εi, with xi = (xi1, . . . , xip)� being an n × 1 vector that contains the
values of the covariates, and β = (β1, . . . ,βp)

� a p × 1 vector of unknown regression
coefficients to be estimated. In the Tobit-normal model defined in (2), εi are independent
identically distributed (IID) random variables according to the normal distribution with
mean zero and variance (constant) σ 2, that is, εi

IID∼ N(0, σ 2), withm being the number of
cases censored to the left and n the total number of cases. Thus, in the Tobit model, Yi is
the response variable for the case i, which is observed for values greater than a threshold
point τ and censored for values smaller than or equal to τ .

A Tobit model based on the EC distributions can be defined in an analogous form to
that given in Equation (2), but assuming now that εi are IID random variables according
to an EC distribution, that is, εi

IID∼ S(0, σ 2; g), which we have called the generalized Tobit
model. Particularly, if εi

IID∼ t(0, σ 2, ν), then we have the Tobit-t model.
Let Y = (Y1, . . . ,Ym,Ym+1, . . . ,Yn)

� be a sample of size n from the generalized Tobit
model, includingm censored data and n−m observed (complete or uncensored) data. The
m censored data correspond to the values of Y smaller than the mentioned threshold point
τ , so that all these data take the value τ . The other n−m data correspond to values of
Y greater than τ . The corresponding log-likelihood function for θ = (β�, σ)�, obtained
from Equation (1) and the generalized Tobit model, is given by

�(θ) =
n∑

i=1
�i(θ) =

m∑
i=1

�ui (θ) +
n∑

i=m+1
�ci (θ), (3)

where �ui (θ) = log(F(δi)), for i = 1, . . . ,m, corresponds to the uncensored part, and
�ci (θ) = log(cg(δ2i )/σ ), for i = m + 1, . . . , n, is the censored part, with c, g, F being the
constant, PDF generator and CDF of the EC distribution, respectively, whereas

δi =

⎧⎪⎪⎨⎪⎪⎩
τ − x�

i β

σ
, i = 1, . . . ,m;

yi − x�
i β

σ
, i = m + 1, . . . , n.

(4)

To obtain the log-likelihood functions for the Tobit-normal and Tobit-t models, we must
consider the function defined in (3) replacing c and g by the corresponding constants and
PDF generators given in Table 1. In addition, F must be replaced by � and �t, the N(0, 1)
CDF and the CDF of the t-distribution, respectively. For other particular cases of general-
ized Tobit models, as Tobit-Laplace and Tobit-logistic, for example, one must proceed in
a similar way considering the corresponding constants, PDF generators and CDFs given
in Table 1. Results for Tobit-Laplace and Tobit-logistic models are directly obtained. We
focus on the Tobit-t model due to its interesting robustness property in the parameters
estimation.

2.3. Estimation

For details about ML estimation, score vector and Hessian matrix of the Tobit-normal
model, the interested reader ir referred to Barros et al. [3].



150 M. BARROS ET AL.

To estimate the parameters of the model given in Equation (2) assuming εi
IID∼

t(0, σ 2, ν), it is necessary to maximize the log-likelihood function given in Equation (3),
with its corresponding adaptation to the t-distribution, requiring the score vector given by

�̇ = ∂�(θ)

∂θ
=

n∑
i=1

�̇i, (5)

where �̇i = (�̇
�
iβ , �̇iσ )�, with

�̇iβ =

⎧⎪⎪⎨⎪⎪⎩
− 1

σ
Ht(δi)xi, i = 1, . . . ,m;

( ν+1
νσ

)δi

(1 + δ2i /ν)
xi, i = m + 1, . . . , n;

�̇iσ =

⎧⎪⎪⎨⎪⎪⎩
− 1

σ
Ht(δi)δi, i = 1, . . . ,m;

− 1
σ

+ δ2i (
ν+1
νσ

)

(1 + δ2i /ν)
, i = m + 1, . . . , n;

and Ht being given in Table 1 and δi in Equation (4). The ML estimator of θ is obtained
from the likelihood equations given by �̇ = 0. However, these equations produce a non-
linear system and then a numerical iterative procedure is needed. For instance, the Broy-
den–Fletcher–Goldfarb–Shanno quasi-Newtonmethod can be used; see [42].We select the
parameter ν of the Tobit-tmodel with a non-failing optimal criterion such as described in
[17,30]. For the Tobit-t model, the Hessian matrix is expressed as

�̈ = ∂2�(θ)

∂θ∂θ� =
n∑

i=1
�̈i, �̈i =

(
�̈iββ �̈iβσ

�̈iσβ �̈iσσ

)
, (6)

with

�̈iββ =

⎧⎪⎪⎨⎪⎪⎩
1
σ 2 H

′
t(δi)xix�

i , i = 1, . . . ,m;

−
(

ν + 1
νσ 2

)
xix�

i
1 + δ2i /ν

+ 2(ν + 1)
ν2σ 2

δ2i xix
�
i

(1 + δ2i /ν)2
, i = m + 1, . . . , n;

�̈iβσ =

⎧⎪⎪⎨⎪⎪⎩
1
σ 2 (Ht(δi) + δiH′

t(δi))xi, i = 1, . . . ,m;

−2(ν + 1)
νσ 2

δixi
(1 + δ2i /ν)

+ 2(ν + 1)
ν2σ 2

δ3i xi
(1 + δ2i /ν)2

, i = m + 1, . . . , n;

�̈iσσ =

⎧⎪⎪⎨⎪⎪⎩
1
σ 2 (2Ht(δi) + δiH′

t(δi))δi, i = 1, . . . ,m;

1
σ 2 − 3(ν + 1)

νσ 2
δ2i

(1 + δ2i /ν)
+ 2(ν + 1)

ν2σ 2
δ4i

(1 + δ2i /ν)2
, i = m + 1, . . . , n;

�̈iβσ = �̈
�
iσβ and H′

t being the derivative of Ht given below Equation (5).
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2.4. Asymptotic inference

It can be verified that the corresponding regularity conditions (see [10]) are satisfied. Then,
the ML estimator θ̂ is consistent and has a multivariate normal joint asymptotic distri-
bution with asymptotic mean θ and an asymptotic covariance matrix �

θ̂
that may be

obtained from the corresponding expected Fisher information matrix. Thus, we have that,
as n → ∞,

√
n(θ̂ − θ)

D→Np+1(0(p+1)×1,�θ̂
= J (θ)−1), (7)

where D→ means convergence in distribution to, 0(p+1)×1 is a (p + 1) × 1 vector of zeros
and

J (θ) = lim
n→∞

1
n
I(θ),

with I(θ) being the corresponding expected Fisher information matrix. Note that Î(θ)−1

is a consistent estimator of the asymptotic variance–covariance matrix of θ̂ , �
θ̂
say. In

practice, one may approximate the expected Fisher information matrix I(θ) = −E(�̈)

by its observed version −�̈ obtained from the Hessian matrix given in Equation (6),
whereas the diagonal elements of the inverse observed information matrix can be used
to approximate the corresponding standard errors; see [14] for details about the use
of observed versus expected Fisher information matrices. Asymptotic inference for the
parameters of the proposed Tobit-t model may be conducted by the asymptotic normality
defined in Equation (7). An approximate 100 × (1 − α)% confidence region for θ , with
0 < α < 1, may be obtained as R = {θ ∈ R

p+1 : (θ̂ − θ)��̂
−1
θ̂ (θ̂ − θ) ≤ χ2

1−α(p + 1)},
where χ2

1−α(p + 1) is the 100 × (1 − α)th quantile of the χ2 distribution with p+1 DFs.

3. Diagnostics

We use diagnostic methods for evaluating the distributional assumptions and detecting
cases that could exercise some global and/or influence on the parameter estimates. To eval-
uate the distributional assumptions, we use residual analysis, whereas influence is assessed
by deletion of cases with the GCD, as global measure, and by total and local influence
methods using several usual schemes of perturbation, as local measure. For details about
diagnostics in the Tobit-normal model, the interested reader ir referred to Barros et al. [3].

3.1. Residual analysis

Here, our objective is to study departures from the error assumptions as well as the pres-
ence of atypical cases. We propose to work with the MT residual, which is given for the
generalized Tobit model by

rMTi = sign(ςi + log(1 − F̂(yi)))
√

−2(ςi + log(1 − F̂(yi)) + ςi log(− log(1 − F̂(yi)))),

for i =, 1, . . . , n, where sign(z) denotes the sign of z, ςi = 0 or ςi = 1 indicating if the case
i is censored or not, respectively, and F is the EC CDF. For more details about the MT
residual, the interested reader is referred to Therneau et al. [51].
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3.2. Global influence

In regression analysis, the main interest is in the elements of the coefficient vector β . The
GCD can be used to summarize essential information about the influence of each case on
the estimated regression coefficients. The GCD is a mathematical measure of the impact
of deleting a case from the data set. This is considered as an important diagnostic tool of
the global influence method; see [9]. For the generalized Tobit model, the GCD for θ =
(β�, σ)� is given by

GCDi(θ) = 1
p + 1

((θ̂ − θ̂ (i))
��̂

−1
θ̂ (θ̂ − θ̂ (i))), i = 1, . . . , n, (8)

where p is the number of regression coefficients of the generalized Tobit model, �̂
θ̂
is an

estimate of the variance–covariance matrix of θ̂ , and θ̂ (i) is the ML estimate of θ̂ with-
out considering the case i. As mentioned, �̂

θ̂
can be approximated by −�̈

−1. In addition,
by using a first-order approximation of the type θ̂ − θ̂ (i) ≈ �̈

−1
(i) �̇(i), expression given in

Equation (8) may be obtained as

GCDi(θ) ≈ 1
p + 1

(�̇
�
(i)�̈

−1
(i) (−�̈)�̈

−1
(i) �̇(i)), i = 1, . . . , n, (9)

where �̇(i) and �̈(i) are the score vector and Hessian matrix associated with the generalized
Tobit model defined in Equations (5) and (6), respectively, without considering the case i,
evaluated at θ = θ̂ . The approximation given in Equation (9) facilitates the calculation of
theGCD, because it avoids to compute θ̂ eliminating the case i, for each i = 1, . . . , n, and so
this estimate is computed once. When the interest is just on the p × 1 vector of regression
coefficients, β = (β1, . . . ,βp)

�, then

GCDi(β) = 1
p
((β̂ − β̂(i))

��̂
−1
β̂ (β̂ − β̂(i))), i = 1, . . . , n.

Thus, again we can use the approximation given in Equation (9) for avoiding the calcula-
tion of β̂(i) for each i = 1, . . . , n. As benchmark, for the GCD, we can use the value 2/n,
indicating that a case is atypical if its GCD is greater than such a value: see [3,52].

3.3. Local influence

Consider the generalized Tobit model, letting θ = (β�, σ)� and �(θ | ω) be, respectively,
the parameter vector and log-likelihood function corresponding to this model perturbed
by a vector ω, which belongs to a subset � ∈ R

n. The local influence method consists
of studying the curvature of the log-likelihood function �(θ). Then, we can evaluate the
influence of a perturbation under the ML estimate of θ using the likelihood distance (LD)
given by LD(ω) = 2(�(θ̂) − �(θ̂ω)), where θ̂ω denotes the ML estimate of θ under the
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perturbedmodel. The normal curvature for θ in the direction of the vectord, with ‖d‖ = 1,
is given by

Cd(θ) = 2|d����̈
−1

�d|,

where � is a (p + 1) × n perturbation matrix and �̈ is defined in Equation (6). The
elements of � are

�ji = ∂2�(θ | ω)

∂θj∂ωi

∣∣∣∣
θ=θ̂ ,ω=ω0

, j = 1, . . . , p + 1, i = 1, . . . , n,

whereω0 is a non-perturbation vector. To study those cases that under small perturbations
exercise a large influence on LD(ω), we may use the index graph of the eigenvector dmax
corresponding to the maximum eigenvalue of

B(θ) = −���̈
−1

�, (10)

say Cdmax(θ), evaluated at θ = θ̂ . In addition to the direction vector of maximum nor-
mal curvature, dmax say, another direction of interest is the vector di = ein, corresponding
to the direction of the case i, where ein is an n × 1 vector of zeros with a value equal to
one at the ith position, that is, {ein, 1 ≤ i ≤ n} is the canonical basis of R

n. Hence, the
normal curvature is Ci(θ) = 2|bii|, where bii is the ith diagonal element of B(θ) defined
in Equation (10), for i = 1, . . . , n, evaluated at θ = θ̂ . Therefore, if Ci(θ̂) > 2C̄(θ̂), with
C̄(θ̂) = ∑n

i=1 Ci(θ̂)/n, then the case i is considered as potentially influential; for more
details, see [35]. If our interest is only on the regression coefficients or on σ , also it is
possible to compute the normal curvature.

3.3.1. Case-weight perturbation.
In this scheme, our objective is to evaluate whether the contributions of the cases with dif-
ferent weights affect theML estimate of θ . Under this scheme, the log-likelihood function is
given by �(θ | ω) = ∑n

i=1 �i(θ | ωi) = ∑n
i=1 ωi�i(θ), where �i(θ) is given in (3), 0 ≤ ωi ≤

1, for i = 1, 2, . . . , n, and ω0 = (1, 1, . . . , 1)�. Therefore, considering its derivative with
respect to ω�, we have

∂�(θ | ω)

∂ω� =
n∑

i=1
�i(θ)e�in, (11)

where e�in is an n × 1 vector. After computing the derivative of Equation (11) with respect
to θ and evaluating θ at θ̂ and ω at ω0, in the case of theTobit-t model, we have as result
the perturbation matrix

� =
n∑
i=1

hie�in = (h1, . . . , hn),
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where

hi = ∂�i(θ)

∂θ
=

⎛⎜⎜⎝
∂�i(θ)

∂β

∂�i(θ)

∂σ

⎞⎟⎟⎠ =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎛⎜⎝− 1
σ̂
Ht(δ̂i)x�

i

− 1
σ̂
Ht(δ̂i)δ̂i

⎞⎟⎠ , i = 1, . . . ,m;

⎛⎜⎜⎜⎜⎝
(ν + 1)

νσ̂

δ̂ix�
i

(1 + δ̂2i /ν)

− 1
σ̂

+ (ν + 1)
νσ̂

δ̂2i

(1 + δ̂2i /ν)

⎞⎟⎟⎟⎟⎠ , i = m + 1, . . . , n;

with δi being given in Equation (4) and Ht in Equation (5).

3.3.2. Scale perturbation
Here, we have that the model errors are independent (IND) but not identically dis-
tributed, that is, for example in the Tobit-t model, εi

IND∼ t(0, σ 2/ωi, ν), with i = 1, . . . , n,
and the log-likelihood function for the perturbed Tobit-t model is given by �(θ | ω) =∑n

i=1 �i(θ | ωi), where

�i(θ | ωi) =

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

log(�t(
√

ωiδi)), i = 1, . . . ,m;

log

(
�(ν+1

2 )√
πν�(ν

2 )

)
− log(σ ) + log(ωi)

2

− (ν + 1)
2

log
(
1 + ωiδ

2
i

ν

)
, i = m + 1, . . . , n;

(12)

ωi > 0 and ω0 = (1, 1, . . . , 1)�. The perturbation matrix is obtained taking the derivative
of Equation (12) with respect to θ and ω, and then evaluating θ at θ̂ and ω at ω0, resulting
for the Tobit-t model to be given by

� =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

−(Ht(δ̂i) + δ̂iH′
t(δ̂i))

⎛⎜⎜⎝
1
2σ̂

xi

δ̂i

2σ̂

⎞⎟⎟⎠ e�in, i = 1, . . . ,m;

(
δ̂i

(1 + δ̂2i /ν)
− δ̂3i

ν(1 + δ̂2i /ν)2

)⎛⎜⎜⎝
(

ν + 1
νσ̂

)
xi(

ν + 1
νσ̂

)
δ̂i

⎞⎟⎟⎠ e�in, i = m + 1, . . . , n.

3.3.3. Response perturbation
This scheme can also be used considering different scenarios. In this work, we use an
additive perturbation defined by

yiω = yi + ωisY , i = m + 1, . . . , n,

where sY is a scale factor that we consider as the standard deviation of the censored
response variable. Then, here, the perturbed log-likelihood function for the Tobit-tmodel
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is given by �(θ | ω) = ∑n
i=1 �i(θ | ωi), where

�i(θ | ωi) =

⎧⎪⎪⎨⎪⎪⎩
log(�t(δiω)), i = 1, . . . ,m;

log

(
�(ν+1

2 )√
πν�(ν

2 )

)
− log(σ ) − (ν + 1)

2
log

(
1 + δ2iω

ν

)
, i = m + 1, . . . , n;

(13)
with δiω being as given in (4) but yi must be replaced by yiω, ωi ∈ R and ω0 = 0n×1. We
take the derivative of Equation (13) with respect to θ and ω, and then we evaluate θ at θ̂

and ω at ω0, obtaining the perturbation matrix

� =
n∑

i=m+1

⎛⎜⎜⎜⎜⎝
sY(ν + 1)

νσ̂ 2

(
1

1 + δ̂2i /ν
− 2δ̂2i

ν(1 + δ̂2i /ν)2

)
xi

2sY(ν + 1)
νσ̂ 2

(
δ̂i

1 + δ̂2i /ν
− δ̂3i

ν(1 + δ̂2i /ν)2

)
⎞⎟⎟⎟⎟⎠ e�in.

3.3.4. Explanatory variable perturbation
We can perturb a continuous covariate in several ways. Here, we use an additive perturba-
tion defined by

xitω = xit + ωisX , i = 1, . . . , n,

where sX is a scale factor that we consider as the standard deviation of the corresponding
covariate of the model. Under this scheme, the perturbed log-likelihood function for the
model is given by �(θ | ω) = ∑n

i=1 �i(θ | ωi), where

�i(θ | ωi) =

⎧⎪⎪⎨⎪⎪⎩
log(�t(δiω)), i = 1, . . . ,m;

log

(
�(ν+1

2 )√
πν�(ν

2 )

)
− log(σ ) − (ν + 1)

2
log

(
1 + δ2iω

ν

)
, i = m + 1, . . . , n;

(14)
with δiω being as given in (4) but xi must be replaced by xiω, ωi ∈ R and ω0 = 0n×1. To
obtain0 the respective perturbation matrix, we compute the derivative of Equation (14)
with respect to θ and ω, and then we evaluate θ at θ̂ and ω at ω0, obtaining

� =
(

�β

�σ

)
,

where �β is a p × nmatrix with elements �βij given by, for j �= t,

�βij =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
β̂tsX
σ̂

xijH′
t(δ̂i), i = 1, . . . ,m;

β̂tsXxij
(

ν + 1
νσ̂

)(
− 1

(1 + δ̂2i /ν)
+ 2δ̂2i

νσ̂ (1 + δ̂2i /ν)2

)
, i = m + 1, . . . , n;
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and, for j= t, by

�βij =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

β̂tsX
σ̂

xitH′
t(δ̂i) − sX√

σ̂
Ht(δ̂i), i = 1, . . . ,m;

β̂tsXxit
(

ν + 1
νσ̂

)(
− 1

(1 + δ̂2i /ν)
+ 2δ̂2i

ν(1 + δ̂2i /ν)2

)

+sX
(

ν + 1
ν
√

σ̂

)(
δ̂i

1 + δ̂2i /ν

)
, i = m + 1, . . . , n.

In addition,

�σ =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
β̂tsX
σ̂ 2 (δ̂iH′

t(δ̂i) + Ht(δ̂i)), i = 1, . . . ,m;

2β̂tsX
(

ν + 1
νσ̂ 2

)(
− δ̂i

(1 + δ̂2i /ν)
+ δ̂3i

ν(1 + δ̂2i /ν)2

)
, i = m + 1, . . . , n.

4. Application

4.1. Software and data availability

R is an open source and non-commercial software for statistical analysis and graphs. The R
softwaremay be secured freely at http://www.r-project.org.We use the function tobit()
of the AER package of this software to fit Tobit regression models; see [25, 26]. As a com-
plement to this package, we implement a computational framework in R to analyze data
with the methodology of diagnostics proposed in the paper. Specifically, we develop an R
package named tobitdiag, which can be installed by using the command:

devtools::install_github("tobitproject/tobitdiag")

The R codes employed in this application are available from the authors upon request. The
data used in the application may be obtained from the AER package with the command
data("PSID1976").

4.2. The econometrical problem

A relevant topic in econometrics is the labor supply of married women. This topic is of
interest due to labor supply of married women is harder than for married men. Because a
high fraction of married women have zero working hours, the Tobit-normal model is often
used to provide estimates of interest. Ignoring the effect of atypical cases in the estimates
of Tobit model parameters can be harmful and conduct to estimates significantly differ-
ent from the true values. In order to evaluate and correct this effect, we next consider an
analysis of labor supply of married women data in four stages. First, we consider the Tobit-
normal model. Second, we apply diagnostics tools and evaluate the effect of atypical cases
in this model. Third, we correct such an effect by using the Tobit-tmodel. Finally, we show
how atypical cases only affect the Tobit-normal model and not the Tobit-t model.

http://www.r-project.org
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4.3. The data set

We consider a real data set presented and studied in [43] to apply our methodology. We
name them as Mroz data hereafter. This data set shows how the Tobit-t model accom-
modates atypical cases well and the curvatures are efficient to detect potentially influential
cases. The data set containsn=753 cases ofmarriedwhitewomen for 21 variables, between
30 and 60 years old in 1975 (interview year: 1976), with 428 (56.84 %) of them working
at some time during that year and therefore 325 (43.16%) of them have an average hourly
wage equal to zero. The response variable (Y) is the wife’s average hourly wage (in US dol-
lar for the year 1975) and the covariates are: wife’s age in years (X1), wife’s education in
years (X2), number of children smaller than 6 years old in household (X3), number of chil-
dren between ages 6 and 18 in household (X4), and years of wife’s previous labor market
experience (X5).

4.4. Data analysis

The estimation of theTobitmodel parameterswas performedusing thetobit() function
of the AER package. To get the results of the local influence analysis, we use some functions
developed in the R software, which are available under request from the authors. First, we
make an exploratory data analysis. Figure 1 shows the scatter-plot matrix for assessing the
relationships between variables simultaneously. In this figure, note that the wife’s average

Figure 1. Scatter-plots for the indicated variables using Mroz data.
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hourly wage increases as the wife’s education in years increases. The largest correlation
between the response variable and covariates is 0.318, detected betweenX2 andY , whereas
the largest correlation between covariates is −0.434, detected between X1 and X3, which
could cause some problem of collinearity. We evaluate these aspects in the confirmatory
analysis.

4.5. Analysis under the Tobit-normalmodel

Consider a Tobit model given by

Yi = max{0,Y∗
i }, i = 1, . . . , 753,

where Y∗
i = β0 + βxi1 + · · · + β5x5i + εi, with εi

IID∼ N(0, σ 2). The response Yi is a latent
variable that is observed for values greater than τ = 0 and censored at zero otherwise.
The corresponding ML estimates (with estimated asymptotic standard errors in paren-
thesis) are: β̂0 = −2.53493(1.66607), β̂1 = −0.16480(0.02781), β̂2 = 0.68248(0.08036),
β̂3 = −2.68773(0.42181), β̂4 = 0.07810(0.14983), β̂5 = 0.22139(0.02476) and log(̂σ ) =
1.47311 (0.03678). Note that the covariate X4 is marginally non-significant at 10%; see
Figure 2.We calculate also Akaike (AIC), Bayes (BIC) and corrected AIC (CAIC) informa-
tion criteria, whose values for Mroz data are AIC = 2893.85, BIC = 2926.22 and CAIC =
2893.93.

The normal probability plot with simulated envelope for the MT residual provided in
Figure 3 (left) indicates that a heavy-tailed error distributionmight bemore appropriate. A
diagnostics analysis based on this residual highlights strongly the cases #185, #210, #304,
#349, #357, #366 and #408; see Figure 3 (center). For example, the case #408 corresponds to
one married white women with 36 years, 12 years of education, 1 kid smaller than 6 years
old, 3 children between ages 6 and 18 years, 4 years of previous labor market experience
and an average hourly wage of 25 dollars. Figure 4 displays an index plot of total local
influence under case-weight perturbation, which shows the cases #74, #185, #349, #366 and
#408 with an outstanding influence. Figure 4 (2nd panel) shows a similar behavior under

Figure 2. Confidence intervals of 95% for the coefficients of the tobit-normal model with Mroz data.
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Figure 3. Probability plot with envelope (left), index plot of the MT residual (center) and index plot of
the GCD (right) for Mroz data using the Tobit-normal model.

scale perturbation, such as it occurs with response and covariate perturbations displayed
in Figures 4 (3rd and 4th panels), respectively, but with a smaller degree of influence.

To evaluate the effect on the ML estimates of the Tobit-normal regression coeffi-
cients, when some case is removed, we analyze the GCD and local influence index
plots presented in Figure 3 (right) and Figure 4, respectively. Note that the case #349 is
potentially influential on these estimates. Table 2 presents the relative changes (RC) in
the estimates after removing one of the five cases with outstanding influence and also
when together them are removed at once. Then, we have the following combinations of
cases (using the command combn() of the R software): I1 = {74, 185}, I2 = {74, 349},
I3 = {74, 366}, I4 = {74, 408}, I5 = {185, 349}, I6 = {185, 366}, I7 = {185, 408}, I8 =
{349, 366}, I9 = {349, 408}, I10 = {366, 408}, I11 = {74, 185, 349}, I12 = {74, 185, 366},
I13 = {74, 185, 408}, I14 = {74, 349, 366}, I15 = {74, 349, 408}, I16 = {74, 366, 408}, I17 =
{185, 349, 366}, I18 = {185, 349, 408}, I19 = {185, 366, 408}, I20 = {349, 366, 408}, I20 =
{74, 185, 349, 366}, I21 = {74, 185, 349, 408}, I22 = {74, 185, 366, 408}, I23 = {74, 349,
366, 408}, I24 = {185, 349, 366, 408}, I25 = {74, 185, 349, 366} and I26 = {74, 185, 349,
366, 408}. Note that, in general, the RCs are large, even for those estimates that are not
significant at 10%. Observe that, for some coefficients, there are changes in the inference
(values detached in gray in Table 2). In particular, β0 is not significant at 10% after elimi-
nating the case #185 and the cases #185 and #408. Therefore, we have inferential changes
after removing the potential influence cases.We conjecture that the use of the tobit-t model
can solve these problems of inferential changes.

4.6. Analysis under the Tobit-t model

Now, we present an analysis under the Tobit-t model defined by Equation (2) with εi
IID∼

t(0, σ 2, ν) for Mroz data. An important point to be considered under the Tobit-t model is
related to the estimation of its DFs ν. Lange et al. [27] and Berkane et al. [4] recommended
to fix this parameter. They suggest to use ν = 4 or otherwise to get information for ν from
the data set. Lucas [39] demonstrated that, in regressionmodels based on the t-distribution,
theML estimation procedure is robust onlywhen ν is fixed; see also [45]. To select the value
for ν, we follow the non-failing optimal criterionmentioned in Section 2.3, which coincides
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Figure 4. Index plot of Ci(θ) (left), Ci(β) (center) and Ci(σ ) (right) under case-weight (1st panel), scale
(2nd panel), response (3rd panel) and covariate (4th panel) perturbations in the Tobit-normal model for
Mroz data.

with the suggestion to use ν = 4 proposed in the literature and with the information crite-
ria. For the Tobit-t model with ν = 4, the ML estimates (with estimated asymptotic stan-
dard errors in parenthesis) are: β̂0 = −0.867191(1.252939), β̂1 = −0.164362(0.021035),
β̂2 = 0.584492(0.066725), β̂3 = −2.622181(0.346127), β̂4 = −0.003644(0.118703), β̂5 =
0.214075 (0.018564) and log(̂σ ) = 1.045799(0.044781). Here, once again, the covariateX4
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Table 2. RCs (in percentage) of the ML estimates after the indicated case(s) is(are) removed in the
Tobit-normal model for Mroz data.

Coefficients

Removed case(s) β0 β1 β2 β3 β4 β5

{74} 2.891 1.450 1.751 7.200 48.879 1.667
{185} 4.120 2.754 0.999 4.759 8.164 0.437
{349} 28.418 8.210 1.624 1.177 48.412 2.522
{366} 6.578 3.716 0.522 0.755 21.978 1.088
{408} 4.687 1.152 0.528 3.577 54.653 1.702
I1 1.275 1.353 0.711 2.262 56.199 1.221
I2 31.341 9.637 0.104 5.934 97.201 0.848
I3 9.424 5.130 2.253 6.357 26.486 0.579
I4 7.757 0.334 1.263 11.082 105.359 3.435
I5 24.298 5.291 2.679 6.073 56.582 2.821
I6 2.476 0.869 0.512 5.590 13.644 1.449
I7 0.671 4.058 1.599 1.364 62.887 1.413
I8 35.194 11.935 1.123 2.015 26.399 3.581
I9 33.119 6.875 2.212 2.251 103.348 0.659
I10 11.248 2.444 0.046 2.729 32.891 0.705
I11 27.174 6.664 0.995 0.849 104.492 1.155
I12 5.275 2.232 1.176 1.339 33.958 0.209
I13 3.696 2.626 0.148 5.947 112.699 3.138
I14 38.069 13.324 0.583 5.003 74.752 1.907
I15 36.227 8.335 0.446 9.659 153.963 1.084
I16 14.271 3.891 1.724 10.141 83.164 2.439
I17 31.089 8.907 2.219 6.998 34.742 3.791
I18 29.105 3.775 3.350 2.852 111.584 0.785
I19 7.255 0.569 1.158 2.300 41.317 0.504
I20 39.871 10.462 1.757 1.306 81.561 1.612
I21 33.915 10.238 0.558 0.175 82.196 2.123
I22 32.165 5.174 1.632 4.350 161.265 0.953
I23 10.231 0.820 0.565 4.911 90.674 2.231
I24 42.929 11.878 0.015 8.614 131.721 0.133
I25 35.877 7.233 2.944 3.900 89.996 1.632
I26 38.886 8.584 1.252 3.194 139.197 0.110

is marginally non-significant at 10%; see Figure 5. The obtained values for the information
criteria are AIC = 2760.99, BIC = 2793.36 and CAIC = 2761.06. Note that the Tobit-t
model provides less loss of information than the Tobit-normalmodel, doing it to be a better

Figure 5. Confidence intervals of 95% for the coefficients of the Tobit-t model with Mroz data.
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Figure 6. Probability plot with envelope (left), index plot of the MT residual (center) and index plot of
the GCD (right) for Mroz data using the Tobit-tmodel.

model to describe Mroz data. In addition, from Figure 6, observe that the assumptions
assumed for the model do not seem violated as in the Tobit-normal model. Furthermore,
from Figure 7, the graphical local influence analysis assesses a potential influence of the
cases # 598, #692 and #680, only under scale perturbation.We remove these cases and refit
the Tobit-tmodel, but no inferential changes were detected. This indicates that, unlike the
Tobit-normalmodel, we conjecture a robustness of theML estimation procedure under the
Tobit-tmodel. Figure 8 displays the estimated weightw(̂δ2i ) against the MT residual. From
this figure, note that the cases with larger residuals in Figure 3 receive a smaller weight
in the ML estimation procedure under the Tobit-t model, which shows empirically the
robustness of this procedure. In summary, we can conclude that the Tobit-tmodel is better
than the Tobit-normal model to describe Mroz data.

4.7. Final model

Therefore, the final fitted model selected from our analysis is given by

Ŷi =
{
0, Y∗

i ≤ 0, i = 1, . . . , 325;
Ŷ∗
i , Y∗

i > 0, i = 326, . . . , 753,

where Y∗
i is a latent variable whose fitted model is Ŷ∗

i = −0.88341 − 0.16416x1i +
0.58459x2i − 2.62088x3i + 0.21421x5i, with σ̂ = 2.846. The coefficients of the Tobit-t
model are interpreted in the similar manner to standard regression coefficients. However,
the linear effect is on the uncensored latent variable and not on the observed response
variable. The expected wife’s average hourly wage (in 1975 dollars) changes according to
the coefficient for each unit increased in the corresponding covariate. Thus, we have the
following interpretations from the fitted Tobit-t model based on Mroz data:

• Constant term: If all of the covariates in the model are evaluated at zero, the wife’s aver-
age hourly wage is estimated at−0.88341 (in 1975 dollars). Nevertheless, the value zero
for wife’s age is outside the range of plausible values for this variable.

• Wife’s age (in years): If the age of a woman increases in one year, her average hourly wage
is estimated to decrease in 0.16416 dollars, keeping all other covariates in the model
fixed. Thus, as the wife’s age increases, her estimated average hourly wage decreases.
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Figure 7. Index plot of Ci(θ) (left), Ci(β) (center) and Ci(σ ) (right) under case-weight (1st panel), scale
(2nd panel), response (3rd panel) and covariate (4th panel) perturbations in the Tobit-t model for Mroz
data.

• Wife’s education (in years): If the education of a woman increases in one year, her aver-
age hourly wage is estimated to increase in 0.58459 dollars, keeping all other covariates
in the model fixed. Thus, as the wife’s education increases, her estimated average hourly
wage increases as well.
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Figure 8. Estimated weightw(̂δ2i ) against the MT residual in the tobit-t model for Mroz data.

• Number of children smaller than 6 years old in household: If the number of children
smaller than 6 years old in household increases in one unit, her average hourly wage
is estimated to decrease in 2.62088 dollars, keeping all other covariates in the model
fixed. Thus, as the number of children smaller than 6 years old increases, her estimated
average hourly wage decreases.

• Years of wife’s previous labor market experience: If the number of years of a woman
increases in one year, her average hourly wage is estimated to increase in 0.21421 dollars,
keeping all other covariates in the model fixed. Thus, as the wife’s previous labor market
experience increases, her estimated average hourly wage increases as well.

5. Conclusions and future research

It is well known that the normal distribution is not always suitable for data modeling. The
standard Tobit model was constructed under the assumption of a normal distribution. In
this paper, we generalized the standard Tobit model relaxing the assumption of normal-
ity to do the kurtosis of the data distribution flexible and then to describe heavy-tailed
phenomena. Specifically, we proposed a methodology based on the Tobit model under the
family of elliptically contoured distributions. This family has been widely used for pro-
viding generalizations of models based on the normal distribution, with excellent practical
results. One of itsmembers is the Student-t distribution, which offers amore flexible frame-
work for modeling heavy-tails or extreme data that are frequently detected in practical
situations. Estimation and inference based onmaximum likelihoodmethods were derived.
In addition, we discussed residual analysis and global/local influence methods. In partic-
ular, martingale-type residuals were considered to evaluate the distributional assumptions
and to detect atypical data. Furthermore, we compute the generalized Cook distance as
global influence measure. Normal curvatures were obtained as measures of local influ-
ence. Explicit expressions for the observed information matrix and for the perturbation
matrix, in several scenarios, were presented. We implemented the proposed methodol-
ogy in an R package and illustrated it with real-world econometrical data by using this
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package. The application provided new evidence on the capabilities of the Student-t dis-
tribution with a small quantity of degrees of freedom for accommodation of atypical data,
showing an excellent performance and reducing the influence of atypical cases in themaxi-
mum likelihood estimators of the Tobit model based on the Student-t distribution. As part
of a future research, we leave open the following issues. The proposed methodology can
be extended to other distribution-free semiparametric estimators. For example, censored
least absolute deviations estimators may also be used in Tobit models. In addition, asym-
metrical distributions and the inclusion of multivariate aspects in Tobit models, as well as
spatial components, can also be considered; see [22,40,41]. Work on some of these issues
is currently in progress and we hope to report some findings in a future paper.
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