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a b s t r a c t
Large datasets containing the purchasing information of thousands of consumers are
difficult to analyze because the possible number of different combinations of products
is huge. Thus, market baskets analysis to obtain useful information and find interesting
pattern of buying behavior could be a daunting task. Based on the maximum entropy
principle, we build a probabilistic model that explains the probability of occurrence of
market baskets which is equivalent to Ising models. This type of model allows us to
understand and to explore the functional interactions among products that make up
the market offer. Additionally, the parameters of the model inferred using Boltzmann
learning, allow us to suggest that the buying behavior is very similar to the spin-glass
physical system. Moreover, we show that the resulting parameters of the model could
be useful to describe the hierarchical structure of the system which leads to interesting
information about the different market baskets.
© 2019 Published by Elsevier B.V.

1. Introduction
Since the last twenty years, statistical physics models have been used to understand and discover properties of economic systems. For example, some pioneering studies have been able to detect hierarchical structures between different
stocks traded in financial markets, using tools and procedures developed to model physical systems by determining
correlations among assets [1–3]. Some of these studies have had a greater impact on quantitative finance, introducing
new methodologies and models to explain price fluctuations [4,5], to identify the noise in financial correlation matrices
to improve portfolio optimization [6], also to describe the dynamics and properties of assets in which scaling laws have
been found [7–9].
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In the field of marketing and consumer behavior, there are large volumes of data present in transactional databases
that record each purchase of a customer over time. The availability of this data makes it interesting to study purchasing
patterns at an aggregate level. A recent area of research on purchasing patterns using networks has revealed that the
buying phenomenon exhibits scale properties. The networks of products built from the list of transactions tend to possess
the typical scale-free network [10–12]. However, unlike quantitative finance, there appears to be no further development
in the analysis of purchasing behavior using more sophisticated techniques.
In this paper, we investigate purchases from transactional databases. These data contain the information of market
preferences that can be seen as a complex system composed of many spins (or market offers) that interact with each
other. The products purchased, reveal the preferences of the consumers of a set of various brands and products available
at a given time. In a physical sense, a market basket is equivalent to a spin configuration in the system. Our approach
is based on modeling purchases statistically using the maximum entropy principle [13,14]. The resulting model allows
us to understand how purchasing units interact with each other and to observe recurring behavior patterns in different
product samples.
The maximum entropy principle has been a useful tool for studying scale and structure properties in neurosciences. For
instance, it is possible to model collective neurons activations under different stimuli [15–18]. In these cases, the idea is
to characterize the distribution of the physical system by taking the first moments and the pairwise correlations between
the variables of the observed distribution, and use them as constraints. Then through a process of entropy maximization,
it is desirable to find a distribution that is consistent with those moments and correlations, but does not assume the
existence of higher order interactions. This kind of distribution follows the Boltzmann distribution. The inference of the
parameters of this distribution is difficult in general, and it corresponds to the inverse Ising problem [19].
In this line, we demonstrate that the Ising model approach is also feasible for describing the aggregate purchasing
behavior of a large number of consumers. This approach allows an economic interpretation, in which the inferred
parameters of the distribution can be understood as a measure of economic activity among the elements that constitute
the system [20].
The results indicate that this kind of models are able to recover satisfactorily the distribution of the states. This makes it
possible to validate the hypothesis that the pairwise interactions contain enough information to explain the phenomenon
of purchases, as has been discovered in financial markets and in the functioning of biological neurons. As an example
of the application of the inferred parameters, we use the couplings to obtain the hierarchical structure of the collective
purchasing system.
2. Model and learning
Using the empirical data, it is necessary to find a probability distribution whose number of parameters is less than
the possible number of purchase states. The states of the collective system of purchases are all possible combinations of
elements that make up a market basket. Under the approach of the Ising-based model, we represent a market basket with
the state s = (s1 , . . . , sN ). Each spin si = ±1 represents the presence or absence of the product i in the market basket.
The probability of observing one of these states is described by:
1
exp (−β H(s)) .
(1)
Z
We denote P(s) as the Gibbs distribution. Here H(s) represents the Ising energy of the system in which we consider
only the pairwise interactions and not the higher orders. The parameter β (the inverse of the temperature) represents
the fluctuations or randomness. For large temperatures (β → 0), thermal fluctuations dominate the system and all spin
configurations have equal probability, whereas long range order and aligned spins domains are observed for smaller
temperature than a critical temperature Tc (β > βc ). Finally, in the zero temperature limit (β → ∞) spins take a well
defined value. This fact will become more precisely later-on, according to the transition probability (7). The constant Z is
the partition function that ensures normalization, and H(s) is:
P(s) =

H(s) = −

∑
i

hi s i −

1∑
2

Jik si sk ,

(2)

i<k

which represents the Hamiltonian or the energy of the system in the configuration s. The interaction between a product
i and another k is represented by the couplings Jik . These parameters represent a measure of influence of one product on
another. If Jik > 0, both products tend to be present simultaneously in the market basket, while Jik < 0, one product is
present while the other is not (equivalent to say that the spins are in opposite directions). The external field (the magnet
field in the usual Ising model) of ith product is hi . It can be considered as the effect of external agents to the system that
influences the product i [20]. The Gibbs probability depends explicitly on the products of the parameters hi , Jik and β ,
therefore we cannot determine all parameters but the products: h∗i = β hi and Jik∗ = β Jik which are the ones that have
relevance. From now on we drop the ∗ in these parameters. Some configurations are more likely to occur than others,
not only because of every single spin (product), but also because of the interrelationship of those products with others
in the same market basket. The probability of occurrence of the configurations is directly related to the energy of the
system expressed in Eq. (2). Thus, the Jik couplings of the system have consequence in the realization of different market
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baskets. The process of inferring parameters h∗i y Jik∗ from data is known as the inverse Ising problem [19]. The result of
the inference gives an approximation to the pairwise distribution P(s) in which:

⟨si ⟩I sing = ⟨si ⟩data ∀i,

(3)

⟨si sk ⟩I sing = ⟨si sk ⟩data ∀i ̸= k.

(4)

Our approach used to learn the distribution, follows the principle of maximum entropy [13,14] which has various
applications such as neuroscience and neuro-computing, particularly in cases in complex systems where there are a
limited amount of data available, and it is necessary to make inferences on the states of the total system with these
data [21]. We consider a Boltzmann learning process [22] in which the parameters of H(s), the fields and couplings, are
inferred iteratively through successive corrections calculated as:
hτi +1 = hτi + ν ⟨si ⟩data − ⟨si ⟩τI sing ,

(

τ +1

Jik

τ

)

τ

(5)

= Jik + ν ⟨si sk ⟩data − ⟨si sk ⟩I sing .

(

)

(6)
τ

where ν is the learning rate parameter, and it is understood that the Ising averages are done with the parameters hi and
Jikτ . We use as the initial values for the field and the couplings, the mean of the activation
of the spins
(
) (and the correlation
between spins, respectively, i.e., hτi =0 = ⟨si ⟩data and Jikτ =0 = ρik being ρik equal to ⟨si sk ⟩ − ⟨si ⟩⟨sk ⟩ / (⟨s2i ⟩ − ⟨s2i ⟩)(⟨s2k ⟩ −

⟨s2k ⟩)

)1/2

(see Section 5 for more details).
The transition probabilities of the state changes were simulated using the Metropolis–Hasting (MH) algorithm. Thus,
spin states swap s → s′ , are done by comparing with a random number generated uniformly in the interval [0, 1] [23],
being the transition probability given by:

Π (s → s′ ) =

{

1
exp (−β ∆E )

∆E ≤ 0

if
otherwise

,

(7)

where ∆E = H(s) − H(s′ ) is the energy difference between the initial state s and the final state s′ . In this way, it is possible
to compute the observables ⟨∗⟩I sing . This process is iterated as many times as necessary until a certain level of accuracy
is reached, or up to a predetermined number of iterations of the Boltzmann learning.
3. System of collective purchases
3.1. The data
To carry out our analysis, we took a transactional database of 179 610 purchase records from 17 093 regular customers
of a branch of a supermarket chain in Santiago, Chile. These data involve purchases between July 2010 and November
2011. This branch is located in a sector of high public affluence, and it is usually used by consumers to make on-the-spot
purchases, i.e., purchases of a low number of products and not for the end-of-the-month shopping to replenish household
food.
The database contains detailed purchasing information of the available products. We have considered as a unit of
analysis, the subcategories of products, which in total are 220. However, we took the 21 top sellers subcategories. For our
purposes, these subcategories are equivalent to the individual elements of the collective system of purchases.
To analyze the results of the inverse Ising problem, we took M = 250 samples from the transactional dataset, each
one with a different combination of subcategories, but keeping always N = 12 of them. In this way, it is possible to have
different number of samples to compare results under different combinations of purchases and products. The range of
the number of transactions in the samples varies between 23 487 and 70 921.
3.2. Small correlations for purchases
To get an idea of the means and correlations between subcategories of products, we have taken a sample Mi of the
set of the 250. For this sample we estimated the density of the means of the product occurrences of each product, and
their pairwise correlations. In Fig. 1A it is observed that in general, subcategories tend to be present in less than 30% of
the total of the market baskets, while few products tend to have greater presence. Fig. 1B illustrates the density of the
correlations between products. It is interesting to note that the correlations are small. 95% of the correlations are between
−0.19 and 0.18, with a mean of −0.035. In fact, these correlation magnitudes tend to be small in the same way for all
other samples. The 95% interval of the mean correlations of all samples is [−0.053, −0.015].
These results suggest that the presence or activation of a subcategory (i.e., the purchase of a product belonging to
that subcategory), is independent of what happens to other products in other subcategories. This would indicate that
the system that governs the phenomenon of collective purchasing, is independent of the elements that constitute it,
or that there are no correlations between the products. If we assume a model in which the probability of activation of a
product is independent of another product, then the probability p(K ) that K products are active in a market basket1 would
1 The total number of active products in a basket is K =

1
2

(

N+

∑N

i=1 si

)

.
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Fig. 1. A, Density of means of product occurrences of subcategory products for one of the M transactional sets, ⟨si ⟩ = 0.223. B, Density of correlations
between pair of subcategory products of the sample, ⟨Cij ⟩ = −0.035. The dashed red lines indicates the mean of the distributions. C, Probability
distribution of the number of subcategory activations K of the empirical model (black) and of the independent model (blue) computed assuming
a Poisson distribution. The last one was computed taking individual activation probabilities for each subcategory of the sample. The y-axes is in
logarithmic scale.

approximate a Poisson distribution. This distribution is represented in Fig. 1C by blue triangles, while the distribution with
black dots is from the empirical data of a selected sample. The distribution p(K ) of the empirical data approximates an
exponential distribution: p(K ) ∼ e−λK with the parameter λ = 2.26 ± 0.08 as a result of the fit. On the other hand, the
Poisson distribution that assumes independence between spins, tends to overestimate the probability in a mid range of K ,
while for more extreme values, the distribution tends to underestimate these probabilities. These differences suggest that
the market baskets do not appear to be a result of a behavior that assumes complete independence between its elements.
This makes us suspect that even when correlations between pairs of subcategories are small, there are higher order
interactions or multicorrelation between products that cannot be captured with simple linear correlations. In this way,
it is possible that the correlations between different product groups, reinforce each other as a system of interconnected
network. In this way, we opted for a maximum entropy model that brings us closer to the distribution of the 2N possible
states that make up the empirical market baskets.
4. Model consistency
To show that the pairwise model of maximum entropy P(s) is consistent with the actual transactions, we carry out, for
each of the 250 samples, a Boltzmann learning process of 2000 steps with an initial learning rate ν = 0.8 with a decay
of 0.01. In each of these Boltzmann learning steps, we computed the means and correlations from 40 000 Monte Carlo
samplings steps, using binomial initial configuration as si = ±1 with probabilities 1/2, 1/2.
We track the mean squared error (MSE2 ) between the data and the reconstructions ⟨si sk ⟩data − ⟨si sk ⟩τI sing and ⟨si ⟩data −
⟨si ⟩τI sing . While the number of Boltzmann machine iterations is fixed, we have ensured that with this number of steps, the
MSE is always less than 10−3 .
4.1. Means and correlations recovery
To test consistency between the model learned and the empirical data, for each sample, we computed the means ⟨si ⟩
and the two-body connections ⟨si sk ⟩ of the empirical sample, and one from a simulated sample (⟨s∗i ⟩ and ⟨s∗i s∗k ⟩) using the
learned P(s). The results are illustrated in Fig. 2 for a specific sample Mi .
Fig. 2A and B show the plot between the means and the recovered pairwise connections for a randomly chosen sample
of transactional data Mi . In both cases the root mean square error (RMSE) was 0.0026 and 0.0052 respectively with
correlations above 0.9. For the correlations Cik , Fig. 2C, shows that the situation is similar. The RMSE was 0.0075 and
correlation was 0.801. The comparison between the observed components and those recovered from the distribution of
maximum entropy, suggests that the model was capable to recover successfully the orientations and covariances of the
collective purchasing system.
A general picture of the recovery of the pairwise connections is illustrated in Fig. 3A and B, in which we included the
results of all sets of 250 samples. As each sample Mi contains a different set of N = 12 subcategories of products, we have
different measurements of pairwise connections Cik for the same pair of products i and k. These values are averaged and
)2
τ
2 For example, for pair correlations, MSE = ∑(⟨s s ⟩
/T where T is the total number of pair correlations. The summation is on all
i j data − ⟨si sj ⟩I sing
pairs of combinations between spin i and j.
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Fig. 2. A, Recovered means ⟨si ⟩ from a MH sampling versus empirical ones. Straight line indicates equality. RMSE = .0026, ρ =.999; B, Recovered
two-body connections ⟨si sk ⟩ from a MH sampling versus empirical ones. RMSE = 0.0052, ρ = 0.979; C, Recovered correlations Cik = ⟨si sk ⟩ − ⟨si ⟩⟨sk ⟩
from a MH sampling versus empirical ones. RMSE = 0.0075, ρ = 0.801.

Fig. 3. A, Mean of the recovered two-body connections versus empirical ones from 250 different MH simulations of each one of the samples, RMSE

= 0.0028, ρ = 0.976; B, Pooled version of A, all correlations were plotted together; C, Distribution of the number K of simultaneous product
activations in the market baskets. Error bars represent the standard deviations over the set of M = 250 samples with N = 12 subcategories. Black
line represents the empirical data, and the red points were obtained from Metropolis–Hasting simulations for every sample . (For interpretation of
the references to color in this figure legend, the reader is referred to the web version of this article.)

a standard deviation is calculated, which is plotted in Fig. 3A. In Fig. 3B, we did not take the average and we just plotted
all the values of Cik independently. These two graphs allow us to have an appreciation of the capability of the pairwise
model P(s) to retrieve these connections.
Fig. 3C, shows in black color the distribution of the number of activated subcategories K in the market baskets for all the
set of the M = 250 samples. This behavior approximated to an exponential distribution p(K ) ∼ e−λK with λ = 2.44 ± 0.03.
We also include the distribution from the inferred pairwise model (in red color). The dashed red line represents a Gaussian
2
fit, p(K ) ∼ e−α K +β K with α = 4.53 ± 0.19 and β = −14.26 ± 0.19. The pairwise model predicts a good distribution of
simultaneous activations of products. However, from K ≥ 6 it is possible to observe a complete divergence between the
two distributions, which makes us think that influence of higher-order effects, are determining the behavior for market
baskets with the higher number of products. Thus, the pairwise model P(s) (Eq. (1)) seems to be a good model to explain
the collective phenomenon of shopping but for market baskets of size K ≤ 5 products.
4.2. Inferred fields and couplings
The relationship between hi and si , and the relationship between Cik and Jik are not trivial as can be seen in Fig. 4.
Taking into account all the parameters of the 250 samples, 95% of the field values are between −1.33 and 0.80, with a
mean of ⟨hi ⟩ = −0.589, while for the couplings these values correspond to −0.98 and 0.25 with a mean of ⟨Jik ⟩ = −0.422.
This result indicates that ⟨hi ⟩ < 0 and, more important, the mean of coupling constant is also negative ⟨Jik ⟩ < 0. Because
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Fig. 4. A, Inferred field hi for all set of samples M against their respective means orientations si ; B, Inferred couplings Jik for all set of samples M
against their respective pairwise connections Cik .

of the distributed nature of the coupling constant there are similarities with the spin-glass behavior. A spins-glass is a
disordered system in which two spins can interact in a ferromagnetic way (the interaction allows a decrease of the energy
by the alignment of the spins), or in an antiferromagnetic way (the interaction allows an increase of the energy by the
anti-alignment of the spins). The distribution of the couplings f (Jik ) is very similar to a Gaussian, being the value of the
negentropy3 equal to J(f (Jik )) = 0.0138 ± 0.00031. As these couplings are quenched, this results in some ground states
of the system that could be frustrated, i.e., there will be indefinite spins orientations due to the random nature of the
distribution of the couplings, where some lead to ferromagnetic and antiferromagnetic interactions at the same time over
a spin. This results in low-energy states with energies very close to the global minima of the system [25].
Fig. 4A shows that there is a positive relationship, as expected, between the orientations and the fields hi . Something
similar happens in Fig. 4B for the relationship between pairwise connections and couplings Jik . These results show that
the fields and couplings portray much more information than only the linear dependence between the products of the
collective purchasing system.
4.3. Are data explained by pairwise interactions?
The maximum entropy distributions inferred with the Boltzmann learning process seem to be satisfactory in recovering
the net orientations and pairwise correlations between the subcategories of products. However, this tells us nothing about
the influence of higher order interactions between the variables. To evaluate the ability of the pairwise model P2 = P(s)
(In this section we added explicitly a sub-index 2 to the probability (1) to underline that it refers to a pairwise probability.)
to capture intrinsic information in the collective purchasing system, we computed the Kullback–Leibler divergence [26]
between the empirical distribution Pemp (s) and the maximum entropy distribution P2 (s), DKL (Pemp ∥ P2 ). Then, we compared
this value with the Kullback–Leibler divergence between the empirical distribution and the distribution of the independent
model, i.e., Poisson distribution4 P1 , DKL (Pemp ∥ P1 ), with:
N

DKL (Pemp ∥ P2 ) =

2
∑
i=1

Pemp (si ) log

Pemp (si )
P2 (si )

(8)

where si is one of the 2N states of the system. The Kullback–Leibler divergence is also equivalent to the entropy (S)
difference between the interacting variables of the system, and the variables taken independently, which has been called
multi-information IN = S(P1 ) − S(Pemp ) [27]. This indicates the total amount of information due to interactions, while
I2 = DKL (P1 ∥ P2 ) = S(P1 ) − S(P2 ) measures the amount of information due to second-order interactions. The ratio I2 /IN
gives us an indication of how much information is explained by second-order interactions.
The mean of I2 /IN for all 250 samples was 0.779, while 95% of these measures are between 0.483 and 0.985. The
distribution of the ratios can be seen in Fig. 5A, top right. Although that result indicates that the pairwise distribution
explains most of the available information, we also see that 3.2% of the ratios are below 50% which would indicate that in
these cases, the pairwise correlations are not enough to explain the purchasing information at an aggregate level. There is
information that the maximum entropy model does not capture, and it is primarily due to higher order effects, particularly
3 Negentropy is a distance measure from normality defined as J(y) = H(y ) − H(y) where H(y) is the entropy of the data density, and H(y ) is
g
g
the equivalent entropy of a Gaussian density with the same mean and variance of y. The value of the entropies were computed using a plug-in
estimator [24]. A negentropy equal to zero indicates that y is Gaussian.
4 P (s) = e−λ λk , where λ was computed the average of products present in the market baskets, and k is the number of products present for a
1

state s.

k!
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Fig. 5. A, Distribution of the Kullback–Leibler divergence for all sets of the M samples, between the empirical and independent model DKL (Pemp ∥ P1 ),
( )
and between the empirical and pairwise model DKL (Pemp ∥ P2 ); B, Comparing the magnitude of the two-body connections log |Cij | with the log of
the ratio I2 /IN . The dashed line
a fit between the two variables (RMSE = 0.096, R2 = 0.76, β = 0.509). C, Comparing the magnitude of
( represents
)
the two-body connections log |Cij | with the Kullback–Leibler divergence between P2 (s) and Pemp (s) (RMSE = 0.224, R2 = 0.14, β = −0.272).

when it comes to activations with a number of more than 5 products as shown in Fig. 3C. Despite the above, the pairwise
distribution has a behavior more similar to that of the observed distribution than the independent model P1 . As shown
in Fig. 5A, the Kullback–Leibler divergence DKL (Pemp ∥ P2 ) and DKL (Pemp ∥ P1 ) are well separated. In fact, the mean of
DKL (Pemp ∥ P2 ) is 0.122, while the mean of DKL (Pemp ∥ P1 ) is 0.555.
Since the ratio I2 /IN expresses the proportion of information that is attributed to pairwise interactions, it is expected
that this measure has some relation to the existing correlations between pairs of Cij products. This is precisely what Fig. 5B
illustrates, in which the logarithm of these two quantities is compared. In this graph, the x-axis includes the averages of
the existing correlations between all pairs of products for each sample. As the amount of correlation increases in absolute
terms, so does the information explained by these second order interactions. Similarly, and verifying the previous result,
Fig. 5C shows that as the level of correlation increases in the system, the divergence between the distribution of observed
states and that of maximum entropy tends to decrease. The fact that there is variability in the divergence for different
correlation values expresses evidence that higher-order effects are present in the collective purchasing system.
5. Application to a transactional sample dataset
Recently, it has been found that, similarly to the stock market, the aggregated purchasing behavior of retail consumers
tends to form its own hierarchical structure [28]. The construction of minimum spanning tree (MST) using the Prim’s
algorithm, based on the correlations between product activity, is a good alternative for discovering the hierarchical
structure. From a graph oriented perspective, every element of the system is a node and edges between them are obtained
from a transformation of a distance measurements, as for example, a correlation matrix. From this graph, a MST is found
which reduces the space from N(N − 1)/2 correlations to (N − 1) edges [29]. Next, from the MST, it is possible to construct
a hierarchical tree by means of ultrametric distances [30], see [1] for a detailed description of the process.
As the coupling parameters describes the non-linear interaction between spins of the system, it is possible to use
the couplings matrix {Jik } to find the hierarchical organization of the system, and relate the to their energy levels. The
couplings matrix is a symmetric N × N matrix being N the number of spins or products. However, the values of the
couplings matrix must be transformed in such a way that positive coupling values represent closeness between two
products, while negative values indicate larger distance. The MST can be found using Prim’s algorithm using as an input
the transformed values of the coupling matrix, {dik }. Then, ultrametric distances dultr
ik are found. The ultrametric distance
between node i and k will be the maximum distance found in the path between the two nodes through the MST [30].
To exemplify the relationship between the hierarchical structure and the energy calculated on the basis of the
parameters of the Ising distribution, we take a sample of any of the 250. We calculate the MST using the couplings inferred
with Boltzmann learning5 and for each of the possible states of this collective purchasing system, we calculate their
energies and ultrametric distances dultr . Fig. 6 shows the corresponding MST and the dendrogram using the ultrametric
distances between each product.
It is easy to see that for instance, product subcategories 80 (vitaminized pasta) and 7 (vegetable oil) are in the same
hierarchy and represent by itself a group that is at the same ultrametric distance. Likewise, both have a strong positive
coupling, suggesting that these two products tend to be present (or absent) simultaneously in market baskets. Then, at
5 An appropriate transformation was used to represent positive coupling as closeness between two products, and negative values as farness.
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Fig. 6. Resulting MST using a proper transformation of coupling parameters inferred from the sample data. A thicker edge between two nodes
indicates greater closeness. Green nodes indicates products with hi < 0 and the red ones with hi > 0. The ultrametric distances in the dendrogram
are subtracted by the minimum of those distances to improve the visualization . (For interpretation of the references to color in this figure legend,
the reader is referred to the web version of this article.)

Fig. 7. Energy changes when passing from one hierarchical structure to another. The red numbers represent the energy needed to move from one
state to another, indicated by arrows. The black numbers identify the active products in each state . (For interpretation of the references to color in
this figure legend, the reader is referred to the web version of this article.)

the next level of the hierarchy, subcategory 11 is added to the group, which is at the nearest distance. In fact, in the MST,
elements 11 (rice grade 2) and 80 are also very close to each other, through a positive coupling.
We consider that, according to the hierarchical structure produced by the ultrametric distances, each group of products
is equivalent to a particular state of the system. Thus, it is possible to know the energy requirements of each group
(represented by the state of the active products) to overcome the ultrametric distance barriers. In other words, we want
to know what is the increase in utility required to meet market baskets with products from different hierarchical groups.
In Fig. 7, the black dot represents the global minimum. In this state there are three active products: 80, 7, and 11
and all three are at an ultrametric distance of dultr = 1.648. These products together are in the same hierarchical group.
An energy increase of δ E = 0.0757 produces a jump to a new hierarchy and state given by products 80 and 7, that is,
product 11 is left out of the market basket. Again, an energy increase of δ E = 1.4088 overcomes a barrier of ultrametric
distances to reach a new state consisting of products 80, 7, 11 and 89 (canned mackerel), which are at the same distance
of dultr = 1.669. From this state, a substantial increase of energy of δ E = 11.8954 allows to overcome two ultrametric
distance barriers, reaching the hierarchical group composed by products 80, 7, 11, 89, 55, 42, 94, 72, 28, 204. The energy
needed to reach this state is high, so it is a very unlikely state in the system. However, it is interesting to note that this
state can be reached from another starting point with energy increments starting from the group/state 55 and 94 or 28
and 204.
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6. Conclusions
This study has shown that it is possible to describe transactional data using the maximum entropy principle, in
which the aggregate purchasing system of a multitude of transactions can be analyzed with a pairwise Ising model.
Using Boltzmann learning, it was possible to find the field parameters of each product and the couplings between pairs
of products that allows to parameterize the distribution of market baskets. The maximum entropy distribution P(s) is
consistent with the structure of correlations between product pairs and activations (presence) of the products in the
market baskets.
The inferred Ising model for different samples, indicated that second-order interactions explain on average 77.9% of
the information contained which implies that the aggregate buying behavior of thousands of consumers emerges from
interactions between pairs of product items.
The Ising pairwise model is useful to understand certain properties of the system. For example, for certain products,
field energy dominates the energy provided by interaction with other products, while on the other hand, there are products where interaction dominates the activation energy. Even when different samples have been used, the identification
of jammed states or states of minimum energy revealed that there are products that consistently are present in low
energy configurations. This is evidence of consistency between model estimates with different samples and different
combinations of product groups.
Furthermore, the use of the couplings to obtain a network representation of the purchasing system and the hierarchical
structure that emerges from the topology of that network, is extremely interesting because it allows to understand the link
that exists between the energy of a state and its revealed hierarchy. However, there are also higher order interactions that
explain the divergence of the Ising distribution from the empirical one, in basket sizes greater than five subcategories of
products. In addition, we visualize that the inferred distribution has practical applications, useful to find states of minimum
energy or market baskets that represent a set of products that deliver high utility and high frequency purchasing patterns.
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