
Vol.:(0123456789)

Bulletin of Earthquake Engineering
https://doi.org/10.1007/s10518-020-00821-3

1 3

ORIGINAL RESEARCH

Effects of strain gradients in the onset of global buckling 
in slender walls due to earthquake loading

P. F. Parra1 · J. P. Moehle2

Received: 8 October 2019 / Accepted: 9 March 2020 
© Springer Nature B.V. 2020

Abstract
Global buckling of slender walls, reported only in a few laboratory tests before 2010, 
became a critical issue in design of reinforced concrete buildings after it was observed fol-
lowing the 2010 Mw 8.8 Chile earthquake and the 2011 Mw 6.3 New Zealand earthquake. 
Researchers have proposed theoretical buckling models based on prismatic columns sub-
jected to uniform tension/compression cycles, where the key parameters are slenderness 
ratio, number of curtains of reinforcement, and maximum tensile strain before buckling 
during load reversal. These models have shown sufficient accuracy in comparison with 
laboratory tests on columns under such loading conditions. However, buckling in walls 
is more complex because of variation of strains through the wall depth and variation of 
moment along the wall height. Nonlinear finite elements are used to evaluate the effects 
of these more complex loadings on buckling of wall boundary elements. Analyses showed 
that the maximum tensile strain (averaged over the wall out-of-plane unsupported height) 
required to buckle the wall during load reversal does not depend on the moment variation 
along the wall height. Moreover, for typical wall lengths, the wall boundary behaves like an 
isolated column subjected to axial force cycles, with minimal apparent bracing provided by 
the wall web. This allows to analyze a broad range of practical cases for buckling suscep-
tibility using simplified approaches based on buckling models of axially loaded columns.

Keywords Walls · Global buckling · Reinforced concrete · Earthquake

1 Introduction

Structural walls have been used extensively in reinforced concrete buildings as a pri-
mary system to support gravity and seismic loading. The configuration of these walls has 
evolved from wall panels bounded by boundary columns to relatively thin rectangular cross 
sections, a trend that is believed to have led to overall buckling failure modes observed in 
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laboratory tests (Oesterle et al. 1976; Goodsir 1985; Paulay and Priestley 1993; Chai and 
Elayer 1999; Thomsen and Wallace 2004; Rosso et al. 2016; Taleb et al. 2016) and after 
strong earthquakes (Kam et  al. 2011; ATC-94 2014; Parra and Moehle 2014; Sritharan 
et al. 2014). Figure 1 shows photographs of walls that failed due to lateral instability. Meth-
ods for analysis and design of slender walls are needed so that this failure mode can be 
avoided in wall buildings subjected to strong earthquake shaking.

Paulay and Priestley (1993) presented an analytical model to describe overall buckling 
of prismatic reinforced concrete elements subjected to alternating uniform tension and 
compression, and others (Chai and Elayer 1999; Parra and Moehle 2017) have extended 
that model. These solutions were developed for prismatic elements subjected to force 
reversals in which the axial force is initially concentric with the cross section and uniform 
along the member length. Actual wall boundaries are subjected to strain gradients through 
the depth and moment gradients along the height.

The present study reviews the results of previously published studies for prismatic rein-
forced concrete elements subjected to alternating tension and compression, including both 
the case where the axial force is uniform along the length and the case where it varies 
linearly along the length as might occur in a wall with moment gradient. These results 
provide insight into the instability of wall boundaries, but they are insufficient for mod-
eling the behavior of structural walls having strain gradients that vary through the wall 
cross section and over the wall height. A nonlinear finite element model capable of mod-
eling these effects is introduced and is used in a parametric study to explore the instability 
behavior of three-dimensional structural walls. Implications for design of structural walls 
are presented.

2  Buckling of uniformly loaded prismatic columns

An analytical model for lateral instability of uniformly wall boundaries was first presented 
by Paulay and Priestley (1993). As shown in Fig. 2, the boundary element is assumed to be 
braced laterally by foundations and floor diaphragms, with an effective length khu. Initial 

Fig. 1  Photographs of buckled walls: a damaged building following the 2010 Chile earthquake (Parra 
2015), b laboratory test (Rosso et al. 2016)
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yielding in tension leaves the wall with a series of cracked segments and residual tensile 
strain �sm . Upon reversed loading in compression, one side of the wall yields first, with 
crack closure leading to curvature and lateral displacement δ. If the moment due to axial 
compressive force C acting through the displacement δ exceeds the moment capacity, con-
crete crushing begins and the wall fails out of plane.

Parra and Moehle (2017) used the model in Fig. 2, with an assumption that the buckled 
shape is sinusoidal, to develop an approximate relationship between critical slenderness 
ratio hu/bcr and maximum previous tensile strain �sm , as given by Eq. 1.

where bcr is the critical wall thickness, hu is the wall unsupported height, k is the effective 
height factor, � = 0.8 for thin walls with two curtains of reinforcement and 0.5 for walls 
with a single layer of reinforcement, parameter �cr can be approximated by Eq. 2.

where � is the steel ratio at the wall boundary, fy is the steel yield strength and f ′
c
 the con-

crete compressive strength.
Chai and Elayer (1999) tested fourteen prismatic reinforced concrete columns subjected 

to increments of axial tension and compression until out-of-plane buckling was achieved. 
The column slenderness khu∕bcr and �sm were reported for each case. Figure 3 compares 
results of the buckling model Eq.  1 with results from the tests, demonstrating generally 
good correspondence.

ACI 318-19 uses the results of Eq.  1 with minimum boundary element longitudinal 
reinforcement, tensile strain limit 0.04, and effective length factor k = 0.5 to arrive at maxi-
mum slenderness ratio of lu/b = 16.

(1)
bcr

khu
=

1

�

√

�sm − 0.005

��cr

(2)�cr = 0.3
(

1 − 1.5�fy∕f
�

c

)

Fig. 2  Idealized buckling of prismatic member subjected to uniform tension and compression
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3  Buckling of non‑uniformly loaded prismatic columns

The bending moment acting over a slender wall causes axial forces at the wall boundaries, 
compression at one boundary and tension at the opposite boundary. If there is no moment 
gradient along the wall height, and neglecting the contribution of the wall web (which is 
a reasonable assumption in some cases as shown later), the boundaries can be considered 
as columns subjected to constant axial force. For the more general case, however, walls 
boundary zones do not have uniform axial load as considered in the previous section, but 
instead are subjected varying axial compression along their height because of variations 
in moment along the height. Parra and Moehle (2017) used nonlinear frame elements in 
OpenSees (Mazzoni et  al. 2007) to analytically study the effect of axial force gradients 
on out-of-plane buckling of slender prismatic columns. Figure 4 compares the sinusoidal 
buckled shape assumed for the model of Eq. 1 and the buckled shapes obtained from Open-
Sees for a column with slenderness khu∕bcr = 14.75, longitudinal steel ratio � = 3.8%, and 
fully restrained rotation at the top and bottom of the column. The OpenSees solutions have 
axial force varying linearly over the column height, defined by parameter � , where � is the 
ratio between the axial force at the top and bottom of the column. It is clear from Fig. 4 that 
the point of maximum lateral displacement in the buckled shape depends on the gradient 
of axial force. For � = 1, corresponding to constant axial force, the theoretical sine shape 
assumed by Eq. 1 matches the shape obtained from OpenSees modeling. As � decreases 
from 1 to 0, the point of maximum displacement moves toward the bottom of the column. 
For � = 0, this point is located at 20% of the column height. Note that buckling occurs after 
the longitudinal reinforcement has yielded in tension. Thus, the axial compressive force 
at buckling is equal to the axial compression capacity of the longitudinal reinforcement, 
regardless the value of � . The results shown in Fig. 4 are typical of results for other column 
geometries and reinforcement ratios.

Figure 5 illustrates the dependence of �sm on the value of � . The presented values 
of �sm are either the maximum local values, which occur at the base of the column, or 
are the average of �sm values over the column length. In both cases, the values of �sm 
in Fig.  3 are normalized by the corresponding value for � = 0. The figure shows that 
the local tensile strain required to buckle the column during load reversal increases 
considerably as the gradient of axial force increases. For instance, this value increases 
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more than six times when the axial force changes from constant to linear variation 
with � = 0. The effect of the axial force gradient in the average tensile strain is much 
less. Design models such as those implemented in ACI 318-19 use strains averaged 
over a nominal plastic hinge length. Thus, as shown for the average values in Fig. 5, 
the maximum tensile strain �sm before buckling is relatively insensitive to the moment 
gradient over height.

(a) (b) (c) (d) (e)

Fig. 4  Normalized out-of-plane displacement, theoretical shape (in red) versus OpenSees modeling 
kh

u
∕b

cr
 = 14.75, ρ = 3.8%) for: a α = 1; b α = 0.8; c α = 0.5; d α = 0.25; e α = 0, after Parra and Moehle 2017 

(1 in. = 25.4 mm)

Fig. 5  Normalized maximum tensile strain during cycle before buckling versus α, after Parra and Moehle 
(2017)
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4  Nonlinear finite element models for instability analysis

The use of nonlinear frame elements for buckling analysis, as described in the previous 
section, is limited to axially loaded columns. In walls, buckling occurs locally at the wall 
boundary and does not necessarily propagate through the entire cross section. To model 
this latter behavior, we can use three-dimensional (3D) solid or two-dimensional (2D) shell 
finite element models that consider material and geometric nonlinearities. In the present 
study, we use both 3D solid and 2D shell finite element models available in the software 
TNO DIANA (TNO DIANA 2011), first to demonstrate that the models are capable of 
representing results from laboratory tests of isolated boundary elements (Chai and Elayer 
1999) and then to carry out a parametric study of more complicated three-dimensional 
structural walls subjected to flexure. The two different models are described in the follow-
ing two paragraphs.

Element TE12L is a four-node, three-side isoparametric solid pyramid element with 
four nodes and three degrees of freedom per node (displacements in three orthogonal 
directions). It considers a linear interpolation polynomial for the translations. Therefore, 
the stress and strain distributions are constant over the element. This study uses the default 
integration scheme, which is one point over the element volume. Accurate modeling of 
out-of-plane buckling requires using multiple elements within the member thickness. Four 
elements in the thickness direction are considered here.

Element Q20SH is a four-node quadrilateral isoparametric curved shell element with 
five degrees of freedom per node (displacements in three orthogonal directions and rota-
tion around two orthogonal axes in the element plane). It is based on linear interpolation. 
Typically, for a rectangular element lying in the plane xy, these polynomials yield approxi-
mately a strain �xx , curvature �xx , moment mxx , membrane force nxx , and shear force qxz that 
are constant in the x direction and vary linearly in the y direction. Behavior in the y direc-
tion is analogous. The in-plane lamina strains �xx , �yy , and �xy vary linearly in the thickness 
direction. The transverse shear strains �xz and �yz are forced to be constant in the thickness 
direction. A shear reduction factor is used to obtain an equivalent uniform shear stress, 
since the actual transverse shear stress varies parabolically over the thickness. This analysis 
considers the default factor of 1.2 (applicable for thin shells). This modification gives a 
constant shear stress that yields approximately at the same shear strain energy as the actual 
parabolic shear stress. The Q20SH element is based on an isoparametric degenerated-solid 
approach by introducing two shell hypotheses: plane sections remain plane (orthogonal-
ity to reference surface not required) and zero-normal stress. This study considers a 2 × 2 
Gauss scheme for in-plane numerical integration. The element permits using several inte-
gration points in the thickness direction. For this case, the Simpson rule with eleven inte-
gration points is considered.

Reinforcing bars are modeled as embedded reinforcement (perfect bonding between 
concrete and steel), which means that the bars do not have degrees of freedom of their own 
and their strains are computed from the displacement field of the main element (TE12L or 
Q20SH). This formulation allows defining the finite element mesh independently of the 
reinforcing bar locations. The material model for steel is Giufree-Menegotto-Pinto with 
isotropic strain hardening (Filippou et al. 1983).

Concrete is modeled using a smeared cracking approach (Rashid 1968; Feenstra et al. 
1991a, b). This model considers the cracked solid as a continuum, where the behavior of 
cracked concrete is described in terms of stress–strain relations. Therefore, the finite ele-
ment mesh is preserved. The constitutive relation follows a rotating crack approach, in 
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which the stress–strain relationships are evaluated in the principal directions of the strain 
vector, corresponding to the crack directions. The uniaxial stress–strain relationship con-
sidered for concrete in tension is linear up to the fracture stress ft. A parabolic curve based 
on fracture energy formulation according to Feenstra (1993) is used to model concrete 
behavior in compression, in order to avoid the mesh dependence of the response during 
concrete softening. More details about these models can be found elsewhere (Parra 2015).

5  Analysis of prismatic columns under concentric axial load

A study is conducted to evaluate the sensitivity of the structural response obtained from 
the Q20SH curved shell elements to two key parameters: mesh size and compressive frac-
ture energy used in the concrete parabolic model. Test specimen 4WC3_1 ( Lo∕b = 14.75, 
� = 2.1%, pinned–pinned support conditions) from Chai and Elayer (1999) is selected for 
this purpose. The loading cycle of the Chai and Elayer tests consisted of an initial half-
cycle of axial tensile strain followed by a compression half cycle with a nominal target 
compressive strain 1/7 of the axial tensile strain unless the compression cycle was limited 
by the force capacity of the actuator [185 kips (823 kN)], with the exception of two speci-
mens were the target compressive strain was increased to 1/5 of the axial tensile strain. A 
cyclic vertical displacement is imposed at the top of the column to match that applied in 
the test. The number of integration points in the thickness direction (eleven) is selected to 
match the number of fibers used in the OpenSees modeling (Parra and Moehle 2017).

One of the parameters required by the parabolic model used for concrete in compres-
sion is the compressive fracture energy, Gc . Limit values reported by Feenstra (1993) for 
this parameter are 0.06 and 0.14 kip-in./in.2 (10 and 25 N-mm/mm2). Both values are con-
sidered in this study. The model requires some source of eccentricity to trigger the out-
of-plane displacement during cycles of axial loading in the column. For this purpose, 
the yielding stress of one reinforcement layer is reduced by 1 ksi (7 MPa), similar to the 
approach followed by Parra and Moehle (2017) to model the same column using OpenSees 
frame elements. Sensitivity of the structural response to different mesh sizes is also evalu-
ated considering rectangular elements of maximum dimension 0.5, 1 and 2 in. (12.7, 25.4 
and 50.8 mm), as pictured in Fig. 6.

Figure 7 compares the laboratory test results with the analytical results obtained from 
six cases: maximum element size of 2, 1, and 0.5 in. with fracture energy Gc of 0.06 and 
0.14 kip-in./in.2 (10 and 25 N-mm/mm2). It can be observed that the analytical structural 
response does not change when element size decreases, which seems to indicate that using 
a constant fracture energy material for concrete is an appropriate approach to avoid strain 
localization and mesh dependency of the response. Figure  7a shows that the analytical 
responses accurately represent the relationship between nominal (average over the height) 
axial strain and axial force. Figure 7b shows that the models overestimate the normalized 
lateral displacement in the cycles before failure and underestimate the tensile strain before 
failure. This trend was also observed by Parra and Moehle (2017) in OpenSees models for 
the same column.

Figure  8 shows the out-of-plane displacement before failure for compressive strain 
energy of 0.14 kip-in./in.2 (25 N-mm/mm2), upper bound of the plausible range, and for the 
three meshes analyzed. By inspection, the buckled shape does not depend on the mesh size 
within the range considered.
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Fig. 6  DIANA 2D models 
using Q20SH curved shell ele-
ments: a mesh with hmax = 2 in. 
(50.8 mm), b mesh with hmax = 1 
in. (25.4 mm), and c mesh with 
hmax = 0.5 in. (12.7 mm), after 
Parra (2015)

Fig. 7  Column 4WC3_1, laboratory test versus analytical response for different mesh sizes and compressive 
fracture energy. a nominal axial strain versus axial force and b nominal axial strain versus normalized lat-
eral displacement. Negative values of force and strain represent tension (1 kip = 4.4 kN)
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We next compare measured and calculated responses for Chai and Elayer’s speci-
mens 4WC3_1 ( L

0
∕b = 14.75 , � = 2.1% ), 4WC4_2 ( L

0
∕b = 14.75 , � = 3.8% ), 5WC3_2 

( L
0
∕b = 17.75 , � = 2.1% ), and 5WC4_3 ( L

0
∕b = 17.75 , � = 3.8% ). Analytical models 

include the nonlinear frame elements in OpenSees and the 2D and 3D nonlinear finite ele-
ment models of TNO DIANA. Details about OpenSees modeling can be found elsewhere 
(Parra and Moehle 2017). The TNO Diana analysis considers compressive fracture energy 
Gc = 0.1 kip-in./in.2 (18 N-mm/mm2), mid-value within the studied range, and maximum 
mesh element size of 1 in (25.4 mm).

Figures 9, 10, 11 and 12 compare test and calculated responses. Although results vary 
somewhat from one analysis to another, some trends are apparent. The calculated responses 
obtained from OpenSees and TNO DIANA 2D models are nearly identical and, in each 
case, they underestimate the maximum tensile strain before buckling and overestimate the 
out-of-plane displacements. The TNO DIANA 3D model gives a better approximation of 
the test response in that the maximum tensile strain before buckling is (usually) more accu-
rately estimated and the overestimation of the out-of-plane displacement is reduced.

Table 1 compares the test and calculated values of �sm , including results obtained using 
Eq. 1. There is a tendency to underestimate the maximum tensile strain before buckling, 
with the best estimates obtained by the TNO DIANA 3D.

6  Analysis of walls subjected to flexure

In-plane flexural bending of a structural wall results in variation of axial strain through the 
depth of the wall cross section. We are interested in studying the effect of this axial strain 
gradient on the buckling tendency of a wall boundary. Results from the previous studies 
suggest that nonlinear finite element models might be suitable for this purpose. Although 

Fig. 8  Column 4WC3_1 out-of-plane displacement (in.) before failure for G
c
= 0.14 kip in.∕in.2 (25 N-mm/

mm2) with a hmax = 2 in. (50.8 mm), b hmax = 1 in. (25.4 mm), and c hmax = 0.5 in. (12.7 mm)
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the model using 3D solid elements produced slightly more accurate results when used for 
axially loaded columns, its use for modeling an entire structural wall would be computa-
tionally expensive. For this reason, we selected the 2D Q20SH curved shell element of 
TNO DIANA to model walls.

Figure 13 presents a typical wall elevation considered in this study. The top and bottom 
of the wall are fixed against translation perpendicular to the plane of the wall and rotation 
around the in-plane horizontal axis. The boundary elements (BE1 and BE2) are modeled 
after the details of axially loaded column Specimen 4WC4_2 reported by Chai and Elayer 

Fig. 9  Column 4WC3_1, experimental versus analytical response L0∕b = 14.75, ρ = 2.1% (1 kip = 4.4 kN)

Fig. 10  Column 4WC4_2, experimental versus analytical response L0∕b = 14.75, ρ = 3.8% (1 kip = 4.4 kN)
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Fig. 11  Column 5WC3_2, experimental versus analytical response L0∕b = 17.75, ρ = 2.1% (1 kip = 4.4 kN)

Fig. 12  Column 5WC4_3, experimental versus analytical response L0∕b = 17.75, ρ = 3.8% (1 kip = 4.4 kN)

Table 1  Comparison between text and analytical values of �
sm

Specimen �
sm

 test �
sm

 Open-
Sees

Δ�
sm

 % �
sm

 DIANA 
2D

Δ�
sm

 % �
sm

 DIANA 
3D

Δ�
sm

 % �
sm

 Eq. 1 Δ�
sm

 %

4WC3_1 0.016 0.013 − 17% 0.013 − 17% 0.016 0% 0.012 − 25%
4WC4_2 0.014 0.012 − 20% 0.012 − 20% 0.014 0% 0.010 − 30%
5WC3_2 0.014 0.012 − 13% 0.012 − 13% 0.012 − 13% 0.010 − 28%
5WC4_3 0.012 0.009 − 26% 0.009 − 26% 0.012 0% 0.008 − 32%
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(1999). The effective length of the fixed–fixed wall khu is set equal to the pinned–pinned 
length of Specimen 4WC4_2, that is, 0.5hu = 59 in. (1.5  m) The top end of the wall is 
loaded by shear V and moment M2 to achieve a target axial force profile over the height of 
boundary element BE1 defined by α, where α = ratio of axial forces at the top and bottom 
of the boundary element. Values of α = 1.0 and 0.8 are investigated. The loading protocol 
is to increase V and M2 until a target elongation of BE1 is achieved, then reverse V and M2 
until BE1 is returned to its original length, and then repeat the cycle at gradually increasing 
amplitude until buckling of BE1 occurs.

Figure 14 shows the typical reinforcement, where the details of specimens 4WC4_2 are 
used in the boundary elements. Two curtains of distributed vertical reinforcement provide 
a distributed steel ratio of 0.0025. The wall length varies according to the parameter n , 
which is the number of spaces between distributed vertical reinforcement or, alternatively, 
the number of pairs of uniformly distributed vertical reinforcement minus 1.0. For the case 
shown in Fig. 14, n = 3.

The walls are analyzed using curved shell elements Q20SH with embedded rein-
forcement and the following parameters: constant fracture energy Gc = 0.1 kip-in./in.2 

Fig. 13  Typical wall elevation 
and applied loads

Fig. 14  Reinforcement details in typical cross section (1 in. = 25.4 mm)
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(18 N-mm/mm2), yielding stress reduction Δfy = 1 ksi (7 MPa) in one layer of reinforce-
ment to induce initial eccentricity, and Q20SH meshes with maximum element size 
hmax = 2 in. (50.8 mm). Figure 15 shows a typical model.

6.1  Case 1: Constant axial force at wall boundaries (α = 1)

This loading condition represents constant moment without shear. Six walls with lengths 
varying from 40.5 to. 123 in. (1–3 m) were analyzed. Figure 16 depicts the buckled shapes 
for four of the analyzed cases Lw= 40.5, 48, 55.5 and 63 in. (1, 1.2, 1.4 and 1.6 m). The 
deformed shapes show how boundary element BE1 (closest to the reader) has buckled and 
how the buckled shape diminishes within the wall web with increasing distance from BE1.

Figure 17 summarizes the analysis results. Figure 17a plots the maximum tensile strain 
normalized by yield strain along the boundary element height before buckling of BE1. It 
is apparent that the maximum tensile strain is essentially the same for all the walls, having 
value around 5.7 �y . This value is very close to the maximum tensile strain calculated using 
OpenSees for boundary element BE1 acting as an isolated column loaded axially (Parra 
and Moehle 2017). Figure 17b plots the distribution of maximum tensile strains along the 
horizontal length of the wall just before buckling. As shown, the length of the flexural 
compression zone is relatively small and almost the entire length of the wall is in tension. 
The relatively long length of the tension zone relative to the length of the boundary ele-
ment may explain why the boundary element maximum tensile strain was insensitive to the 
total wall length. Figure 17c shows the out-of-plane displacement normalized by the wall 
width versus distance along the web at the height where its maximum value was calculated. 

Fig. 15  Typical 2D TNO DIANA 
model (BE1 shown in purple)
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The distribution of the out-of-plane displacements along the wall length shows that there is 
not a specific portion of the wall where the lateral displacement concentrates. Rather lateral 
instability involves a significant length of the wall in all cases.

6.2  Case 2: Varying axial force at wall boundaries (α = 0.8)

In this case, the shear V and moment M2 were defined such that the axial force on BE1 
varied from a maximum at the bottom to 0.8 times the maximum at the top. The analysis 
includes five walls with length Lw equal to 40.5, 48, 55.5, 63 and 78 in. (1, 1.2, 1.4, 1.6 and 

Fig. 16  Wall with boundary element 4WC4_2, buckled shape for several wall lengths under constant axial 
force at boundaries, after Parra (2015)

Fig. 17  Wall with boundary element 4WC4_2 and constant axial force at boundaries: a normalized tensile 
strain along the boundary element height at the tensile peak before buckling, b vertical strain along the web 
at the tensile peak before buckling, c normalized lateral displacement along the web at buckling failure (1 
in. = 25.4 mm)
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2 m), all of them with details at boundary elements identical to those in specimen 4WC4_2 
(Chai and Elayer 1999). Figure 18 depicts the buckled shapes for the analyzed cases.

Figure  19 summarizes the analysis results. Figure  19a plots the maximum tensile 
strain normalized by yield strain along the boundary element height before buckling of 
BE1, both in terms of local strain and average strain over the height. The local strains 
vary over height because of the variation in axial force. The local strains are nearly 
identical for most of the height of the wall except there are some variations near the 

Fig. 18  Wall with boundary element 4WC4_2, buckled shape for several wall lengths under linear variation 
α = 0.8 of axial force at boundaries, after Parra (2015)

“average”
strain 

“local”  
strain 

(a)

(b)

(c)

Fig. 19  Wall with boundary element 4WC4_2 and linear variation ∝ = 0.8 of axial force at boundaries: a 
normalized tensile strain along the boundary element height at the tensile peak before buckling, b vertical 
strain along the web at the tensile peak before buckling, c) normalized lateral displacement along the web at 
buckling failure (1 in. = 25.4 mm)
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base for the different walls. For shorter walls the average strains are marginally higher 
than values reported for the case with α = 1, and tend to 5.7 �y (like the previous case) as 
walls become longer. Figure 19b plots the distribution of maximum tensile strains along 
the horizontal length of the wall just before buckling—the vertical strain gradient along 
the wall length is shown for a cross section located 40 in. above the wall base. For the 
analyzed cases, the length of the tension zone ranges from 8tw to 18tw . It is interesting 
that the value of �sm at the base decreases from 20�y to 13�y (Fig. 19a) as the length of 
the tension zone increases, that is, the boundary element becomes slightly less stable 
as the wall length increases. The lowest strain value ( 13�y ) is the same as the strain 
obtained from OpenSees analysis of an isolated boundary element with α = 0.8 (Parra 
2015). Like the observations made for α = 1.0, a significant portion of the wall length is 
involved in the out-of-plane instability (Fig. 19c).

7  Summary and closing remarks

For a given boundary element geometry, the key parameter for the evaluation of the onset 
of global instability in slender walls is the maximum tensile strain at the wall boundary 
developed before buckling during load reversal, �sm . In columns under uniform tension/
compression cycles, �sm can be safely estimated from the simplified buckling mechanics 
represented by Eq. 1. Modeling the behavior of structural walls having strain gradients that 
vary through the wall cross section and over the wall height is a more complicated task. 
The influence of these strain gradients over the value of �sm is assessed in this work through 
a parametric study conducted on nonlinear finite element models. Analyses performed over 
walls with constant moment (i.e., constant vertical strain) over the height suggest that the 
effect of the vertical strain gradient along the wall length over �sm can be neglected when 
the wall tension zone exceeds 10tw. A second case occurs when there is a moment gradient 
(i.e., axial force gradient) along the boundary element height. For this case, the assump-
tions behind the simplified buckling mechanics lead to a considerable underestimation of 
the local value of �sm at the wall bottom. The actual local value of �sm is higher than the one 
obtained from the simplified buckling mechanics due to effects of the strain gradients along 
the wall height, and this effect has been studied in this paper. Figure 5 showed that the local 
tensile strain �sm required to buckle the wall boundary during load reversal increases con-
siderably as the gradient of axial force increases. For instance, this value increases more 
than six times when the axial force changes from constant to linear variation. However, the 
effect of the axial force gradient in the average tensile strain is negligible. Design models 
such as those implemented in ACI 318-19 (ACI 2019) use strains averaged over a nomi-
nal plastic hinge length. Figure 19 also showed that for short walls, the local value of �sm 
increases when the vertical strain gradient along the height is non-uniform. Nevertheless, 
in terms of average strain, the effect of vertical strain gradients along the wall length and 
height is also negligible when the wall tension zone exceeds 10tw, for the cases presented 
here (constant moment or mild moment gradient). Larger moment gradients may need 
more than 10tw and further research is required for those cases. Therefore, it is proposed 
for pre-design purposes to neglect the effect of the strain gradient along the wall length and 
height, which seems reasonable for typical wall geometries observed in practice, and to 
consider the average strain value along the wall unsupported height to evaluate the onset of 
buckling from Eq. 1.
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