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Abstract A study of grains flow in a two dimensional
hopper using particle tracking and photoelastic methods is
presented in this article. An intermittent network of contact
forces consisting of force chains and arches is observed. This
network is responsible for fluctuations in the average vertical
velocity. The magnitude of these fluctuations depends on the
hopper’s geometry, and it quickly reduces for large aperture
size and small inclination angles. The average velocity field
is described using a combination of harmonic angular func-
tions and a power law of radial position. The mass flow rate is
determined through the average velocity field and a Beverloo
type scaling is obtained. We found that the effect of the incli-
nation angle on the mass flow rate is given by α/ (sin α)3/2.
It is also found that the critical aperture size, approaching
jamming, depends linearly on sin α. At small D/d, the time
average of the network of contact forces shows a boundary
with characteristics resembling the free fall arch. We show
that an arch can be built following the principal compression
orientation of the stress tensor which captures the character-
istics of the arches observed experimentally.
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1 Introduction

The understanding of granular materials is frequently ham-
pered by their singular behavior, for example they behave like
a solid, liquid or gas depending on the injected energy. They
also show interesting phenomena such as avalanches, con-
vection, size segregation, patterns formation and localized
excitations among many others [1–5]. It has been shown
that the internal structure plays a main role in the slow flow
dynamics of granulates [6] revealing complex rheological
behaviors. Hydrodynamical models have been successfully
applied to rapid granular flows [7] where the size of grains
is much smaller than the system size. Typical rapid gran-
ular flow is observed in discharges of hoppers driven by
gravity.

The importance of granular material flows in various indu-
stries such as mining, pharmaceutical and food, among oth-
ers, is one of the main reasons that mass flow rate has been
studied intensively in recent decades. One of the main results
still used in design silos and hoppers was established by Bev-
erloo et al. [8]. They showed that mass flow rate, in 3D flat
bottomed hoppers, is aproximately independent of the height
of the grains column and can be scaled by a power law of
the outlet size. A similar scaling was found by Choi et al. [9]
in a two dimensional system hopper. However, none of them
includes the dependence on the inclination angle of the wall.
These scaling are usually obtained in systems with large out-
let size compared to the grain size.

A remarkable difference between grains and fluids is the
behavior observed in silo discharges in inertial regime, where
fluid discharge rate is varying in time while grains dis-
charge rate is rather constant. This can be explained qual-
itatively using a dimensional analysis which suggest that
vertical velocity for grains, flowing in inertial regime, scales
with the opening size v ∼ √

gD resulting in a constant
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discharge rate. Analogously, the vertical velocity for vis-
cous fluids can be scaled with the fluid column height
v ∼ √

gH resulting in time dependent discharge rate.
Although the inertial regime has been profusely observed for
a wide variety of materials [8,10–13], there is no satisfactory
model that explains the constant discharge rate showed by
granular materials. Undoubtedly, the evolution of the inter-
nal structure observed in granular materials is responsible
for this behavior, and more experimental effort is required
to help in developing an appropriate description of this
structure.

Early theoretical efforts have incorporated the concept of
free fall arch to explain the constant mass flow rate observed
in granular material. This arch is identified with the lower
surface of the packed flowing granulate. Above the surface
the grains are in contact and subjected to compressive stress,
below it the grains lose contact and accelerate freely under
gravity [14]. Although there is not enough experimental evi-
dence to fully support this concept, it has been extensively
used in designing hoppers and silos after studies by Jenike
[11,12]. A discussion of the arching theories in symmetrical
hoppers can be found in Refs. [15,16].

The grains contacts create a network of force chains
and arches that affects the flow. The influence of this
network has been observed in shearing experiments, for
example, Majmudar et al. [17,18] have found that a quasi
static deformation in pure shear induces anisotropy and
creates long-range correlations along the force chains.
Conversely, isotropic compression creates short-range cor-
relations regardless of orientation. To our knowledge, con-
nections between the internal network of contact forces and
the macroscopic behavior of flow, in a convergent hopper
when the opening is of the order of grain size, have not been
studied experimentally.

In this article we present a study of a two dimensional
granular system in a convergent hopper using photoelastic
cylinders and particle tracking methods. We observe fluc-
tuations in the vertical average velocity that depend on the
opening size and inclination angle. These fluctuations are
correlated with the length of the force chains, or number of
visible active contacts. We model the mass flow rate with a
power law of the opening size. We also calculate the strain
rate tensor that is used to built a characteristics arch. In
Sect. 2 we outline the experimental setup and the procedure,
define the parameters and describe the photoelastic method.
In Sect. 3 we characterize the force chains and arches, cal-
culate the average velocity field and obtain the mass flow
rate. In Sect. 4 we introduce an arch resembling the free fall
arch characteristics. In Sect. 5 we build a characteristic arch
following the compressive orientation of the stress tensor.
The friction is introduced in Sect. 6 using the force chains
contact angle at side walls. Finally, we summarize results in
Sect. 7.

Fig. 1 Scheme of a dark-field circular polariscope, arrows indicate the
transmission axis of polarizer and fast axis of retarder plates λ/4. The
transmission axes of the retarder plates are oriented mutually perpen-
dicular to each other, like polarizers. The relative angle between the
retarder plate and polarizer is β = 45◦. This configuration preserves
the contours of principal stress difference (isochromatics) and vanishes
the contours of principal stress orientation (isoclinics). The hopper is
located between retarder plates. Detailed description of the dark-field
circular polariscope can be found in Refs. [19–21]

2 Experimental setup

The hopper was made of a metal frame, it supported two
70×70 cm2 parallel glass plates separated 7 mm. Each plate
was covered with a combination of a polarizer and a quar-
ter wave plate with opposite handeness to form a circular
polariscope in dark-field configuration [19–21]. A scheme
of this configuration is shown in Fig. 1. The space between
plates was filled with 1,000 cylinders (diameter d = 6 mm,
height h = 6.3 mm and mass m = 190 mg), cut one by one
from photoelastic material (birefringent under stress) PS-4
manufactured by Vishay Precision Group. PS-4 has: an elas-
tic modulus 4 × 10−3 GPa, a Poission’s ratio of 0.5, and
a strain-optic coefficient of 0.009. According to the manu-
facturer, PS-4 supports elongations >40 % and has high ther-
mal stability. The characteristic diameter and mass of the
cylinders are large enough to neglect the air drag effects.
The light source was provided by an overhead transparency
projector to ensure enough light intensity and homogeneity
on the particles ensemble. The movement of cylinders was
recorded using the high speed imaging system HISIS 20001.
The camera is coupled with an Olympus lens OM-SYSTEM
E. ZUIKO AUTO-T 1 : 3.5, f = 135 mm. The camera is
placed at 3 m from the system to reduce the image defor-
mation from lens distortion and resulting in field of view of
10 × 10 cm2.

In Fig. 2a is shown the reference system for measuring
the aperture size, D, and the hopper angle of inclination α.

1 The HISIS 2000 system is manufactured by KSV Instruments Ltd. It
has a 256×256 pixels resolution, a maximum speed of ∼ 1, 200 frames
per second and a total memory of 128 Mb, that gives about 1.6 s of total
recording time and approximately 2,000 frames at maximum speed.
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Fig. 2 Snapshots of the active contacts distribution during the flow, for
inclination angle α = 25◦ and dimensionless opening size D/d = 5,
where D is the opening size and d is the grains diameter. a Flow in the
absence of active contacts. b Active contacts forming a single free arch,
a set of grains under stress connecting both side walls. c Active contacts
forming a loaded arch, an arch supporting vertical stress, and extended
force chains, a set of grains under stress touching one of the side walls.
d Active contacts forming extended force chains with no arches. e Inset
typical picture of time average of the active contacts distribution over

2,000 frames, using sodium lamp to enhance the contrast. A finite stress
is observed in the whole system with the exception of a region close to
the opening which is stress-free, a separation boundary can be observed.
The plot shows three separation boundaries for different values of the
dimensionless opening size D/d = 5, 6, 7 and α = 30◦, represented
on a generic hopper such that D/d increases when moving upward. An
inverted catenary curve is superimposed to each boundary. f Typical
flow blockage, a single static arch is enough to stop the flow, D/d ∼ 4
and α ∼ 30◦

The parameters range are 5◦ ≤ α ≤ 35◦ for hopper inclina-
tion angle and 4 ≤ D/d ≤ 14 for aperture size to particle’s
diameter ratio.

To fill the hopper we blocked the opening and dropped the
cylinders randomly from the top of the system. We observed
that a stress configuration is created when hopper is filled, it
was modified when starting the flow and fluctuates during the
experiment. The high speed imaging system is synchronized
such that it starts to record right after the opening is released.

We estimated the relative intensity received from cylin-
der–circular polariscope combination in the linear regime,
when cylinder is subjected to small deformations. In the lin-
ear regime we have πδ/λ � 1, where δ is the retardation
and λ is the wavelength of the incident light. Then, we can
write the relative intensity as I/I0 � (πδ/λ)2, for a white
light the wavelength is approximated by 575 nm, see [19].
The retardation can be expressed in terms of the principal
strains ε1 and ε2 as δ = hK (ε1 − ε2), where h is the cylin-
der’s height, K is the strain-optic coefficient, see [19–21].

For a cylinder subjected to a force mg along its diameter we
have ε1 − ε2 ∼ √

mg/(4d Eh), where m, d, E and g are the
mass, diameter and Young’s modulus of the cylinder and g
is the gravity acceleration. Then, using the properties of the
PS-4 we obtained I/I0 ∼ 0.3, it means that about 30 % of
the incident intensity is transmitted by the system, therefore
the cylinder–circular polariscope combination is appropriate
to detect interactions of the order of the weight of a single
grain.

Majmudar and Behringer [17,18,22] have developed a
method to obtain the normal and tangential components of
the contact forces between adjacent disks, by solving the full
inverse phototelastic problem. According to these authors,
a critical point of this method is the accurate discrimination
between true and false contacts. They overcame this problem
by recording photoelastic stress images at various exposure
times for each system state, see Ref. [22]. Additionally, an
image without polarizers is necessary to obtain the center
of each particle. This requires that the experiments have to
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stop periodically to record the images at different exposure
time and the image without polarizers. In our experiment this
requirement is not fulfilled because the flow is permanent and
hence the images must be recorded continuously. Therefore,
we consider a simplified approach and instead of determine
the magnitude of the force exerted by the grains on the lateral
walls, we estimate a relative strength of the force by counting
the total number of active contacts, L , found in the images,
such that the force on the side walls is larger when the num-
ber of active contacts is large. An active contact transmits
enough amount of light such that it is detected by the optical
system. This approach does not give the actual value of the
force on the lateral walls, but facilitates the visualization of
its fluctuations.

3 Flow characteristics and arching

A series of bright patterns are observed during the course of
the flow. These patterns are arranged in force chains that form
an intermittent network. As shown in Fig. 2b–d, two types of
force chains have been distinguished: side branching chains
starting at one side wall and propagating along the system,
named extended chains, and localized chains connecting both
side walls, called arches. The arches might be found isolated
or subjected to a load, see Fig. 2b, c. We determined the
lifetime of arches and chains and plotted against the mean
vertical velocity, defined as time average of the spatial aver-
age vertical velocity. The spatial average vertical velocity
was calculated using the expression

v = 1

NP

∑

i∈R
vi(t) · ŷ (1)

where ŷ is a unit vector oriented along y axis and NP and
vi(t) are the total number of particles and the velocity of the i
th particle located in the region R, delimited by the aperture,
D, and the height of the viewing field H , see Fig. 2a. The
mean velocity is obtained by averaging expression 1 in time,

〈v〉 = 1

T

∑

k

v(tk) (2)

where T is the total time of a sequence and v(tk) is the value
of the spatial average vertical velocity at time tk .

The characteristic lifetime, for a particular values of α and
D/d, was determined by a weighted average of the lifetime
histograms. For each arch and chain, the lifetime is deter-
mined by counting the number of frames where they remain
visible, on a whole sequence, see Fig. 3. Both, loaded and
unloaded arches are considered similar arches in determining
lifetime.

We observed that lifetime distribution of extended chains
is wider than the corresponding to the arches and is centered

Fig. 3 Typical histogram for lifetime top arches and bottom extended
chains. The lifetime is obtained by counting the number of frames where
each arch and chain remains visible. The parameters are D/d = 5 and
α = 25◦, corresponding to an average velocity 〈v〉 ∼ 12 (cm/s)

Fig. 4 Triangle correlation time obtained from autocorrelation of v,
square lifetime of chains and circle lifetime of arches, as a function
of mean vertical velocity 〈v〉. The curves are guidelines and do not
represent any fit

righmost that of the latter, see Fig. 3. In average, chains live
longer than arches, as shown in Fig. 4. It is also observed that
both arches and extended chains lifetime decrease with 〈v〉,
which seems natural as arches and extended chains require
a coherent position of particles to exist. When 〈v〉 increases,
such coherence is lost as particles change their positions
faster.

We obtained the correlation time of the spatial vertical
velocity, τcor , through the autocorrelation of v. It is observed
that τcor increases with 〈v〉 indicating that fluctuations are
reduced for larger values of 〈v〉 or, equivalently, for fast
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Fig. 5 Circle average change in kinetic energy, normalized to 〈v〉, due
to fluctuations in v and inverted triangle average change in energy dis-
sipated by network of contact forces, normalized to 〈v〉, against mean
velocity 〈v〉. The curves are guidelines and do not represent any fit

flows. The behavior observed in correlation time and life-
time, of arches and extended chains, suggests that it would
exist a connection between fluctuations in v and the pres-
ence of chains and arches. However, the lifetime alone is not
enough to be conclusive about this connection. On the other
hand, we estimated the average change in kinetic energy due
to velocity fluctuations from 〈	v〉 = 〈v2〉 − 〈v〉2. Analo-
gously, the average change in energy dissipated by the net-
work of contact forces can be estimated through the power,
〈	F〉〈v〉〈	t〉. Taking into account that we represented the
force on walls with the total number of active contacts, L ,
and that extended chains live longer, 〈	t〉 ∼ τch , we have
〈	L〉〈v〉τch = (〈L2〉 − 〈L〉2)〈v〉τch .

In Fig. 5 are shown 〈	v〉/〈v〉 and 〈	L〉τch against
mean velocity 〈v〉. The behavior observed in 〈	v〉/〈v〉 and
〈	L〉τch shows that as the fluctuations in the energy dis-
sipated by the network of contact forces is decreased, the
magnitude of fluctuations in spatial average vertical veloc-
ity, v, is reduced. This correlation reinforces the fact that
the network of contact forces is responsible for fluctuations
observed in velocity. However, as will be shown later, this
network is irrelevant in controling the outflow and neither is
relevant in obtaining the scaling law for the mass flow rate.

We have shown a connection between arches and chains
with the fluctuations in the vertical velocity. In the following
paragraphs we will show, in a more quantitative way, that
arches and chains are linked to fluctuations in spatial aver-
age vertical velocity, v. For this purpose, we studied the time
evolution of total number of active contacts, L , and spatial
average of vertical velocity, v.

In the top panel of Fig. 6 are shown v and L in terms of the
dimensionless time t/τ , where τ = √

d/g ∼ 25 ms is a char-
acteristic time for the system. We observed large fluctuations
in v and L . Note that, every decrease (increase) in v is always
preceded by a sudden increase (decrease) in L suggesting a
high correlation between both quantities. It is confirmed by
the coefficients of correlations for v and L , see the middle
panel of Fig. 6. These coefficients are obtained through

Fig. 6 Top average vertical velocity v thick line, obtained from Eq. 1,
and total number of active visible contacts L thin line versus dimen-
sionless time t/τ , τ = √

d/g ∼ 25 ms, for α = 40◦ and D/d = 5,
where d is the grains diameter and g is gravity. It is observed that each
sudden decrease of the velocity is preceded by an abrupt increase of
the number of active contacts and viceversa. Middle cross correlation
between v and L obtained from Eq. 3 as a function of t/τ . Bottom cross
correlation between average vertical acceleration a, obtained by differ-
entiating the velocity showed on top panel, and total number of active
visible contacts L , see Eq. 3, as a function of t/τ . The total number of
active contacts L and the cross correlations χ(L , v) and χ(L , a) are
dimensionless quantities

χn (L , v) =
∑M

m=1(Ln − 〈L〉)(vm+n − 〈v〉)
√∑M

n=1(Ln − 〈L〉)2
∑M

m=1(vm − 〈v〉)2
(3)

where χn(L , v), 〈L〉 and 〈v〉 are the nth term of the coef-
ficients of correlation and the time average of L and v.
Using a peak detection algorithm we determined that the
peak observed in the center panel of Fig. 6 is located at
−0.13τ ∼ −3.2 ms, the absolute value of this time rep-
resents the average time required to create a force chain.
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This means that any particle belonging to a force chain dissi-
pates its kinetic energy in a time of the order of a grain–grain
inelastic collision and therefore the forces exerted on the
walls at the force chains nucleation points are impulsive as
shown previously by Longhi et al. [23]. It is also observed that
L shows periods with few or no visible active contacts, within
these periods the grains freely accelerate under gravity. Then,
the system is expanded and the increases in average velocity
resembles the mass flow usually found in silos. On the other
hand, a large value of L corresponds to a large number of
interactions. This can be seen as a reduction of the volume
occupied by the grains or, equivalently, a compression of the
system. Thus, the granular system alternates between states
of kinetic energy accumulation driven by gravity and states
of quickly dissipation. Therefore, the network of force chains
can be understood as a collective mechanism controlling the
fluctuations of the velocity. We estimated the time scale of v

fluctuations by counting the average number of oscillations
per unit of time, obtaining approximately 2.3τ ∼ 56 ms, for
D/d = 5 and α = 40◦. This time is of the same order of
magnitude as

√
D/g ∼ 55 ms which is consistent with a

velocity scaling v̄ ∼ √
gD characteristic of inertial regime.

We calculated the acceleration by smoothing and differen-
tiating the average vertical velocity. The average acceleration
was obtained by replacing vi with ai in Eq. 1. The coefficients
of correlation between a and L shows two peaks correspond-
ing to the expansion and compression of the granular system,
they are located at −0.7τ ∼ −17 ms (positive peak) and
0.3τ ∼ 8ms (negative peak), see bottom panel of Fig. 6.
They represent the time required by the system to reach the
maximum acceleration and deceleration. As expected, the
maximum deceleration is reached faster than the maximum
acceleration because of the impulsive character of the grains-
grains and grains-walls interactions, typical values for maxi-
mum acceleration and deceleration are 0.7 and 1.4 g respec-
tively. Therefore, we have seen that fluctuations in velocity
are mainly controlled by the network of contact forces.

We estimated the energy absorbed by the network assum-
ing that all grains move with the same velocity during a
fluctuation and that most of the energy is dissipated through
collisions. If v+ and v− are the maximum and minimum
velocities in a fluctuation then the change in kinetic energy
is approximately N (v2+ − v2−)m/2 and the energy dissipated
by collisions is L(1 − e2)v2+m/2, where N is the number of
particles within the region of interest (typically N ∼ 150),
L is the number of visible active contacts during a fluctu-
ation, m is the mass of the particles and e ∼ 0.25 is the
restitution coefficient for the cylinders. Therefore, the frac-
tion of the accumulated energy dissipated by collisions is
L(1 − e2)v2+/(N (v2+ − v2−)). Now, considering the fluctua-
tion located at t/τ ∼ 30 we have v+ ∼ 20 cm/s, v− ∼ 5
cm/s, L ∼ 20: this implies that about 15 % of the energy is
dissipated by the visible active contacts. Although the num-

Fig. 7 Top normalized standard deviation of v obtained from Eq. 4
as a function of dimensionless opening size D/d, for different angles
α, circle = 35◦, square = 30◦, diamond = 25◦, star = 20◦, multiplica-
tionsymbol = 15◦, asterisk = 10◦, plus = 5◦. Inset normalized standard
deviation of v as a function of α for different values of D/d, circle = 4,
square = 5, diamond = 6, star = 7, multiplicationsymbol = 8, asterisk =
9, plus = 10, left pointing triangle = 11, triangle = 12, rightpointing tri-
angle = 13, inverted triangle = 14. The solid curves are just guiding lines
and do not represent any fit model. Bottom three dimensional contour
of the normalized standard deviation of v

ber of the visible active contacts are strongly correlated with
the average vertical velocity, these contacts dissipate only a
fraction of the total dissipated energy. The remaining 85 %
of the energy might be dissipated by tiny inelastic collisions,
not strongly enough to be detected by the optical system, and
the particles’ friction.

On the one hand, the magnitude of velocity fluctuations is
affected by the geometry of the system, the aperture size, D,
and the angle of inclination, α. We quantified this effect by
calculating the normalized standard deviation of the average
vertical velocity, defined as

ξ(v) =
√〈v2〉 − 〈v〉2

〈v〉 , (4)

where 〈v〉 is the time average of velocity v, 〈v2〉 is the time
average of the squared velocity v2 and v is defined by Eq. 1.
We observed from Fig. 7 that ξ(v) is drastically reduced for
large values of the aperture size (D/d > 8) and is unaffected
by changes in the angle of inclination. On the other hand,
reducing the value of D/d makes the system approaches
the jamming transition by increasing the magnitude of
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fluctuations, as shown in Fig. 7. A slight dependence on α

is also perceived such that ξ(v) is increased for larger values
of α. Note that the grains move faster for large values of D
and smaller values of α, which is equivalent to small values
of ξ(v).

For the most part, the experiments on granular material’s
discharge have been focused on writing a scaling law for
the mass flow rate. Several models have been developed to
obtain this scaling, usually for D/d much greater than unity,
where continuous approach is valid. The 3D scaling used in
today aplications is based on the Beverloo et al. results [8].
In their original approach, Beverloo et al. plot the mass dis-
charge rate to the power of 2/5 against the orifice diameter D
obtaining a linear relationship. The interesting feature found
by Beverloo et al. was connected to the intercept of the lin-
ear fitting function. This intercept is linearly correlated with
particle diameter kd, and at first approximation k depends
only on the particles shape, they also found a value of 1.5
for spherical particles. This parameter takes into account the
fact that particles can not reach the periphery of the orifice
and is compatible with the “empty annulus” concept [28].
The resulting scaling for the mass flow rate established by
Beverloo et al. read as

W = Cρg1/2 (D − kd)5/2 , (5)

where g is gravity, ρ is the bulk density of granulate, D is the
diameter of the orifice, d is the grains diameter and C and
k are parameters obtained empirically. It is worthy to note
that this scaling is valid for flat bottomed hoppers. Rose and
Tanaka [29] incorporated the effect of the inclination angle
of the wall and found that the angular dependence of the
mass flow rate is approximately given by (tan α tan φd)−0.35

for α < 90 − φd , where φd is the angle between the stag-
nant zone boundary and the horizontal. On the other hand,
Choi et al. [9] showed that the mass flow rate in a 2D hop-
per increases quickly when the funnel angle is decreased,
however, they did not determined any explicit angular depen-
dence of the mass flow rate.

In current industrial applications of granular materials the
conical hoppers are widely used, justifying the generaliza-
tion of the mass flow rate scaling to include the dependence
on the wall inclination angle. In the following paragraphs
we determined the mass flow rate scaling, in terms of α and
D/d, through the average vertical velocity at the opening,
in the case where D/d is a few times greater than unity.
We followed a similar approach as Beverloo et al, plotting
W 2/3 against D/d and used linear fit to obtain the slope and
intercept. Then, we determined how these parameters depend
on the inclination angle by plotting them against sin α in a
log − log scale.

The position and velocity of the particles were represented
in polar coordinates, which are more suitable to the geometry
of the system, with the origin located at the virtual apex (the

Fig. 8 Scheme of the polar coordinates system employed to represent
the components of the velocity field along with the original Cartesian
coordinates system. The angular position is measured counterclockwise
from the center line between the side walls, the radial position is mea-
sured from the virtual apex. The opening size D and inclination angle
α are related through the radial position to the side walls rD measured
form the virtual apex, D/(2 sin α) = rD

point of intersection of the parallel projection of side walls,
see Fig. 8), and the angles measured counterclockwise from
the center line between the side walls. In this system of coor-
dinates, the radial position of the side walls, rD , is given by
D/(2 sin α).

Once the velocity components measured in the Cartesian
coordinate system have been represented in the polar coordi-
nate system, we took the time average for each velocity com-
ponent within a mobile window of size ∼ 9d2. The resulting
averages represented as a surface are shown in left panel of
Figs. 9 and 10. The observed symmetry in the surfaces sug-
gests that the average velocity components can be modeled
by a combination of trigonometric functions and a power law
of the radial distance, r . We assumed that the sliding velocity
at side walls is vr (r, θ = ±α) = −Br/r .

With boundary conditions for the angular velocities given
by vθ (r, θ = ±α) = 0 and vθ (r, θ = 0) = 0, the velocity
field components read

vr = −1

r

[
Ar cos

(
πθ

2α

)
+ Br

]
(6)

vθ = − Aθ

r

[
sin

(
πθ

2α

)
− θ

α

]
, (7)

where Ar , Br and Aθ are fittings parameters that depend on α

and D/d. In center panels of Figs. 9 and 10 are shown the sur-
face representation of the fitted radial and angular velocities.
The subtraction between the fitted and experimental surfaces
are shown in the right panel of Figs. 9 and 10. Note that the
angular velocity is not exactly zero at side walls due to the
finite size of the window used in the average procedure. The
local behavior of the fit model for different angular and radial
positions is shown in Figs. 11 and 12. In order to estimate
the mass flow rate we assumed a constant density, ρ ∼ ρ0.
We obtained the mass flow rate from
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Fig. 9 Typical surface representation for average radial velocity. From
left to right, actual radial velocity, fitted radial velocity using Eq. 6 and
difference between actual and fitted values. All plots have been repre-
sented in the same scale in order to emphasize the similarities. Dimen-

sionless opening size D/d = 4 and inclination angle α = 35◦, see text
for averaging process description. r is in cm, θ in degrees and vr and
vθ in cm/s. (Colorful online)

Fig. 10 Typical surface representation for average angular velocity.
From left to right, actual angular velocity, fitted angular velocity using
Eq. 7 and difference between actual and fitted values. All plots have
been represented in the same scale in order to emphasize the simi-

larities. Dimensionless opening size D/d = 4 and inclination angle
α = 35◦, see text for averaging process description. r is in cm, θ in
degrees and vr and vθ in cm/s. (Colorful online)

Fig. 11 Several profiles and fit curves of the average radial veloc-
ity taken from surfaces shown in left and center panels of Fig. 9. Top
radial dependence for three angular positions θ : circle = 33◦, diamond
= 16◦ and rightpointing triangle = 0◦. Bottom angular dependence for
three radial positions r : circle =2.7, diamond = 5.1 and rightpointing
triangle = 7.4 cm

Fig. 12 Several profiles and fit curves of the average angular veloc-
ity taken from surfaces shown in left and center panels of Fig. 10. Top
radial dependence for three angular positions θ : circle = 17◦, diamond
= 9◦ and rightpointing triangle = 4◦ cm. Bottom angular dependence
for three radial positions r : circle = 2.4, diamond = 3.3 and rightpoint-
ing triangle = 6.3 cm
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Fig. 13 Dimensionless quantity Φ(α) ≡ (−W/(2αρ0
√

g))2/3/d (W :
mass flow rate, ρ0: density, g: gravity, α: inclination angle, d: grains
diameter), as a function of dimensionless opening size D/d for different
values of the inclination angle α symbols. The straight lines correspond
to the linear fit to each curve

W =
∫

ρv · r̂dl, (8)

where v is the average velocity, r̂dl is an arc element ori-
ented radially that scans the aperture and ρ is the density.
Introducing the velocity components from Eqs. 6 and 7 into
Eq. 8, the mass flow rate reads

W = −2αρ0

[
2Ar

π
+ Br

]
. (9)

As mentioned above, Ar and Br are the fitting parameters
obtained for the velocity field which depend on the open-
ing size and inclination angle. A dimensional analysis shows
that the mass flow rate should be written as a combination of
density, length and velocity. Then, using the system charac-
teristic length D the mass flow rate scaling reads

W ∼ ρD
√

gD = ρ
√

gD3/2, (10)

where g is gravity acceleration. Taking this scaling into
account we plotted the dimensionless quantity Φ(α) ≡
(−W/(2αρ0

√
g))2/3/d as a function of dimensionless open-

ing size D/d, the resulting curves are shown in Fig. 13. We
observed that these curves are well fitted by a straight lines.
The deviation observed in the fitting curves is due to insuffi-
cient amount of data to compute a good average in time. We
expected to reduce these deviations increasing the number of
grains in the system. From each linear fit we obtain the slope
S(α) and the vertical axis intercept C(α), then Φ(α) can be
written as

Φ(α) = S(α)
D

d
+ C(α). (11)

As shown in Fig. 8 the angle of inclination and the open-
ing size are related through the radial position of the side
walls, rD = D/(2 sin α). Then, instead of presenting S(α)

and C(α) as function of α, we plotted these quantities as func-
tion of sin α. As shown in Fig. 14 the slope S(α) is a decreas-

Fig. 14 The symbols represent the slope S(α) and the vertical axis
intercept C(α), obtained from straight line fit to each curve Φ(α) (see
Fig. 13), as a function of sin α. The slope S(α) is a decreasing function
of sin α and, in first approximation, C(α) can be considered indepen-
dent of α. The lines represent the fit curves, in the case of C(α) it is
obtained from straight line fit and for S(α) it is calculated from Fig. 15

Fig. 15 Logarithmic plot of the slope S(α) shown in Fig. 14, log(S(α))

as a function of log(sin α). From the linear fit we obtained that S(α) ∼
0.6(sin α)−1

ing function of sin α and at first approximation the vertical
axis intercept C(α) is independent of the inclination angle.
By fitting a straight line parallel to the abscissa we found that
C(α) ∼ −2. On the other hand, by plotting S(α) against sin α

in a log − log scale, as shown in Fig. 15, and fitting a straight
line to the curve, we obtained that S(α) ∼ 0.6(sin α)−1.
Then, replacing S(α) and C(α) into Eq. 11, Φ(α) reads

Φ(α) ∼ 0.6

sin α

D

d
− 2. (12)

hence, the mass flow rate W can be written as

W ∼ −2ρ0
√

g [D − 3.3 d sin α]3/2 α

(sin α)3/2 , (13)

the value 3.3 d sin α measured in cm represents a critical
opening size and depends on the inclination angle, such that
for all opening sizes, D, smaller than this critical value the
flow stops permanently. For example, if α = 35◦ the critical
opening size is ∼ 1.2 cm, equivalent to ∼ 2 grains diameter.
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Similarly, To et al. [24], using a system with stainless steel
particles and an inclination angle α ∼ 35◦, obtained a critical
opening size of ∼ 2 particles diameter at 98 % probability
of jamming. The value of the critical opening size obtained
in our experiment is then compatible with the value obtained
by To et al. In general, the critical opening size depends on
the inclination angle, but it might also involve particle’s char-
acteristics that are not considered here, like roughness and
shape.

The scaling law given by Eq. 13 is valid for inclination
angles smaller than repose angle (measured from the verti-
cal), in this case θr ∼ 50◦, beyond this value the mass flow
rate is independent of inclination angle. On the other hand, for
constant D, when the inclination angle approaches the verti-
cal the mass flow rate diverges as α/(sin α)3/2. This kind of
divergence is also observed in the correction introduced by
Rose and Tanaka [29] to take into account the wall inclination
angle. They found that mass flow rate depends on α approxi-
mately as (tan α tan φd)−0.35 for α < 90−φd , where φd is the
angle between the stagnant zone boundary and the horizontal.
Similarly, the angular dependence predicted by the minimum
energy theory [14], (1 − (cos α)3/2)/(sin α)5/2, also showed
a divergence when α tends to zero. The value of mass flow
rate predicted by Eq. 13 is lower than the one obtained from
both Beverloo scaling corrected by Rose and Tanaka term
and the model based on the minimum energy theory when
α tends to repose angle. This might be a consequence that
our system is two dimensional and the corrections mentioned
were developed to three dimensional systems. Despite this
difference, the qualitative behavior is similar.

On the other hand, Choi et al. [9] observed in a two dimen-
sional hopper that the flow rate increases quickly when fun-
nel angle is decreased, however, they presented no explicit
scaling showing the flow rate dependence on the inclination
angle.

In reference to the critical opening size, Myers and Sell-
ers reported that this parameter, k, was a linear function of
wall inclination angle and decreases with α, see [30]. In
our case, the critical opening size depends on sin α and also
decreases with the inclination angle. It might be possible that
the difference in functional dependence is due to the different
dimensions of the systems compared. It is worthy to men-
tion that the critical opening size is important in predicting
the jamming and should play a main role in designing con-
ical hoppers, specially in industrial applications. However,
its dependence on inclination angle is usually not consid-
ered.

We believe that none of these scaling are suitable to
describe the flow in a parallel hopper. In our case, because
the flow is always radial, then, due to the connection between
α and D through the radial position of the aperture rD , the
limit α tends to zero must be interpreted as the limit of D
tending to zero which produces a vanishing flow.

We have shown that the network of contact forces acts
as a collective mechanism controlling the fluctuations of the
system velocity, and that dissipates only a fraction of the
total dissipated energy. According to the lifetime values it
is expected, for fast flows, that fluctuations in v are mainly
influenced by the extended chains instead of arches. We also
obtained a scaling for the mass flow rate that shows that crit-
ical opening size is varying with the inclination angle, and
decreases when wall approaches the vertical. This scaling is
also compatible with ones found in earlier works.

In the next section we will show that time average of the
network of contact forces allows to visualize a boundary that
has some features of the free fall arch.

4 Free fall arch

The free fall arch is a concept included in theoretical predic-
tions of the mass flow rate in hoppers, it represents the lower
surface, usually assumed spherical, of the granular material
that separates the region where particles are subjected to a
finite stress from the region where particles accelerate freely
under gravity (see Ref. [14]).

We have shown that during the flow there are no perma-
nent free fall arches located close to the opening. Moreover,
the probability of occurrence and lifetime of arches indicate
that they are less relevant than force chains in controlling the
flow. On the other hand, it is more plausible to assume that
there is a region where particles interact weakly or simply do
not interact. If that is true, the time average of the network
of contact forces could reveal this region. Indeed, changing
the illumination source to a sodium lamp we increased the
contrast such that only the force chains and arches were vis-
ible. Then, we took the average of the images and identified
two zones delimited by a boundary of thickness smaller than
a single grain, see inset of Fig. 2e. Above this boundary the
active contacts cover almost the entire image; below it no
active contacts are detected. Like for the arches described by
Edwards et al. [25–27], the shape of boundary resembles an
inverse catenary,

z = z0 − β cosh(x/β) (14)

where β = Fhd/P is the inverse of the maximum curvature,
Fh is the effective horizontal force and P is the effective
vertical force acting on a single grain and d is the grains
diameter. In Fig. 2e we shown three curves represented in a
generic hopper such that D/d increases upward, the inclina-
tion angle is α = 30◦ and D/d = 5, 6, 7. A unique value of
the fit parameter β was obtained for the three curves, β ∼ 4d
meaning that near the opening the angular stress is four times
larger than radial stress (σθθ ≈ 4σrr ), which is consistent
with weakly loaded arches where the angular stress is sev-
eral times larger than the radial stress. This result is valid for
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small values of D/d where a relatively well defined bound-
ary is obtained. If the opening size is increased the central
region of the boundary becomes diffuse and its shape is no
longer uniquely defined.

In the next section, we obtain the strain rate tensor from
the average velocity field and the shape of an arch, follow-
ing the local tangent of the principal orientation of the stress
tensor.

5 Force lines and strain rate

To calculate the stress tensor we need to determine the mag-
nitude and orientation of the local forces at each contact. This
process is limited by the images resolution, which in our case
was not enough to obtain the stress. We adopted a different
approach assuming that our system is isotropic such that the
Principle of Co-axiality [14] is applicable, the principal axes
of the stress and strain rate tensors must be coincident. We
calculated the strain rate tensor from the average velocity
field components derived in Eqs. 6 and 7 using the standard
expressions in cylindrical coordinates [14]. The components
of the strain rate tensor are

ε̇rr = 1

r2

[
Ar cos

(
πθ

2α

)
+ Br

]

ε̇θθ = 1

r2

{
−

[
Ar cos

(
πθ

2α

)
+ Br

]

− Aθ

[( π

2α

)
cos

(
πθ

2α

)
− 1

α

]}
(15)

ε̇rθ = 1

2r2

{
Ar

( π

2α

)
sin

(
πθ

2α

)

+ 2Aθ

[
sin

(
πθ

2α

)
− 1

α

]}
,

after diagonalization, which implies that the off diagonal
shear rate components vanish in the rotated axes, we find
that the principal directions are oriented according to

tan 2θP =
[

(π Ar + 4αAθ ) sin
(

πθ
2α

) − 4Aθ θ

(π Aθ + 4αAr ) cos
(

πθ
2α

) − 2Aθ + 4αBr

]
.

(16)

where θP is measured from the radial axis. The principal
direction angle θP depends on the geometrical characteris-
tics of the system, α and D/d, through the fit parameters
Ar , Br and Aθ . From top panel of Fig. 16 we observed that,
at the symmetry axis, the principal directions of the strain rate
tensor coincide with radial and angular orientations, indicat-
ing that system dilates along the radius and compresses in the
angular direction. In the region limited by the dotted lines the
divergence is negative; outside it is positive. The dashed lines
show locations where the principal strain rate components are

Fig. 16 Top representation of the strain rate tensor,see Eq. 15, show-
ing the radial and angular dependence, the arrows show the principal
strain rate orientations on an area element. The solid curves correspond
to arches built following the compression lines of the stress tensor, see
Eqs. 16 and 17. The dashed lines show the points where the principal
strain rate components are oriented at 45◦ respect to the radial direction.
Bottom Maximum shear strain rate as a function of the angular position,
near the aperture solid line and at height 5d dotted line. The parameters
for both figures are dimensionless opening D/d = 4 and inclination
angle α = 35◦. The spatial coordinate x and y are normalized to the
grains size d

oriented at 45◦ respect to the radial direction. Within the zone
delimited by these lines most of the dilation is concentrated
along the radial direction; it is reduced when approaching the
side walls. Far from the opening the magnitude of the princi-
pal strain rate components decreases quickly. The maximum
shear strain rate shows two minima at ±20◦ close to the cen-
ter, as shown in bottom panel of Fig. 16. At the center and
side walls we found the largest dilation; at the center the loss
of compaction is mainly due to the gravity and near the side
walls it is due to the shear strain increase.

Based on the fact that non cohesive granular materials
do not support tensile stress, there is a high probability that
force chains follow locally the compressive direction of the
stress tensor, or equivalently the strain rate tensor. Therefore,
the compression lines are potential force chains and arches.
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Fig. 17 Histogram of the arches and chains curvature C at walls, mea-
sured in units of d−1, for D/d = 5 and α = 30◦. Top close to the
aperture, at height ∼ 3d. Bottom relatively far from the aperture, at
height ∼ 7d. Where d is the grains diameter

We built an arch following the local tangent of the com-
pressive principal orientation of the strain rate tensor. Then,
starting from the infinitesimal length of a curve in polar coor-
dinates ds2 = (rdθ)2+dr2, we found that compressive lines
obey the equation (1/r)dr/dθ = tan θP . The formal solution
is given by

r = rw exp

⎛

⎝
θ∫

−α

dθ ′ tan θP (θ ′)

⎞

⎠ , (17)

where rw is the initial radial position of the compression line
at side wall and θP is the orientation of the principal com-
pressive component of the strain rate tensor, obtained from
Eq. 16. In top panel of Fig. 16 are shown two compression
lines for different radii, these lines are self similar reflect-
ing the independence of the radial coordinate. In the region
delimited by dotted lines, see top panel of Fig. 16, the calcu-
lated arches resembles the actual arches observed in devel-
oped flows, see Fig. 2b. Outside this region, the curvature
of calculated arches increases quickly and therefore deviates
from the actual arches.

The histogram of curvatures is shown in Fig. 17, we
observed that force chains with positive curvature are rarely
observed in regions close to the opening. However, the num-
ber of force chains with positive curvature slightly increases
far from the opening. On the other hand, force chains obtained
following the compressive lines cannot reproduce the force
chains with positive curvature. Although the actual mech-
anism involved in the creation of force chains with posi-
tive curvature remains unknown, it is possible to formulate
an explanation based on the relative motion of grains. Let
assume a prearranged set of grains in contact that move with
zero relative velocity and forms a cluster. When the clus-
ter hits a side wall, the preestablished contacts are activated
because of compression that allow the formation of force
chains with curvatures of all types, including the positive
one. Apparently, the formation of clusters is reduced when

Fig. 18 Contact angle of the force chains and arches on the side walls
at different heights for different inclination angles α, circle = 35◦, tri-
angle = 30◦ and star = 10◦. The dashed line shows the contact angle
of the arches built following the compression lines of the stress tensor
θC L , see Eq. 17. Inset, average value of contact angles measured, θch ,
and calculated from the built arch, θC L , as a function of the inclination
angle α. The height y is normalized to the grains size d

the available free space decreases that would explain why
they practically are not observed close to the opening.

We have characterized the force chains and arches and
shown the influence on the fluctuations of velocity. In addi-
tion, we built an arch following the compression direction of
the stress tensor. In the next section we will introduce friction
heuristically through the contact angle of force chains with
side walls.

6 Force chains at side walls: friction and contact angle

The creation of force chains requires that particles in contact
with side walls do not slide. Frictionless interaction between
hard particles and side walls only supports a normal contact
angle without sliding. On the other hand, finite friction inter-
action might allow a range of contact angles that depends on
the length of the force chains and the inclination angle α.
Therefore, the fluctuations in the contact angle is a manifes-
tation of the effect of friction between grains and side walls.
In Fig. 18 is shown the distribution of contact angles, mea-
sured normal to the side walls for three different inclination
angles. We observed that the contact angle does not depend
on the position along the wall but depends on the inclination
angle α, as shown on the inset of Fig. 18. The average value
of the contact angle is ∼ 0.08 rad.

The grain–wall friction allows a range of contact angles
for the chains which might explain the fluctuations observed
in this angle. To estimate the friction coefficient we intro-
duced a simple model based on a single grain located onto a
tilted surface. The grain is subjected to a force F , that repre-
sents the action of all the grains in the chain, and the friction
force with side wall. Then, the grain–wall friction coefficient
becomes
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μg−w = F sin θch + mg cos α

F cos θch + mg sin α
(18)

where m is the mass of a single grain, g is gravity, θch is the
contact angle and α is the inclination angle. Considering the
standard deviation of the contact angle θch ∼ 0.19 rad corre-
sponding to an inclination α = 30◦, and a typical force chain
with five grains, F/mg = 5, we obtain a grain–wall friction
coefficient μg−w ∼ 0.33. We also determined the grain–wall
and grain–grain friction coefficients by measuring the shear
and normal stress on a grain, when it is submitted to a tor-
sion through a rheometer, and obtained the following values
μg−w ∼ 0.35 and μg−g ∼ 0.48. Calculated and measured
grain–wall friction μg−w thus differ by 6 %. This might be
explained by increases in contact surface due to grains defor-
mation which is not included in the simple model, resulting
in larger friction.

Alike that for grain–wall interactions, the contact angle
of arches and force chains calculated from stress tensor is
θC L = 1.32 rad, see Sect. 5. While this angle is independent
of height like the force chains observed experimentally, it dif-
fers considerably from the experimental value. This might be
a consequence of the poor description of the angular velocity
close to the side walls.

7 Conclusions

The grain–grain and grain–wall interactions create bright pat-
terns which are arranged in chains that occasionally con-
nect both side walls forming arches. They are created and
destroyed during the flow and form an intermittent network
of contact forces. Lifetime of arches and chains is decreas-
ing with mean velocity because they require a coherent
position of particles to exist and such coherence is lost as
particles move faster. The behavior observed in energy vari-
ations shown that the network of contact forces is responsible
for fluctuations in velocity, which is also supported by cross
correlation between the total number of visible chains and the
average vertical velocity. However, this network is irrelevant
in controlling the outflow and plays no role in obtaining the
scaling law for mass flow rate. On the other hand, although
the arches play a main role when system is jamming, they
are mainly observed for small D and therefore they cannot
be a mechanism to controlling the outflow.

The fluctuations are signature of the transitions experi-
enced by the granular system when it changes from a state
of increase of kinetic energy to a state of dissipation due to
the friction. The network of contact forces acts as a regu-
lating mechanism that controls the velocity fluctuations. We
observed that the magnitude of velocity fluctuations depends
on the geometry of the system and decreases quickly for large
values of D. Furthermore, the magnitude of velocity fluctua-

tions shows a slight dependence on the inclination angle for
small values of D.

We modeled the average velocity field as low order terms
of Fourier-like series, which in turn results in a mass flow
rate represented by a power law scaling in the aperture size ∼
2ρ0

√
g[D − 3.3d sin α]3/2α/(sin α)3/2, where 3.3d sin α is

the size of the opening that maximizes the jamming probabil-
ity. Note that this critical value for the opening size depends
on the inclination angle α. When the aperture D approaches
this value an increment in the large of extended chains and
arches is observed that contributes to reduce the mass flow
rate, and eventually stops it. Conversely, if the aperture size is
much larger than the critical value, the coherence required by
arches and extended chains to exist is decreased, and there-
fore they reduced their large and frequency making irrelevant
the control mechanism of flow via the intermittent network
of contact forces. We estimated the energy absorbed by the
network of contact forces assuming that it is mainly dissi-
pated through collisions. It is observed that approximately
a 15 % of the total energy is dissipated by this mechanism.
This result indicates that friction should be responsible for
the dissipation of the remaining energy.

We found that the time average of the network of con-
tact forces reveals a boundary, separating a stress-free region
from a finite stress region, which resembles the free fall arch
characteristics. However, we observed that this free fall arch
is only detectable for small values of D. We built an arch fol-
lowing the compression direction of the stress tensor that cap-
tures the features observed in the arches and the force chains
with negative curvature. The force chains with positive cur-
vature cannot be reproduced by the calculated force chains.

A simple model was introduced to connect the grain–wall
friction with the contact angle of force chains. We observed a
variation of 6 % between the measured and calculated friction
coefficients. The variation might be explained by the grains
deformation that increases the contact surface and increments
the friction. On the other hand, the contact angle of the build
arch shows a large deviation from the measured contact angle
that might be a consequence of the poor description of the
angular velocity close to the side walls.
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