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We show that the asymptotically flat hairy black holes, solutions of the Einstein field equations

minimally coupled to a scalar field, previously discovered by one of us, present mode instability against

linear radial perturbations. It is also shown that the number of unstable modes is finite and their

frequencies can be made arbitrarily small.
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I. INTRODUCTION

For any number of minimally coupled scalar fields, the
most general form of the no-hair theorem, in asymptotically
flat spacetimes, states that when the scalar field potential is
everywhere non-negative then there are no nontrivial regu-
lar black hole spacetimes (see [1,2] and references therein).
Therefore, in order to have an asymptotically flat hairy
black hole with a minimally coupled scalar field, a neces-
sary condition is a scalar field potential with a negative
region. In [3–5] a family of static, spherically symmetric
solutions of the Einstein field equations with a minimally
coupled scalar field� with a nontrivial potential Vð�Þ was
found and analyzed. For a whole range of the parameters,
this solution describes either asymptotically flat or (anti–)
de Sitter black holes. The main subject of the present paper
is to analyze the mode stability of the asymptotically flat
black holes, whose properties are summarized in Sec. I
below. The scalar field potential in the asymptotically flat
case is depicted in Fig. 1.

The question of mode stability is already nontrivial for
vacuum solutions, which was settled in the static case by
Regge-Wheeler and Zerilli (for references and an account
of these results, see [6]). It was shown in these seminal
works that the stability problem can be mapped to the
analysis of the spectrum of a Schrödinger operator. An
everywhere positive spectrum implies there are no modes
that exponentially grow in time. Since, as can be seen from
Fig. 1, the potential Vð�Þ is not bounded from below, one
would thus expect that something should go very wrong
with the stability of the solution. This is the issue we
address in this paper. Using the method of Bronnikov
et al. [7,8] we shall study the equations of motion for the
radial perturbations in Sec. III. We will see that the
effective potential Veffð�Þ in which these modes ��ðt; �Þ
propagate,

� d2u

d�2
þ Veffu ¼ E2u with �� / eiEtuð�Þ; (1.1)

where � is a ‘‘tortoise’’ radial coordinate sending the
horizon at minus infinity, always exhibits a negative region.

A sufficient condition for the existence of bound states
with negative E2 (for bounded Veff that fall off faster
than j�j�2) is the Simon criteria [9,10], which states that
whenever the integral

S �
Z þ1

�1
Veffd� (1.2)

is negative, there will always be at least one bound
state with negative E2. Therefore, we only study effective
potentials with a positive Simon integral. Using standard
‘‘shooting’’ techniques to solve (1.1), we do indeed find
unstable modes.
What is remarkable, however, is that this instability is

somehow marginal. Indeed, as we shall comment upon in
Sec. IV, there is only a finite number of unstable modes
and, moreover, as follows from the sharp Lieb-Thirring
inequality in one dimension [11], their characteristic time
of growth can be made arbitrarily large for certain values of
the black holes parameters, as is the case if the size of the
black hole is small enough.
The metric signature is ð�;þ;þ;þÞ and we set c ¼

1 ¼ �. This implies that a canonically normalized scalar
field, �, is dimensionless.
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FIG. 1 (color online). The potential (2.3) for various values of
the parameter � > 1 (and �> 0).
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II. HAIRY BLACK HOLE SOLUTIONS

Here the main results obtained in [3–5] are summarized.
Consider the Einstein field equations minimally coupled to
a scalar field,

G�� ¼ @��@��� g��

�
1

2
g��@��@��þ Vð�Þ

�
; (2.1)

which through the Bianchi identity imply the
Klein-Gordon equation,

h�� V� ¼ 0; (2.2)

where V� � dV=d�. It was shown in [3] that the most

general1 potential compatible with the Carter-Debever-
Plebański ansatz is

Vðc Þ ¼ �

�2

�
�� 1

�þ 2
sinh ½ð1þ �Þc �

þ �þ 1

2� �
sinh ½ð�� 1Þc � � 4

�2 � 1

4� �2
sinh c

�

with c �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2

�2 � 1

s
�; (2.3)

where �, which has dimension length�2, and � > 1 are the
parameters of the model. It is quite flat at the origin (Vðc Þ ’
�ð�2 � 1Þc 5=30) and is unbounded from below, see Fig. 1.

Equations (1)–(3) possess the following four-
dimensional, static, and spherically symmetric solutions,

c ¼ lnx;

ds2¼�ðxÞ
�
�FðxÞdt2þ	2dx2

FðxÞ þd
2þsin2
d�2

�

with �ðxÞ¼ �2x��1

	2ð1�x�Þ2 and

FðxÞ¼	2x
2��ð1�x�Þ2

�2

��

�
1

4��2
þx2

�2

�
1� x��

2��
� x�

2þ�

��
; (2.4)

where 	> 0 is the unique integration constant of the
solution. This solution coincides with the Schwarzschild
solution when � ¼ 1 (for details see [4]). The coordinate x
is dimensionless, related to the standard Droste radial
coordinate r as

r ¼ �

	

x
��1
2

j1� x�j : (2.5)

Spatial infinity is at x ¼ 1. The solutions have two branches:
0< x< 1, with the curvature singularity at x ¼ 0, and x >
1, with the curvature singularity at x ¼ 1. Since �F ! 1,
	2�=Fðdx=drÞ2 ! 1 and � � r2 when x ! 1, the metric
is asymptotically flat, and actually it is asymptotically

Schwarzschild’s metric with parameterized post-
Newtonian (PPN) parameters �PPN ¼ �PPN ¼ 1.
The gravitational mass (read off from the asymptotic

behavior of the gtt ¼ �ð1� 2m=rþ � � �Þ component of
the metric) and the inertial mass of the solutions (as
defined, for example, by the Komar integral or the Katz
superpotential, see [4,12]) are equal, and given by

m ¼ ��þ 3	2

6	3
; (2.6)

with the upper sign for the branch x < 1 and the lower for
the branch x > 1. The mass is positive for all �>�3	2 for
the x < 1 branch and for all�<�3	2 for the branch x > 1.
The metric (2.4) represents a Schwarzschild-type black

hole if the metric function FðxÞ has one single zero, if it is
positive at spatial infinity, and negative at the curvature
singularity. These conditions are fulfilled
(a) when �> 0 for all 	, if � 2 ½1; 2� and for 	2 �

�
��2 < 0 if � > 2. In those cases the horizon xþ is

such that 0< xþ < 1 and the mass of the black hole
is (2.6) with a plus sign or

(b) when �< 0 if 	2 þ �
�þ2 < 0. Then the horizon

xþ > 1, and the mass is (2.4) with a minus sign.
By definition, the horizon xþ of the black hole is such

that FðxþÞ ¼ 0 with F given in (2.4),

	2 ¼ �
�2x�þ � ð�þ 2Þx2þ þ ð4��2Þx2þ�þ � ð2��Þx2þ2�þ

ð4��2Þx2þð1� x�þÞ2
:

(2.7)

The asymptotic behaviors of 	2 are

	2

�
� 1� xþ

3
for xþ ! 1

	2

�
� � 1

2þ �
ð1� �x��þ Þ for xþ ! 1

;

	2

�
� �2x��2þ

4� �2
! þ1 if � 2 ½1; 2�

	2

�
� 1

�� 2

�
1� �2x��2þ

�þ 2

	
if � > 2

for xþ ! 0:

(2.8)

Besides these values of xþ, there is a further interesting
value given by the condition dð	Þ2

dxþ
¼ 0, whose numerator

vanishes if

�� 2

�þ 2
¼ x�þ � x2þ

x�þ2þ � 1
: (2.9)

Note that xþ ¼ 1 is a solution of (2.9); however, it is not a

critical point since d	2

dxþ
jxþ¼1 ¼ � �

3 . Actually, since the lhs

of (2.9) is such that � 1
3 <

��2
�þ2 < 1 and the numerator as

well as the denominator of the rhs of (2.9) are monotoni-
cally increasing or decreasing, it follows that (2.9) can have
at most one solution, which is xþ ¼ 1. Therefore, there are
no critical points of the function (2.7) in the relevant1Excluding a cosmological constant.
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interval, and it is possible to parametrize the solution in
terms of xþ instead of 	. The conditions (a,b) for the
existence of an horizon can thus be replaced by
(a’): �> 0, xþ 2 ð0; 1Þ and (b’): �< 0, xþ > 1.

The mass (2.6) of the black hole then becomes a function
of xþ or, alternatively, rþ through (2.5) and (2.7). Then, it

is possible to show that close to spacelike infinity, we
recover the Schwarzschild relation

lim
xþ!1

2m

rþ
¼ 1; (2.10)

and close to the singularities we have, using (2.8),

8>>>>>><
>>>>>>:

lim
xþ!0

mr��2þ ¼ ð4� �2Þð��1Þ=2ð ffiffiffiffi
�

p Þ1��=ð2�Þ for �> 0 and � 2 ½1; 2�;

lim
xþ!0

m ¼ ð�þ 1Þ ffiffiffiffiffiffiffiffiffiffiffiffi
�� 2

p
=ð6 ffiffiffiffi

�
p Þ for �> 0 and � > 2;

lim
xþ!1m ¼ ð�� 1Þ ffiffiffiffiffiffiffiffiffiffiffiffi

�þ 2
p

=ð6 ffiffiffiffiffiffiffiffi��
p Þ for �< 0:

(2.11)

We note that the mass can tend to a constant when the size
of the black hole shrinks to zero.

III. LINEAR INSTABILITY

A. The Bronnikov et al. equations for linear
radial perturbations

We summarize here the results obtained in [7,8].
Consider the metric

ds2 ¼ �e2½�0ðxÞþ��ðt;xÞ�dt2 þ e2½�0ðxÞþ��ðt;xÞ�dx2

þ e20ðxÞðd
2 þ sin 2
d�2Þ (3.1)

and scalar field � ¼ �0ðxÞ þ ��ðt; xÞ. Expand the
Einstein and Klein-Gordon equations (2.1) and (2.2) to
linear order in the perturbations ��, �� and ��. After
rearrangement and proper use of the zeroth order, back-
ground equations, they boil down to three independent
equations. Two of them are constraints,

��¼ �0
0

20
0

��

��0 ¼ 1

202
0

½ð�0
0e

�20 ��0
0V�0

0V�Þe2�0��þ0
0�

0
0��

0�;

(3.2)

where a prime denotes derivation with respect to x,
and where V and V� are evaluated on the background

solution �0.
The third is an equation of propagation for ��, which,

after setting

�� � eiEte�0uðxÞ; (3.3)

can be put under the canonical form

d2u

d�2
þ ðE2 � VeffÞu ¼ 0; (3.4)

where E is the ‘‘energy’’ of the mode, � is the ‘‘tortoise
coordinate’’ such that

�0 � d�

dx
¼ e�0��0 ; (3.5)

and the effective potential is given by

Veff ¼e2�0

02
0

½20
0�

0
0V��e

�2�0

0 04
0 þ�02

0 ðV�e�20Þ

þ02
0 ðe�20 �VþV��Þ�: (3.6)

B. The effective potential

The scalar field potential V is given in (2.3), and the
background solution is

�0 ¼ ln
ffiffiffiffiffiffiffiffi
�F

p
; �0 ¼ ln	

ffiffiffiffiffi
�

F

s
;

0 ¼ ln
ffiffiffiffiffi
�

p
; �0 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�2 � 1

2

s
c ;

(3.7)

with �, F and c given in (2.4). Inserting (3.6) into (3.5),
one finds

Veff ¼ F
N1 þ x2N2

D
; (3.8)

where the explicit expressions for N1, N2 and D are given
in Appendix A.
Let us now look at the shape of the effective potential

Veff . From its expression given in Appendix A, we have
that near-spatial infinity is simply

Veff ¼ ð�� 	2Þðx� 1Þ3 þOðx� 1Þ4 ¼ Oð��3Þ: (3.9)

Note that the condition (b’) for the existence of the horizon
implies that whenever x > 1, then�< 0 ) Veff is negative
close to spacelike infinity. The condition (a’), �> 0 and
x < 1 and the use of (2.8) show that it is asymptotically
negative if � > 3; for �> 0 and � 2 ½1; 3�, it can be
positive close to spacelike infinity for small enough values
of xþ.
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Around the black hole horizon,

d� ¼ 	dx

F
¼ 	dx

ðx� xþÞF0ðxþÞ þOðx� xþÞ�2; (3.10)

and, therefore,

x> 1) lim
x!xþ

�¼ lim
x!xþ

	

F0ðxþÞ ln jx� xþj ¼þ1;

x< 1) lim
x!xþ

�¼ lim
x!xþ

	

F0ðxþÞ ln jx� xþj ¼�1:
(3.11)

The effective potential (3.8) is overall multiplied by F,
which implies that around the horizon,

Veffðx ¼ xþÞ � exp ð�jF0ðxþÞ	�1�jÞ: (3.12)

From (3.9) and (3.12), it follows that the number of
bound states with negative E2 should be finite, as is the
case with any potential that falls off faster than j�j�2 in one
dimension [13].
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FIG. 2 (color online). dVeff

dx jxþ (denoted dVeff

dxþ
on the figure) as a

function of the horizon location xþ for various values of �. Left
panel: �> 0 and increasing values of � > 1 from right to left.
Middle panel: �< 0 and � 2 ½1; 3�. Right panel: �< 0 and
increasing values of � > 3 from right to left.
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FIG. 3 (color online). The effective potential Veff as a function
of the radial coordinate x (the explicit expression of which
is given in Appendix A). Left panel: for �> 0, � ¼ 1:95 and
xþ ¼ 0:02, Veff is a negative potential well surrounded by two
barriers, one near the horizon xþ and the other (zoomed on the
medium panel) at spatial infinity. Right panel: for �< 0, � ¼ 8
and xþ ¼ 8.
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Near the horizon we have

Veff ¼ dVeff

dx









xþ
ðx� xþÞ þ � � � with

dVeff

dx









xþ
¼ dF

dx

N1 þ x2N2

D









xþ
; (3.13)

where N1, N2 andD are given in Appendix A. The value of
dVeff=dx at x ¼ xþ is depicted in Fig. 2. For �> 0 it is
negative unless the horizon size is small enough, and all the
more so as � ! 1. For �< 0 it is always negative for
� 2 ½1; 3� and can be positive if � > 3 and the horizon
size is big enough, all the more so as � increases. The
effective potential can thus have three different shapes
depending on the sign of �, the value of the parameter �
and the location of the horizon xþ. Either it is negative
everywhere, or it is a negative well edged by a barrier, at
infinity if �> 0 or at the horizon if �< 0 or, if �> 0, it
may be a negative well surrounded by two barriers—one
near the horizon, the other at infinity. See Fig. 3 for two
examples of such behaviors. See Fig. 5 of Appendix D for a
typical shape of a negative effective potential.

C. The existence of bound states with negative E2

For values of � and xþ such that the effective potential is
everywhere negative, the equation of motion (3.4) for the
radial perturbations will possess bound states with negative
E2, as standard methods for solving the one-dimensional
Shrödinger equation show. Since, for a negative value of
E2, the mode �� blows up in time [see (3.3)], the black
hole solution is then unstable.
For values of the parameters such that the effective

potential is a negative well surrounded by positive barriers
near the horizon and/or at infinity, and in analogy with what
happens in the case of a square potential well bounded by a
potential barrier, there will be no bound state and the radial
perturbationswill be stable if the barrier is sufficiently high.
As shown by Simon [9,10] when Veff is bounded and falls
off faster than j�j�2, a necessary (but not sufficient) con-
dition for the absence of bound states of negative E2 is

S �
Z þ1

�1
Veffd� > 0: (3.14)

It turns out that S can be given in closed form. Its explicit
expression is given in Appendix B. It is a function of xþ
and �, and its behavior is shown in Fig. 4. Its asymptotic
behaviors are
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0.15

0.10

0.05

Veff

FIG. 5 (color online). The ‘‘decoupling limit’’ effective poten-
tial Veff when l ¼ 0. Left panel: for various values of the
parameter 	 and in function of r. Right panel: for 	 ¼ 0:5
and in function of the tortoise coordinate �. Also shown is the
(negative) value of E2 corresponding to the bound state of Fig. 6.
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FIG. 4 (color online). Simon’s integral S as a function of the
location of the horizon xþ for various values of �, for �> 0 (left
panel) and �< 0 (right panel). As can be seen, it can be positive
for all values of � if xþ is small enough when �> 0 and for
� > 7 and xþ big enough when �> 0.
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Sffiffiffiffiffiffiffij�jp � �
ffiffiffi
3

p
2

ðj1� xþjÞ32 ! 0� for xþ ! 1�

�> 0; � 2 ½1; 2�: Sffiffiffiffi
�

p � �� 1

4�

ffiffiffiffiffiffiffiffiffiffiffiffi
2� �

2þ �

s
x��=2
þ � 3�

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4� �2

p x�=2�1
þ ! þ1 for xþ ! 0

�> 0; � > 2:
Sffiffiffiffi
�

p � ð�� 1Þ ffiffiffiffiffiffiffiffiffiffiffiffi
�� 2

p
4ð�þ 2Þxþ ! þ1 for xþ ! 0

�< 0:
Sffiffiffiffiffiffiffij�jp � � 7� �

4
ffiffiffiffiffiffiffiffiffiffiffiffi
2þ �

p xþ
�
1þ �� 1

ð7� �Þxþ
�
! �1 for xþ ! þ1:

(3.15)

When �> 0, S is positive for all values of � for small
enough values of xþ. When �< 0, S is positive for all
values of � > 7 for large enough values of xþ. Hence,
there is the possibility that there would be no bound states
in these cases and that the black hole solutions would
be stable.

Concentrating on cases when the Simon integral (3.14)
is positive, we hence integrated numerically the differential
equation (3.4) using the standard ‘‘shooting’’ method
(see e.g. [14]). It consists in choosing the boundary value
for uð�Þ and its derivative in the potential barrier near
the horizon in order to guarantee that the solution

exponentially decreases as one approaches the horizon.
A range of values for E2 is then scanned (with E2 negative
but smaller than the depth of the well). If the corresponding
mode functions uð�; E2Þ all blow up exponentially for large
� to, say, þ1, then the equation has no bound state. If, on
the contrary, uð�; E2

1Þ goes toþ1 but uð�; E2
2Þ goes to�1,

then a bound state exists for a value E2
n 2 ½E2

1; E
2
2�.

We explored the following range of the parameters:
1< �< 20, 0< xþ < 0:5 and 1<�< 10. When
1< xþ < 10, we explored �1>�>�10 in the fairly
wide range of parameters and did not find any stable
solution. Within these cases we were not able to find values
for the parameters � and xþ which would not exhibit any
bound state. See Fig. 6 in Appendix D for typical behaviors
of the mode functions u.2

Therefore, the class of hairy black holes (2.4) are un-
stable, in that the spectrum of their spherically symmetric
perturbations exhibits, at least generically, modes that
grow exponentially in time.
However, as we shall now see, this instability can be

marginal for small black holes.

IV. A CLASS OF QUASISTABLE SMALL
BLACK HOLES

As was already established below Eq. (3.12), a first
remark is that Eq. (3.4) for the radial perturbations pos-
sesses only a finite number of unstable bound states.
Actually, our numerical exploration showed that for every
value of the parameters there is only one bound state.
A second remark is that the eigenvalues of these

bound states are bounded by a sharp Lieb-Thirring
inequality [11],X

i

ffiffiffiffiffiffiffiffiffiffi
�E2

i

q
� 1

2

Z
Veff<0

jVeff jd�; (4.1)

10 5 5 10 15 2 m
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0.2

0.3

0.4

0.5

u

10 5 5 10 15 2 m

1.5

1.0

0.5

0.5

u

FIG. 6 (color online). Solution of Eq. (D6) for 	 ¼ 0:5. Left
panel : for E2þ ¼ �0:122; right panel: for E2� ¼ �0:127. A
solution, bounded at the horizon and at infinity, exists for an
eigenvalue E2

1 such that E2� <E2
1 <E2þ < 0.

2For example, for � ¼ 1, � ¼ 1:7, xþ ¼ 0:001, and hence
	2 ¼ 17:3 and S ¼ 5, there is a bound state for E2 such that
2:1< jE2j< 2:2. For �> 0, � ¼ 6, xþ ¼ 0:05, and hence
	2��1 ¼ 0:25 and S ¼ 4:6, there is a bound state for E2 such
that 0:11< jE2j< 0:12. Finally, for � ¼ �1, � ¼ 9, and hence
	2 ¼ 0:09 and S ¼ 0:45, there is a bound state for E2 such that
0:110< jE2j< 0:115.
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where the sum is for all E2
i < 0. Now, as is pointed out in

Appendix A, Veff is proportional to �; therefore, we can
take E2 ¼ j�j �E2, where �E2 is a number of order unity if the
dimensionless parameters �, xþ and 	2��1 are all taken of
order unity (see examples of values of �E2 in footnote 2). In
that case the unstable mode,

�� / eiEt ¼ eþ
ffiffiffiffiffiffiffi
� �E2

p ffiffiffi
�

p
t; (4.2)

then grows on a time scale t of the order of 1=
ffiffiffiffi
�

p
. Since the

characteristic time scale of gravitational effects is set by
the mass m of the black hole, the growth of the modes will
be tamed if

ffiffiffiffi
�

p
m is much less than 1. Returning to the

relationship between the mass of the black hole and its
horizon size given in (2.11), we therefore see that this
condition is met if �> 0 and � 2 ½1; 2� in which case
the mass and size of the black hole are related by

2�
ffiffiffiffi
�

p
m � ð4� �2Þð��1Þ=2ð ffiffiffiffi

�
p

rþÞ2�� 	 1: (4.3)

Such black holes are therefore quasistable, that is,
‘‘long lived.’’

V. CONCLUSIONS

We studied in this paper the stability of the asymptoti-
cally flat black holes with minimally coupled scalar hair
discovered in [3–5]. We limited ourselves to the analysis of
the radial ‘‘s-wave’’ perturbations of the metric and the
scalar field, which can be presumed to be the least stable
(since a stabilizing barrier in lðlþ 1Þ=r2 appears in the
effective potential of l � 0 modes). We found that, generi-
cally, some of these radial modes were spatially bounded
but growing in time. Strictly speaking, the black holes are
therefore unstable. However, if their mass m and size rþ
are small compared with the scale 1=

ffiffiffiffi
�

p
of the model, the

characteristic time for the instability to develop is long
compared to the scale set by m.

A final remark is in order. Since the potential for the
scalar field is unbounded from below, it is tempting to say
that the instability could have been foreseen without any
detailed analysis. However, this would have been a hasty
conclusion (as the well-known example of anti–de Sitter
spacetime already teaches us [15]). In fact, when a proper
cosmological term is added to the potential, leaving it
unbounded from below (see [3–5] for its expression), so
that the black hole is asymptotically anti–de Sitter, it is
easy to see that the effective potential Veff for the pertur-
bations can be positive everywhere, so that the black hole is
linearly stable against radial perturbations. We leave a
thorough study of this promising case to further work.
While completing this work, a paper was published that

analyzes a similar situation and reaches conclusions that
are in harmony with ours [16].
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APPENDIX A: EXPLICIT EXPRESSION
OF THE EFFECTIVE POTENTIAL Vef

The effective potential (3.6) using (3.7) and (2.4) is

Veff ¼ F
N1 þ x2N2

D
; (A1)

where F is the metric function given in (2.4),

�
D ¼ 4��2ð4� �2Þx2þ�½ð�� 1Þ þ ð�þ 1Þx��2;
N1 ¼ c1x

2 þ c2x
� þ c3x

2� þ c4x
3�; N2 ¼ d1x

� þ d2x
2� þ d3x

3� þ d4x
4�;

(A2)

and where the coefficients are given by

�
c1 ¼ �½1þ �ð2� �Þ�ð�þ 2Þð�� 1Þ4; c2 ¼ ð3� �Þð�� 1Þ3�2

c3 ¼ 6�2ð�2 � 1Þ2; c4 ¼ ��2ð1þ �Þ3ð3þ �Þ (A3)

8>>>><
>>>>:

d1 ¼ ð�� 1Þð�þ 2Þ½�4þ 5�� 17�2 � �3 þ �4 � 4�ð2� �Þð2�3 þ 2�2 � �þ 1Þ�
d2 ¼ 6ð�2 � 1Þ½2þ 11�2 � �4 þ �ð4� �2Þð1þ 3�2Þ�
d3 ¼ ð�þ 1Þð�� 2Þ½�4� 5�� 17�2 þ �3 þ �4 � 4�ð2þ �Þð�2�3 þ 2�2 þ �þ 1Þ�
d4 ¼ ð�� 2Þð�þ 1Þ4½1þ �ð2þ �Þ�;

(A4)

where 	2 ¼ ��. Finally, � can be written in terms of � and xþ, using the expression given in (2.7). Hence, Veff=� is a
function of the radial coordinate x, the parameter � and the location of the horizon xþ.

For � ¼ 2 (A1–A6) reduces to the effective potential studied in Appendix C. For � ¼ 1, it reduces to the ‘‘decoupling
limit’’ effective potential studied in Appendix D.
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APPENDIX B: THE SIMON INTEGRAL

Using (3.9) and the explicit expression for Veff given in
Appendix A, we have that the Simon integral (3.13) reads

S¼�
Z 1

xþ
Veff

d�

dx
dx¼�

Z 1

xþ

	ðN1þ x2N2Þ
D

dx¼��

	

S1
S2

;

(B1)

where the plus sign holds for �> 0 and the minus sign for
�< 0, where � is given in terms of xþ and � in (2.7), and
where

S1 ¼ ð�� 1Þð2� �Þ þ 2ð�þ 1Þð�þ 2Þxþ
� ð�þ 2Þð�þ 7Þx2þ � 2x��1þ ½3�2 � 2xþð1þ 2�2Þ
� x2þð�2 � 4Þ � 2x3þð7� �2Þ� � x2�þ ½ð�þ 1Þð�þ 2Þ
þ 2ð2� �Þð�� 1Þxþ þ ð7� �Þð2� �Þx2þ� (B2)

and

S 2 ¼ 4ð4� �2Þxþð1� x�þÞ2: (B3)

APPENDIX C: THE CASE � ¼ 2

When � ¼ 2, the general potential (2.3) and metric
functions (2.4) have the following limits (with 	2 ¼ ��):

V ¼ �

16
ð�12c cosh c þ 9 sinh c þ sinh 3c Þ with

c ¼
ffiffiffi
2

3

s
� � ¼ 4x

��ð1� x2Þ2 ;

F ¼ �

16
½ð1� x2Þð3� x2Þ þ 4 ln xþ 4�ð1� x2Þ2�: (C1)

The horizon of the black hole xþ is such that FðxþÞ ¼ 0
and the parameter � can thus be traded for its expression in
terms of xþ,

� ¼ �ðx2þ � 1Þðx2þ � 3Þ þ 4 ln xþ
4ð1� x2þÞ2

: (C2)

The explicit expression of the effective potential Veff (3.6)
is not very illuminating: it is given by the limit of (A1–5)
for � ! 2. For �< 0 it is everywhere negative. For �> 0
its behavior for xþ small (e.g. xþ ¼ 0:02) is quite similar
to that of Fig. 3. The Simon integral (3.13) is the limit of
(B1)–(B3) for � ! 2 and reads

Sffiffiffiffi
�

p ¼ ð1� xþÞ½ð1� x2þÞð1þ 12xþ þ 5x2þÞ þ 12xþð2þ xþÞ ln xþ�
8xþð1þ xþÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�4 ln xþ � ð1� x2þÞð3� x2þÞ

q
� 1

8xþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�3� 4 ln xþ

p þ 5þ 12 ln xþ
4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�3� 4 ln xþ
p for xþ ! 1: (C3)

S has the same shape as in the generic case depicted in
Fig. 4 (apart from the fact that it goes to þ1 when
xþ ! 1). It is positive for small enough xþ (approximately,
xþ < 0:01).

The black holes are therefore unstable if �< 0. For
�> 0 the effective potential may exhibit a positive barrier,
but, as in the generic case studied in the main text, we
failed to find a range of xþ for which there is no bound
state. The black holes are therefore unstable.

APPENDIX D: THE ‘‘DECOUPLING LIMIT’’

Consider the Klein-Gordon equation,

hc � dV

dc
¼ 0 with V ¼ 2�

3
½sinhc ðcoshc � 4Þþ 3c �

so that
dV

dc
¼ 4�

3
ðcoshc � 1Þ2: (D1)

This is an odd potential which is very flat at c ¼ 0 (V ¼
�c 5=15þOðc 6Þ) and unbounded from below, of the type
shown in Fig. 1.

On a Schwarzschild background,

ds2 ¼ ð1� 2m=rÞdt2 þ dr2

1� 2m=r
þ r2ðd
2 þ sin 2
d�2Þ;

(D2)

(where m is a positive mass parameter), the field

c ¼ ln ½1þ 1=ð	rÞ�; with

	 such that 6	3mþ 3	2 þ � ¼ 0; (D3)

solves the above Klein-Gordon equation (C1). For c to be
bounded everywhere but at the singularity r ¼ 0, 	 must
be positive. Hence �<�3	2 must be negative.
The potential (D1) and the Schwarzschlid metric (D2)

are the limit of the general potential and metric functions
(2.3) and (2.4) when � ! 1, with x � 1þ 1=ð	rÞ.
At linear order, the Schwarzschild metric is left unper-

turbed and, setting c ¼ ln ½1þ 1=ð	rÞ� þ �c ðt; r; 
; �Þ,
the perturbation �c satisfies the following linear equation:
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h�c � d2V

dc 2









b
�c ¼ 0; where

d2V

dc 2









b
¼�2ð1þ 2	mÞð1þ 2	rÞ

r2ð1þ	rÞ2 (D4)

is d2V=dc 2 evaluated on the background solution (D3),
where we have traded � for � ¼ �3	2ð1þ 2	mÞ, and
where h is the d’Alembertian on the Schwarzschild
metric.

We decompose �c in Fourier modes and spherical
harmonics, and introduce the tortoise coordinate,

�c ¼ e�iEtYl
mð
;�ÞuðrÞ

r
;

� ¼ rþ 2m ln ðr=2m� 1Þ;
(D5)

so that the perturbed Klein-Gordon equation (D4)
reduces to

d2u

d�2
¼ ðVeff � E2Þu with

Veff ¼
�
1� 2m

r

��
d2V

dc 2









b
þ lðlþ 1Þ

r2
þ 2m

r3

�
;

(D6)

where l is null or a positive integer and where ðd2V=dc 2Þjb
is given in (D4).
When l ¼ 0, Veff is negative for all r > 2m (for all

positive m and positive 	) (see Fig. 5). Bound states with
negative E2 therefore exist, which is confirmed by a
numerical analysis of the solutions of (D6) (see Fig. 6).
For a negative value of E2, the mode �c blows up in

time. Therefore, the solution (D3) of the Klein-Gordon
equation (D1) is linearly unstable on the Schwarzschild
background (D2), if one imposes m> 0 and that the
background solution (D3) diverges only at r ¼ 0, which
requires 	> 0.

[1] D. Sudarsky, Classical Quantum Gravity 12, 579
(1995).

[2] U. Nucamendi and M. Salgado, Phys. Rev. D 68, 044026
(2003).

[3] A. Anabalon, J. High Energy Phys. 06 (2012) 127.
[4] A. Anabalon and J. Oliva, Phys. Rev. D 86, 107501

(2012).
[5] A. Anabalon, arXiv:1211.2765.
[6] S. Chandrasekhar, The Mathematical Theory of Black

Holes (Oxford University, New York, 1985).
[7] K. A. Bronnikov, J. C. Fabris, and A. Zhidenko, Eur. Phys.

J. C 71, 1791 (2011).
[8] K. A. Bronnikov, R. A. Konoplya, and A. Zhidenko, Phys.

Rev. D 86, 024028 (2012).
[9] B. Simon, Ann. Phys. (N.Y.) 97, 279 (1976).

[10] R. Blankenbecler, M. L. Goldberger, and B. Simon, Ann.
Phys. (N.Y.) 108, 69 (1977).

[11] D. Hundertmark, E. H. Lieb, and L. E. Thomas, Adv.
Theor. Math. Phys. 2, 719 (1998).

[12] A. Komar, Phys. Rev. 113, 934 (1959); J. Katz, Classical
Quantum Gravity 2, 423 (1985).

[13] M. Reed and B. Simon,Methods of Mathematical Physics,
Vol. 4: Analysis of Operators (Academic, New York,
1978).

[14] N. Deruelle and R. Ruffini, Phys. Lett. 52B, 437 (1974);
57B, 248 (1975).

[15] P. Breitenlohner and D. Z. Freedman, Phys. Lett. 115B,
197 (1982).

[16] B. Kleihaus, J. Kunz, E. Radu, and B. Subagyo,
arXiv:1306.4616.

MECHANICAL STABILITY OF ASYMPTOTICALLY FLAT . . . PHYSICAL REVIEW D 88, 064011 (2013)

064011-9

http://dx.doi.org/10.1088/0264-9381/12/2/023
http://dx.doi.org/10.1088/0264-9381/12/2/023
http://dx.doi.org/10.1103/PhysRevD.68.044026
http://dx.doi.org/10.1103/PhysRevD.68.044026
http://dx.doi.org/10.1007/JHEP06(2012)127
http://dx.doi.org/10.1103/PhysRevD.86.107501
http://dx.doi.org/10.1103/PhysRevD.86.107501
http://arXiv.org/abs/1211.2765
http://dx.doi.org/10.1140/epjc/s10052-011-1791-2
http://dx.doi.org/10.1140/epjc/s10052-011-1791-2
http://dx.doi.org/10.1103/PhysRevD.86.024028
http://dx.doi.org/10.1103/PhysRevD.86.024028
http://dx.doi.org/10.1016/0003-4916(76)90038-5
http://dx.doi.org/10.1016/0003-4916(77)90351-7
http://dx.doi.org/10.1016/0003-4916(77)90351-7
http://dx.doi.org/10.1103/PhysRev.113.934
http://dx.doi.org/10.1088/0264-9381/2/3/018
http://dx.doi.org/10.1088/0264-9381/2/3/018
http://dx.doi.org/10.1016/0370-2693(74)90119-1
http://dx.doi.org/10.1016/0370-2693(75)90067-2
http://dx.doi.org/10.1016/0370-2693(82)90643-8
http://dx.doi.org/10.1016/0370-2693(82)90643-8
http://arXiv.org/abs/1306.4616

