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We investigate experimentally the intermittent discharge of a granular medium out of an exit at the
bottom of a vertically shaken box. Changing the orientation of the bottom shows that there exists an
angle �around 20°–25° with respect to the horizontal� at which the mean discharge rate increases up
to a factor 1.9, as compared to the rate with horizontal bottom. Furthermore, adjusting the diameter
and the distance of a cylindrical obstacle above the exit on the �horizontal� bottom, allows to
optimize the mean rate of discharge up to 3.5 times the rate without obstacle. © 2009 American
Institute of Physics. �DOI: 10.1063/1.3103329�

Granular media moving out of a container are known to
exhibit a transition from a dense, moving state to jamming of
the flow due to the formation of arches at the exit.1–3 If the
arches are disrupted by periodical shaking of the container,
then the medium can intermittently alternate �in an aperiodic
way� between avalanchelike discharges and jamming.4,5 For
such intermittent discharges, we carried out experiments on
the effect of two geometrical features on the mean discharg-
ing rate: �i� the angle of the exit wall with respect to the
horizontal and �ii� the placing of a column in front of the exit
at an horizontal bottom.

Sketches of our experimental arrangements are shown in
Fig. 1. We used a quasi-two-dimensional �quasi-2D� setup,
thus allowing comfortable observation of the dynamics. The
granular medium consisted of wood spheres S �density:
0.6 g /cm3; diameter: 5 mm�, which were stored in a hopper
H �filling height: 140 mm, which was held constant; depth:
w=115 mm�. From there the spheres flowed into a rectan-
gular box B �height: 38 mm; width: 50 mm; depth: 7 mm�
and out through an exit �size e: 11 mm�. The inclination of
the bottom wall could be set to different angles �. If not
stated otherwise, the bottom was horizontal, i.e., �=0°. For
an horizontal bottom, a cylindrical column with varying di-
ameter d and varying distance h from the exit, was placed as
shown in Fig. 1�b�. The whole setup was made of polysty-
rene and mounted on a shaker, vibrating vertically and sinu-
soidally with adjustable frequency f and amplitude a. In or-
der to prevent overloading of the shaker, which would distort
the sinusoidal movement and restrict too much the output
amplitude, we built a sliding overlap �indicated by O in Fig.
1�a��, so that the shaker only moved the box B, but not the
hopper H. The value of �= �2�f�2a /g, i.e., the maximum
acceleration relative to g, was monitored by an analog accel-
erometer �Silicon Designs, Inc.; Model 1221–010�. If not
stated otherwise, f =13 Hz and �=3. The outflow of the
spheres was monitored by a video camera �420 frames per
second� connected to a PC via Firewire. Standard deviations
of the results �e.g., error bars in Figs. 2 and 3� were obtained
�for each set of parameters� by evaluating the measurement
in 20 time intervals of 3 min each.

Figure 2 shows our results �using the configuration

shown in Fig. 1�a�� for the mean flow rate �, divided by the
mean flow rate �n at �=0°, versus the bottom angle �. Sharp
maxima occur at ��20° –25°. Visual inspection of the dy-
namics indicated that these maxima are associated with a
significant reduction of jamming by arches �similar to that in
Fig. 4�a�� at the exit, which predominantly form at angles
��15°. The decrease in the mean flow rates at larger angles
���25°� is associated with increased interaction of the
spheres with the bottom wall, where collisions and sliding
deviate the spheres’ trajectories, so as to prevent their out-
flow. Figure 2 shows results for two frequencies: 10 and 13
Hz. We did not expand this rather small frequency interval
because at frequencies smaller than 10 Hz particles accumu-
lated at the lowest, sharp-edged corner of the tilted bottom
due to the slower movement of the box; at frequencies larger
than 13 Hz the kinetic energy �proportional to 1 / f2 due to
our constraint �=const� was too low to break the arches.
However, loosening the constraint �=const should, in future
work, permit larger frequencies.

Figure 3 shows �for the configuration shown in Fig. 1�b�,
i.e., with a column and for �=0°� the mean flow rate, di-
vided by the mean flow rate �n without column, versus the
column distance h for different column diameters d. Again,
maxima are obtained. Figure 4 shows examples of the ob-
served static and dynamic situations. When arches form, no
movement of the particles is detected. Near the maxima in
Fig. 3, arches do not form predominantly at the exit �as in
Fig. 4�a�� but between the column and the bottom �as in Fig.
4�c� or the right side of Fig. 4�d��. �At the highest maximum
in Fig. 3, only 15% of all arches form directly above the
exit.� Another observation is that the discharges between col-
umn and bottom seldom occur at the right and the left side at
the same time �as in Fig. 4�e�� but alternate between left flow
�as in Fig. 4�d�� and right flow �see Fig. 5�; thus the flows do
not obstruct each other �exceptions with simultaneous flow
from the left and the right, as in Figs. 4�e� and 5 for
t=202.3 s, occur in 5.5% of the total number of discharges�.
The discharging flows �from the left or from the right� im-
pinge on the bottom at an angle �around 20° in the average at
the highest maximum in Fig. 3�, which means that the col-
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umn forces the system into the situation corresponding to
Fig. 2 and thus implies a maximum outflow.

In a more detailed analysis we found that the peaks in
Fig. 2 and 3 appear along with an enhancement of three
quantities: �i� the mean duration �T� of discharges; �ii� the
mean amount �N� of spheres flowing out in each discharge,
i.e., between jammings; and �iii� the mean amount of dis-
charges per unit time �Nt�. �T�, �N�, and �Nt� are given in
Table I for the peak A in Fig. 2 �as compared to the case
�=0°� and the peak B in Fig. 3 �as compared to the case
without column�.

We also investigated the influence of a sideward �hori-
zontal� shift of the column from the center at the conditions
for the highest peak �� /�n=3.3� in Fig. 3: A shift of 5 mm
�diameter of a sphere� yields � /�n= �3.08�0.62�, while
doubling this shift renders � /�n= �2.29�0.36�; thus there is
no extra gain by a sidewards shift, as had been calculated
with a cellular automaton in Ref. 6.

The present work presents the first experimental evi-
dence of flow maximization by oblique exits or by obstacles.

This may well be relevant to the discharge from containers,
e.g., of ore, coal, seeds or of pharmaceutical granulates.
Since such systems are larger than ours, correspondingly
larger discharge durations are expected. The present work
suggests the possibility of optimization of the angle of an
oblique exit, as well as of the distance and diameter of a
column.

FIG. 1. Sketches of the experimental setups. The containers are filled with
spheres, such as S. For better visualization, the depth of the box B
�1.4�diameter of S� is exaggerated in the figure. �, d, and h are varied in
the experiments. �a� Box B with an oblique exit. �b� Box B with a column as
obstacle.
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FIG. 2. Mean rate of discharge � for the setup with oblique exit �shown in
Fig. 1�a�� vs the angle �. ��n� Rate of discharge for �=0. �=3. ��� f
=10 Hz. ��� f =13 Hz. For better visualization, error bars are only shown
for ��� f =13 Hz.
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FIG. 3. Mean rate of discharge � for the setup shown in Fig. 1�b� vs the
distance h of the column from the exit. Column diameter d: 1.2 mm ���, 2.5
mm ���, 3.75 mm ���, 5 mm ���, and 10 mm �+�. ��n� Rate of discharge
for �=0 with absent column. For better visualization, error bars are only
shown for d=1.2 mm ��� and d=3.75 mm ���.

FIG. 4. Images of the recorded video ��=0°�. Large circle: obstacle. Ar-
rows: particle velocities. The “links” connecting adjacent spheres are arti-
facts due to the finite size of the pixels. �a� No flow due to an arch above the
exit. �b� Discharge after disruption of �a�. �c� No flow due to arches between
the column and the bottom. �d� Discharge from the left. �e� Discharge from
both sides.
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Discharging granular media have been considered as
analogs to panicking crowds leaving through a door or to
traffic flow �see, e.g., Refs. 7 and 8�; this bridging between
particles and humans is only allowed if one simplifies the
scenarios, so as to disregard the “social forces”9,10 acting
between humans. It is noteworthy that experiments with
swimming mice11 yielded intermittent escape resembling the
dynamics of grain discharges from containers. Our work cor-
roborates previous experiments with humans12 as well as
computer simulations6,13,14 concerning escape panic; these
works showed an increase in the outflow rate by placing an
obstacle in front of an exit. In addition, our experiments
extend those findings by determining the influence of column
size and distance. The effect of an oblique exit had not yet

been investigated in escape dynamics or in container dis-
charges.

In the context of panicking crowds, it is certainly reason-
able to restrict to a 2D geometry, as was done in the present
work. In the context of discharges from containers, however,
experiments in three dimensions �analogous to those in this
paper� should have high priority in the future. Furthermore,
one should consider variations of the exit size as well as of
positions and sizes of double columns, as proposed in Ref.
14 or of double exits, as simulated in Ref. 15.
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FIG. 5. Exemplary fragments of time series of the outflow left of the column
�upper� and right of it �lower�. The rectangles indicate single discharges of
spheres. Width of the rectangles: duration of discharge; height: total number
of outflowing spheres during a discharge. The figure shows 15 s out of a
measurement lasting 1 h. Eight out of about 2000 discharges are displayed.

TABLE I. Averages of discharge duration T, amount of spheres N in each
discharge and discharges per unit time Nt. Results for peak A �Fig. 2� are
compared with the case with horizontal bottom. Results for peak B �Fig. 5�
are compared with the case without column.

�T� in s �Nt� in s−1

Peak A Peak B

�=20° �=0° �with column� �without column�

�T� 0.84 0.71 0.24 0.11

�N� 7.3 6.1 7.2 5.9

�Nt� 0.25 0.13 0.27 0.12
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