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a b s t r a c t

The Birnbaum–Saunders distribution is receiving considerable attention due to its good
properties. One of its extensions is the class of scale-mixture Birnbaum–Saunders (SBS)
distributions, which shares its good properties, but it also has further properties. The
autoregressive conditional duration models are the primary family used for analyzing
high-frequency financial data. We propose a methodology based on SBS autoregressive
conditional duration models, which includes in-sample inference, goodness-of-fit and
out-of-sample forecast techniques. We carry out a Monte Carlo study to evaluate
its performance and assess its practical usefulness with real-world data of financial
transactions from the New York stock exchange.

© 2014 Elsevier B.V. All rights reserved.

1. Introduction

High-frequency data have gained increasing attentionwith the advances in computer technology and data recording and
storage; see Engle (2000). The availability of high-frequency financial transaction data, known also as high-frequency trade
duration (TD) data, has given an impulse to the research in business, economics and finance. The family of autoregressive
conditional duration (ACD) models proposed by Engle and Russell (1998) has been the primary tool used for analyzing TD
data, which are irregularly time-spaced and conveymeaningful information. The importance of this type of data, and of their
modeling, is stressed by the market microstructure literature; see, e.g., Pacurar (2008) and references therein.

Although TD data (i) have usually a unimodal hazard rate (HR) and (ii) follow an asymmetric distributionwith heavy tails
(see Grammig andMaurer, 2000; Bhatti, 2010), generalizations of the original ACDmodel are based on assumptions that do
not necessarily complywith the characteristics (i) and (ii). Generalizations of theACDmodel should be based on assumptions
that take into account (A1) the shape of the HR of TD data; (A2) the symmetry or asymmetry of their distribution; and
(A3) the conditional dynamics established in terms of their mean or median, depending on their symmetry or asymmetry;
see Bauwens and Giot (2000), De Luca and Zuccolotto (2006), Fernandes and Grammig (2006) and Allen et al. (2008).
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Birnbaumand Saunders (1969) introduced a distribution tomodel fatigue life data, assuming that the failure follows from
the development and growth of a dominant fissure produced by stress. The Birnbaum–Saunders (BS) distribution has been
widely studied because of its good properties and its relation with the normal distribution; see, e.g., Cysneiros et al. (2008),
Balakrishnan et al. (2009a), Balakrishnan et al. (2011), Kotz et al. (2010), Vilca et al. (2010), Vilca et al. (2011), Villegas et al.
(2011), Ferreira et al. (2012), Leiva et al. (2012), Li and Xie (2012), Vanegas et al. (2012), Fierro et al. (2013), Lemonte (2013)
and Barros et al. (2014). In addition, although it has its genesis from engineering, its applications have been considered
in other fields, including business, economics, finance and quality control; see Jin and Kawczak (2003), Balakrishnan et al.
(2007), Ahmed et al. (2010), Bhatti (2010), Leiva et al. (2011b), Leiva et al. (2014a), Leiva et al. (2014b), Leiva et al. (2014c),
Paula et al. (2012) and Marchant et al. (2013). The BS distribution is asymmetrical, has positive skewness and a unimodal
HR, and has been successfully applied to model lifetime data; see e.g. Leiva et al. (2007) and Leiva et al. (2008a). Thus, it can
be a good model for describing TD data. Bhatti (2010) proposed an extension of the ACDmodel based on the BS distribution
(BS–ACD model), which provides (B1) a realistic distributional assumption (in terms of the shape of its probability density
function, PDF in short, and of its HR); (B2) an easy parameter estimation (because it is simple, converges fast and has initial
values for the numerical procedure that can be straightforwardly obtained); and (B3) a natural parameterization in terms of
a conditional median duration, which is expected to improve the model fit, instead of using the conditional mean duration;
see (A3). This is because the median is often considered as a better measure of central tendency than the mean, when the
data follow asymmetric and heavy-tailed distributions, such as is the case of TD data.

Recently, based on the relationship between the BS and normal distributions, Balakrishnan et al. (2009b) introduced the
scale-mixture BS (SBS) distributions; see also Díaz-García and Leiva (2005) and, for a recent TD data analysis using kernel
estimation based on SBSmodelswith independent data, seeMarchant et al. (2013). The class of SBS distributions (C1) inherits
the good properties of the BS distribution discussed in (B1)–(B3); and (C2) permits the maximum likelihood (ML) estimates
of the model parameters to be computed in an efficient way, using the expectation–maximization (EM) algorithm, and the
corresponding estimation procedure to be robust for some of its members.

The main objective of this work is to propose a methodology based on ACD models generated from SBS distributions
(SBS–ACD models). This methodology includes in-sample techniques considering estimation of the model parameters via
the EM algorithm, inference about these parameters and model checking based on residual analysis, and out-of-sample
forecast techniques. We evaluate our methodology with Monte Carlo (MC) methods and apply it to TD data, which have
unique features absent in data with low frequencies. For example, as mentioned, TD data (D1) are collected in irregular time
intervals; (D2) possess a large number of observations; (D3) their trading activities exhibit some diurnal patterns, so that
activity is higher in the beginning and closing than in the middle of the trading day; and (D4) present a unimodal HR; see
Engle and Russell (1998) and Bhatti (2010).

The remaining of this paper unfolds as follows. In Section 2, we present SBS distributions. In Sections 3 through 6, we
propose the methodology based on SBS–ACD models, which includes their formulation, estimation and inference of their
parameters, robustness and in-sample model checking analyses, and out-of-sample forecast techniques. In Section 7, we
conduct a MC study to evaluate the performance of this methodology. In Section 8, we apply it to six real-world data sets of
NYSE securities. Finally, in Section 9, we discuss some conclusions and future studies.

2. Scale-mixture Birnbaum–Saunders distributions

Asmentioned, BS distributions have been considered for analysis of TD datawith independent and dependent structures;
see Jin and Kawczak (2003) and Bhatti (2010), respectively. A random variable (RV) X follows a BS distribution if it can be
represented by

X = σ

κZ/2 + {(κZ/2)2 + 1}1/2

2
, (1)

where Z ∼ N(0, 1) and κ > 0, σ > 0 are shape and scale parameters, respectively. In this case, the notation X ∼ BS(κ, σ )
is used and the corresponding PDF is given by

fBS(x; κ, σ ) =
1

[2π ]1/2
exp


−

1
2κ2

 x
σ

+
σ

x
− 2

 x−3/2
[x + σ ]

2κσ 1/2
, x > 0.

Note that, as the shape parameter κ goes to zero, the BS distribution tends to be symmetrical, degenerating at σ , when
κ = 0 (see Kundu et al., 2008), whereas the scale parameter σ is also the median of the distribution. The BS model holds
proportionality and reciprocal properties given by b X ∼ BS(κ, b σ), with b > 0, and 1/X ∼ BS(κ, 1/σ), respectively.

Scale mixture of normal (SMN) distributions have been considered for analysis of financial time series; see Tsay (2002,
pp. 12–13). A RV Y follows a SMN distribution (which is symmetrical) if it can be represented by Y = µ+{g(U)}1/2V , where
V ∼ N(0, ϑ2), µ ∈ R, ϑ2 > 0,U is a positive RV independent of V , with cumulative distribution function (CDF) H(·), and
g(·) is a positive function associated with H(·). This is denoted by Y ∼ SMN(µ, ϑ2,H) and its PDF is

φSMN(y;µ, ϑ,H) =


∞

0
φ(y;µ, g(u)ϑ2) dH(u), y ∈ R, (2)



V. Leiva et al. / Computational Statistics and Data Analysis 79 (2014) 175–191 177

Table 1
PDFs associated with some members of the SBS class.

Class member PDF associated with H(u) PDF of X ∼ SBS(κ, σ ,H)

BS 1 1
[2π ]1/2

exp

−

1
2κ2

 x
σ

+
σ
x − 2

 x−3/2
[x+σ ]

2κ σ 1/2 , x > 0

BS-PE p2ϱ(u), u > 0, 1/2 < ϱ ≤ 1 ϱ

[2ϱ ]1/20


1
2ϱ

 exp

−

1
2κ2ϱ

 x
σ

+
σ
x − 2

ϱ x−3/2
[x+σ ]

2κ σ 1/2 , x > 0

BS-t [
ν
2 ]
ν/2uν/2−1

0( ν2 )
exp


−
νu
2


, u > 0, ν > 0

0


ν+1
2


[π ν]1/20( ν2 )


1 +

1
νκ2

 x
σ

+
σ
x − 2

−
ν+1
2 x−3/2

[x+σ ]

2κ σ 1/2 , x > 0

where φ(·;µ, g(·)ϑ2) denotes the PDF of the normal distribution with mean µ and variance g(·)ϑ2. Note that the
distribution of Y given U = u, denoted by Y |U = u, is N(µ, g(u)ϑ2).

Following Díaz-García and Leiva (2005), Balakrishnan et al. (2009b) obtained a class of BS distributions replacing Z in (1)
by Y = {g(U)}1/2Z ∼ SMN(0, 1,H) ≡ SMN(H), with Z ∼ N(0, 1), such that now (1) is expressed as

X = σ

κ{g(U)}1/2Z/2 + {(κ{g(U)}1/2Z/2)2 + 1}1/2

2
. (3)

Thus, the RV X in (3) follows a SBS distribution, denoted by X ∼ SBS(κ, σ ,H), with PDF

fSBS(x; κ, σ ,H) = φSMN(a(x; κ, σ ); 0, 1,H)A(x), x > 0, (4)

where φSMN(·) is as given in (2), with µ = 0 and ϑ2
= 1,

a(x; κ, σ ) = a(x) =
1
κ


{x/σ }

1/2
− {σ/x}1/2


and A(x) =

d
dx

a(x) =
x−3/2

[x + σ ]

2κσ 1/2
. (5)

The CDF of X is FSBS(x; κ, σ ,H) = ΦSMN(a(x); 0, 1,H), where ΦSMN(·) is the CDF associated with the PDF given in (2), from
which its quantile function (QF) is obtained as xSBS(q; κ, σ ,H) = F−1

SBS(q; κ, σ ,H) = σ [κy(q)/2 + {(κy(q)/2)2 + 1}1/2]2,
for 0 < q < 1, where F−1

SBS(·) is the inverse SBS CDF and y(q) the qth quantile of the SMN distribution. Note that
xSBS(0.5; κ, σ ,H) = σ , because, due to the symmetry of the SMN distributions, y(0.5) = 0, so that the parameter σ is the
median of the distribution. The mean and variance of X are E[X] = [σ/2][2 + w1κ

2
] and V[X] = [σ 2κ2/4][4w1 + {6w2 −

w2
1}κ

2
], respectively, wherewr = E[{g(U)}r ], for r = 1, 2, with g(U) being as given in (3). Notice that, if X ∼ SBS(κ, σ ,H),

then X |U = u ∼ BS({g(u)}1/2κ, σ ), that is, X |U follows a classical BS distribution. Thus, from this result, we can obtain
the conditional distribution of U|X , allowing the expected value E[1/g(U)|X = x] to be determined, which is useful for
implementing the EM algorithm employed in Section 4.

Threemembers of the SBS class are the BS (classical), power-exponential BS (BS-PE) and Student-t BS (BS-t) distributions;
see Table 1 for explicit expressions of their PDFs. To obtain the BS distribution, it is assumed in (3) that g(U) = 1, that is, U
is a RV degenerate at this value. For the BS-t distribution, it is assumed in (3) that g(U) = 1/U and U ∼ Gamma(ν/2, ν/2),
whereas the BS-PE distribution is obtained when U ∼ St(ϱ), for 1/2 < ϱ ≤ 1, that is, when U follows a positive stable
(St) distribution with index 2ϱ, whose PDF cannot be analytically expressed, but it is denoted by p2ϱ(·), and in this case
g(U) does not have a specific form; see details of the parameterization that we use for the PE distribution in Ferreira et al.
(2011). In addition, note that BS-PE and BS-t distributions reduce to the BS case when ϱ = 1 and ν → ∞, respectively
(see Ferreira et al., 2011; Azevedo et al., 2012), whereas the BS-PE and BS-t distributions reduce to the BS-Laplace and
BS-Cauchy cases when ϱ = 1/2 and ν = 1, respectively; see Barros et al. (2009). BS-PE and BS-t distributions are often
considered as alternative cases to the BS distribution due to that they have a kurtosis level greater (heavier tails) than it. Some
parameterizations of the PE distribution have also a kurtosis level less (lighter tails) than the normal distribution. However,
for the formulation used in this paper, we are restricting 1/2 < ϱ ≤ 1, conducting to a coefficient of kurtosis greater
than three (normal case), because only in such a situation the PE distribution can be represented as a SMN distribution; see
Ferreira et al. (2011) and references therein.

3. SBS–ACD models

Let Xi = Ti − Ti−1 denote the TD, that is, the time elapsed between two consecutive financial transactions, (i − 1)th and
ith say, at times Ti−1 and Ti, respectively. Considering serial dependence often found in TD data, Engle and Russell (1998)
described it by a function ψi = E[Xi|Ωi−1], which denotes the conditional mean of the ith TD to the past information set
Ωi−1, which includes all information available until the time Ti−1.

In general, ACD models are usually formulated as

Xi = ψi εi, i = 1, . . . , n, (6)

whereψi = α+
r

j=1 βjψi−j +
s

j=1 γjXi−j, which is called the ACD(r, s) model, where r and s refer to the orders of the lags,
and {εi} is a sequence of independent and identically distributed (IID) positive RVs with PDF f (·) and E[εi] = 1. Note that a
wide range of ACD(r, s) modelsmay be defined by switching the distribution of εi and the specification ofψi given in (6); see
Fernandes and Grammig (2006) and Pathmanathan et al. (2009). For example, an ACD(r, s) model based on the generalized
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gamma (GG) distribution with PDF fGG(x; υ, η, ω) = [η/(ω0(υ))][x/ω]
υη−1 exp(−[x/ω]

η), for x, υ, η, ω > 0, can be
formulated, with shape (υ, η) and scale (ω) parameters and0(υ) =


∞

0 uυ−1 exp(−u)du being the gamma function. Special
cases of the GG distribution are the exponential (υ = η = 1), gamma (η = 1), lognormal (υ → ∞) and Weibull (υ = 1).
Thus, a GG-ACD(r, s) model can be obtained by the conditional mean of the ith TD, E[Xi|Ωi−1] = ψi = ω0(υ + 1/η)/0(υ)
say, and so one can reparameterize the GG distribution by ω = ψi0(υ)/0(υ + 1/η) = ψiϕ(υ, η), obtaining the PDF

fGG(xi; υ, η,ψi) =
η

ϕ(υ, η)ψi0(υ)


xi

ϕ(υ, η)ψi

υη−1

exp


−


xi

ϕ(υ, η)ψi

η
, i = 1, . . . , n, (7)

where xi, υ, η, ψi > 0. Note that the representation of the PDF given in (7) is equivalent to the model given (6), with a
dynamic structure for E[Xi|Ωi−1] = ψi expressed in a general fashion, which must be specified.

An alternative approach to the existing ACD models was proposed by Bhatti (2010), which takes into account the scale
parameter of the BS distribution to specify the BS–ACD(r, s) model in terms of a time-varying conditional median duration,
σi = F−1

BS (0.5|Ωi−1) say, where F−1
BS (·) denotes the inverse CDF or QF of the BS distribution. This specification has several

advantages over the existing ACDmodels, asmentioned in (B1)–(B3). From Table 1, the PDF associatedwith the BS–ACD(r, s)
model can be obtained in an analogous way to that provided in (7) as

fBS(xi; κ, σi) =
1

[2π ]1/2
exp


−

1
2κ2


xi
σi

+
σi

xi
− 2


x−3/2
i [xi + σi]

2κσ 1/2
i

, i = 1, . . . , n, (8)

where xi, κ, σi > 0. We extend the BS–ACD(r, s) model by using SBS distributions. As mentioned in (C1)–(C2), these
distributions have good properties. Such as in the BS–ACD(r, s) case, the SBS–ACD(r, s) model is not an ACD(r, s) model in
the usual sense. This model is specified in terms of a time-varying conditional median, σi = F−1

SBS(0.5|Ωi−1) say, which also
corresponds to the scale parameter of the SBS distribution. Specifically, from the PDF given in (4), the family of SBS–ACD(r, s)
models can be obtained in an analogous way to that provided for the BS–ACD(r, s) model given in (8) with an associated
PDF expressed as

fSBS(xi; κ, σi,H) = φSMN(a(xi); 0, 1,H)A(xi), i = 1, . . . , n, (9)

where xi, κ, σi > 0 and a(·), A(·) are as given in (5). Note that (9) is equivalent to the formulation

Xi = σi εi, (10)

where σi = exp(α+
r

j=1 βj log(σi−j)+
s

j=1 γj Xi−j/σi−j), with Xi being independent RVs, that is, Xi
IND
∼ SBS(κ, σi,H), and

εi
IID
∼ SBS(κ, 1,H), for i = 1, . . . , n; see Bauwens and Giot (2000).
From Table 1, the PDFs associated with the BS-PE-ACD(r, s) and BS-t-ACD(r, s) models are

fBS-PE(xi; κ, σi, ϱ) =
ϱ

[2ϱ]1/2 0 (1/[2ϱ])
exp


−

1
2κ2ϱ


xi
σi

+
σi

xi
− 2

ϱ x−3/2
i [xi + σi]

2κσ 1/2
i

,

fBS-t(xi; κ, σi, ν) =
0

ν+1
2


[π ν]1/20


ν
2

 1 +
1
νκ2


xi
σi

+
σi

xi
− 2

−
ν+1
2 x−3/2

i [xi + σi]

2κ σ 1/2
i

,

respectively, where xi, κ, ν, σi > 0 and 1/2 < ϱ ≤ 1, for i = 1, . . . , n.

4. Estimation and EM algorithm

Let X = (X1, . . . , Xn)
⊤ be a sample from a population with Xi

IND
∼ SBS(κ, σi,H), for i = 1, . . . , n, whose PDF is as

given in (9), and x = (x1, . . . , xn)⊤ be its observed TDs. As mentioned, we assume a time-varying conditional median
duration as given in (10) for σi. Such as in Engle and Russell (1998), we employ the simplest member of the ACD family,
and often useful for practical applications, which is the SBS–ACD(r = 1, s = 1) model, that we abbreviate as SBS–ACD
model. Thus, in the sequel, any ACD(r = 1, s = 1) model is simply denoted as ACD model. It is worthwhile to highlight
that autoregressive structures of higher order do not increase the distributional fit of the residuals; see Bhatti (2010). We
estimate the parameters of the SBS–ACD models by maximizing the log-likelihood function for ξ obtained from (9) and
expressed as

ℓSBS-ACD(ξ; x) =

n
i=1


log(φSMN(a(xi; κ, σi); 0, 1,H))−

3
2
log(xi)+ log


xi + σi

2 κ σ 1/2
i


, (11)

where σi = exp(α + β log(σi−1) + γ [xi−1/σi−1]) and ξ = (δ⊤, ζ⊤)⊤, with δ = (α, β, γ , κ)⊤ and ζ denoting the
additional parameters corresponding to the PDF given in (9) associated with H(·). Note that the vector of parameters ζ
that indexes this PDF can be assumed to be known or obtained from the data. We use the log-linear form log(σi) =
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α + β log(σi−1) + γ [xi−1/σi−1] for σi with r = 1 and s = 1, because it allows an unconstrained parameter estimation
to be considered. Otherwise, one should add constrains in the parameter estimation, so that one arrives at a local extreme
with positive parameter values; see Bhatti (2010).

The EM algorithm encompasses an expectation step (E-step) and then a maximization step (M-step) and is a widely
employed approach for iterative computation of ML estimates, useful when unobserved latent variables are present in the
modeling. According to Ferreira et al. (2011), the EM algorithm has a large popularity due to (i) its computational simplicity
in theM-step, because it involves only complete dataML estimation; and (ii) its stable and straightforward implementation,
because the iterations convergemonotonically and there is no need for second derivatives. Specifically, let x = (x1, . . . , xn)⊤
and u = (u1, . . . , un)

⊤ denote observed and unobserved data, respectively, with X and U denoting their corresponding
random vectors. Then the complete data vector xc = (x⊤, u⊤)⊤ contains the original data x augmented with u. The two
steps of the EM approach are summarized for a general setting in Algorithm 1.

Algorithm 1 EM approach

1: E-step. Given a valueδ(r), compute Q (δ|δ(r)), for r = 1, 2, . . .;
2: M-step. Findδ(r+1)

= argmaxδQ (δ|δ(r)), for r = 1, 2, . . . , where Q (δ|δ(r)) is the expectation of the complete log-likelihood function
conditional to the observed data x and evaluated at the rth estimation of δ.

From Theorem 4 in Balakrishnan et al. (2009b), note that

Xi|(Ui = ui)
IND
∼ BS({g(ui)}

1/2 κ, σi) and Ui
IND
∼ H(ui), i = 1, . . . , n. (12)

Thus, the complete data log-likelihood function for SBS–ACD models, associated with xc = (x⊤, u⊤)⊤ and obtained from
(11) and (12), is given by

ℓ(ξ; xc) = c1 −
1

2κ2

n
i=1

1
g(ui)


xi
σi

+
σi

xi
− 2


+

n
i=1

log (xi + σi)− n log(κ)−
n
2
log(σi), (13)

where the constant c1 depends on known values and on ζ, but does not depend on δ. To implement Algorithm 1, we state
the expectation of the complete log-likelihood function given in (13) conditional to X = x as

Q (δ|δ) = c1 −
1

2κ2

n
i=1

ui


xi
σi

+
σi

xi
− 2


+

n
i=1

log (xi + σi)− n log(κ)−
n
2
log(σi), (14)

where σi is as given in (10) with r = 1 and s = 1, andui = E[1/g(Ui)|Xi = xi, δ =δ], i = 1, . . . , n. (15)

Specific expressions for Q (δ|δ) given in (14) depend on each SBS–ACD model considered. The log-likelihood function for
the BS-PE-ACD model is obtained in an analogous way as in (13), with c1 being a constant that depends on known values
and on the parameter ϱ of U ∼ St(2ϱ), but does not depend on δ. Then, the corresponding conditional expectation
of the complete log-likelihood function is obtained from (14) andui from (15), such thatui = ϱk a(xi,κ,σi)2[ϱk−1], for
i = 1, . . . , n, where ϱk, as mentioned, can be a known value or obtained from the data in an optimal way; see, e.g., Leiva
et al. (2011a) and Saulo et al. (2013). For the BS-t-ACD model, we again use (14) and (15), but nowui = E[Ui|Xi = xi, δ =δ] = [νk + 1]/[νk + {a(xi,κ,σi)}2], for i = 1, . . . , n, and in this case the constant c1 depends on the parameter ν of
U ∼ Gamma(ν/2, ν/2), but does not depend on δ. Here, such as for ϱk of the BS-PE-ACDmodel, νk can be a known value or
obtained from the data in an optimal way; see Barros et al. (2009). Therefore, in both of these cases (BS-PE and BS-t), based
on Algorithm 1, the steps to obtain the ML estimates of the SBS–ACD model parameters are summarized in Algorithm 2.
Note that the EM approach presented in this algorithm permits the ML estimates of the parameters to be computed in an
efficient way, such as mentioned in (C2).

Algorithm 2 EM approach for SBS–ACD models

1: E-step. Computeu(r)i given δ =δ(r), for i = 1, . . . , n, r = 1, 2, . . .;

2: M-step. Updateδ(r) by maximizing (14) over δ.

As is well known, under some regularity conditions, ML estimators are asymptotically normal distributed. Thus, based on
this, for the case of SBS–ACD models, we haveδ ·

∼ N4(δ,6δ), where 6δ is the asymptotic variance–covariance matrix ofδ
and

·

∼ indicates ‘‘approximately distributed as’’. Therefore, an approximate 100 × [1 − a]% confidence region for δ is

R = {δ ∈ R4: [δ − δ]⊤6−1
δ [δ − δ] ≤ χ2

4;1−a}, 0 < a < 1, (16)

where χ2
4;1−a denotes the [1 − a] × 100th quantile of the chi-squared distribution with four degrees of freedom and6δ is

an estimate of 6δ. Confidence bands for SBS–ACD model parameters can be obtained by means of results provided in (16).
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Fig. 1. Behavior of u(a(x)2) vs. a(x)2 for the BS-t(ν) (left) and BS-PE(ϱ) (right) distributions.

5. Robustness and in-sample model checking

Notice that, for the BS-t-ACD model, expression u(a(x)) = [ν + 1]/[ν + {a(x)}2] given from (15) works in the ML
estimation procedure as aweight function, assigning small values to large values of the data. From Fig. 1(left), note that these
weights decrease as x increases,which is an indication of a possible robustness of this procedure versus atypical observations
in the sense of the quantity a(x). In addition, this effect is more marked as ν decreases, as expected. A similar situation is
detected for the BS-PE-ACDmodel; see Fig. 1(right). This robustness is again analyzed belowbyusing a generalized Cox–Snell
(GCS) residual (see Bhatti, 2010), which we define next to check the adequacy of the SBS–ACD models in-sample.

To check the SBS–ACD models in-sample for a data set, as usual in lifetime and duration analysis, we propose a GCS
residual by rGCSi = − log(S(xi|Ωi−1)), for i = 1, . . . , n, whereS(xi|Ωi−1) is the fitted survival function of the ith TD
conditional to the past information. BS, BS-PE, BS-t and GG survival functions useful for obtaining the GCS residual are

SBS(xi; κ, σi) = 1 − Φ (a(xi)) , xi, κ, σi > 0,

SBS-PE(xi; κ, σi, ϱ) = 1 −
1
2


1 + 0


{a(xi)}2ϱ/2, 1/{2ϱ}


/0 (1/2ϱ)


, xi, κ, σi > 0, 1/2 < ϱ ≤ 1,

SBS-t(xi; κ, σi, ν) = 1 −
1
2


1 + I[{a(xi)}2]/[{a(xi)}2+ν]


1
2
,
ν

2


, xi, κ, σi, ν > 0,

SGG(xi; υ, η,ψi) = 1 − 0(xηi [ψiϕ(υ, η)]
−η, υ)/0(υ), xi, υ, η, ψi > 0,

where Φ(·) is the N(0, 1) CDF and a(x),0(·) and ϕ(υ, η) are as given in (5) and (7), respectively. In addition, 0(y, υ)
is the lower incomplete gamma function, defined as 0(y, υ) =

 y
0 uυ−1 exp(−u)du, and Iy(a, b) =

 y
0 ua−1

[1 −

u]b−1 du/
 1
0 ua−1

[1 − u]b−1 du is the incomplete beta function ratio. Note that, when the ACD model is correctly specified,
the GCS residual has a unit exponential (EXP(1)) distribution, regardless of the ACD model specification; see Bhatti (2010).
Fig. 2 shows the behavior of the GCS residual versus the function a(x) for some values of ν (BS-t case) and ϱ (BS-PE case),
for κ = 1 and σ = 1. From this figure, note that observations with large values for the GCS residual have small weights.
Therefore, atypical observations in the sense of the GCS residual have small weights in the ML estimation procedure, which
can be interpreted as a robustness of this procedure for estimating the parameters of the BS-t and BS-PE models against
large GSC residuals. Thus, the earlier pointed out robustness is also detected by the proposed residual. We evaluate the
performance of this residual in the simulation study presented in Section 7. For robustness studies in the line of the analysis
carried out above, see Barros et al. (2008) and Paula et al. (2012).

6. Out-of sample forecasting

When formulating a statistical model, n sample data are used for estimating its parameters. Then, we can employ the
estimated model for diverse purposes; see Sections 4 and 5. However, the problem with this is that one has no idea about
how good and/or reliable its predictions (or forecasts) are out of this sample of n observations. Thus, one could evaluate
the out-of-sample performance of the model by splitting this sample into two parts, one of them being a training set that
could correspond to the first two thirds of the data, that is, for a proportion 2n/3 of the sample. Hence, one can estimate the
model parameters with the training set and then evaluate out-of-sample performance with the third remaining of the data.
This is known as out-of-sample testing. If one estimates the model parameters and verifies the assumptions on which this
model relies using the data samplewith all of the thirds, then this is an in-sample testing. Therefore, out-of-sample behavior
should be considered in the model validation process.

Out-of-sample predictive performance of the ACD models can be evaluated by the density forecast (DF) technique
presented in Diebold et al. (1998) and Bauwens et al. (2004). Specifically, let {fi(xi|Ωi−1)} denote a sequence of one-step-
aheadDFs engendered by anACDmodel and {pi(xi|Ωi−1)}denote for a sequence of PDFs defining the data generating process.
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Fig. 2. Behavior of rGCS vs. a(x) for the BS-t(ν) (left) and BS-PE(ϱ) (right) distributions.

In the DF technique, it must be checked whether

{fi(xi|Ωi−1)} = {pi(xi|Ωi−1)} (17)

or not. However, to test the truth of (17) is not an easy task, because {pi(xi|Ωi−1)} is not observed.We can use the probability
integral transform given by

zi =

 xi

−∞

fi(u)du (18)

to carry out thementioned task. Diebold et al. (1998) demonstrated that, under a null hypothesis based on (17), the sequence
of probability transforms {zi} of {xi} with respect to {fi(xi|Ωi−1)}, given in (18), is generated from IID U(0, 1) RVs. Thus,
first, one can consider a graphical analysis by using the histogram and autocorrelation function (ACF) and/or partial ACF
(PACF) plots of the sequence {zi} to detect departures from the IID U(0, 1) assumption. Then, the Anderson–Darling (AD) and
Kolmogorov–Smirnov (KS) tests and the Ljung–Box (LB) test can be used to corroborate goodness-of-fit and independence,
respectively, detected in the graphical analysis of {zi}. This indicates to us that the empirical sequence of probability integral
transforms implied by the ACD model given in (18) can be used for testing the hypothesis based on (17) and, consequently,
the out-of-sample performance of this model. We propose Algorithm 3 for out-of-sample testing, which summarizes the
steps of the DF technique.

Algorithm 3 DF technique
1: Consider a sample of n observations denoted by the sequence {xi};
2: Take the first two thirds of the sample defined by {xi} in Step 1 of Algorithm 3, obtaining a training set of size 2n/3 denoted by the

sequence {x′

i}, and estimate the ACD model parameters with {x′

i};
3: Estimate now the corresponding PDF fi(·) defined in (18) associated with the ACD model using the results obtained in Step 2 of

Algorithm 3;
4: Forecast the sequence {zi} defined in (18) with the PDF estimated in Step 3 of Algorithm 3 and the last third of the sample,

corresponding to a set of size n/3 denoted by the sequence {x′′

i };
5: Check uniformity of the sequence {zi} forecastedwith {x′′

i } obtained in Step 4 of Algorithm 3 first by its histogram and then corroborate
it by the AD and KS tests;

6: Prove independence of the sequence {zi} forecasted in Step 4 of Algorithm 3 by its ACF and/or PACF plots and then corroborate it by
the LB test;

7: Use the uniformity and independence of the sequence {zi} forecasted in Step 4, verified in Steps 5 and 6 of Algorithm 3, to evaluate
the out-of-sample performance of the ACD model;

8: Employ the result obtained in Step 7 of Algorithm 3 to compare the performance of an ACD model in relation to other, for example,
between a SBS–ACD model and a GG-ACD model.

Forecasts using ACD models may be carried out in an analogous way to that employed for GARCH models; see Tsay (2009).
Thus, based on the SBS–ACD(1, 1) model, the structure given in (10) and supposing that the forecast origin is j = m and its
horizon is h, we have the h-step ahead forecast is obtained from xm+h = σm+hεm+h, with σm+h = exp(α + β log(σm+h−1)+
γ [xm+h−1/σm+h−1]). Let xm(h) be the h-step ahead forecast of xm+h at the originm. Then, xm(h) = σm+h and its forecast error
is em(h) = xm+h − xm(h), for h ≥ 1.

7. Simulation study

We conduct two simulation studies, one of them to evaluate the performance of the proposed estimators and the another
one to detect the behavior of the GCS residual proposed for the family of ACD models. We use the MC method to carry out
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Fig. 3. Empirical distributions of α (left) and β (right) and their corresponding CI(·; [1 − ϖ ] × 100%) for the indicated n and ϖ with α = 0.10 and
β = 0.90.

Table 2
Summary statistics from simulated BS-PE-ACD data for the indicated estimator and n.
Statistic n n

500 1000 3000 5000 500 1000 3000 5000α β
True value 0.1000 0.1000 0.1000 0.1000 0.9000 0.9000 0.9000 0.9000
Mean 0.0964 0.0971 0.0999 0.0995 0.8895 0.8947 0.8979 0.8989
CS 1.1885 0.8571 0.4547 0.2516 −1.0616 −0.6945 −0.3834 −0.2153
CK 6.5193 4.3830 3.6492 3.2585 5.5867 3.6278 3.5492 3.1182
RB 0.0361 0.0290 0.0014 0.0049 0.0116 0.0058 0.0024 0.0012
RMSE 0.0885 0.0608 0.0344 0.0260 0.0372 0.0254 0.0144 0.0110γ κ
True value 0.1000 0.1000 0.1000 0.1000 1.1000 1.1000 1.1000 1.1000
Mean 0.1174 0.1097 0.1032 0.1019 1.1263 1.1143 1.1053 1.1029
CS 0.2109 0.0525 0.0398 0.1968 0.2882 0.1934 0.1094 0.0775
CK 3.0894 3.1472 3.1859 3.0387 3.7016 3.5011 3.0083 2.9696
RB 0.1737 0.0966 0.0325 0.0190 0.0239 0.0130 0.0048 0.0027
RMSE 0.0272 0.0170 0.0079 0.0060 0.0486 0.0316 0.0159 0.0115

the first simulation study and focus on the BS-PE-ACD model, but in Section 8 we consider BS, BS-PE, BS-t and GG-ACD
models. The scenario of this simulation considers sample size n ∈ {500, 1000, 3000, 5000}, the vector of true parameters
as δ = (α, β, γ , κ)⊤ = (0.1, 0.9, 0.1, 1.1)⊤ and 1000 MC replications. The BS-PE-ACD samples are generated by the
transformation given in (3), considering Yi = {g(Ui)}

1/2Zi ∼ PE(ϱ = 1), with Ui ∼ St(ϱ = 1) and Zi ∼ N(0, 1), for
i = 1, . . . , n; see Leiva et al. (2008b) for details on generation of SBS random numbers. We estimate the SBS–ACD model
parameters using Algorithm 2, with starting values (α0, β0, γ0) = (0.01, 0.70, 0.01), κ0 = [2{x/Med[x] − 1}]1/2, where x
andMed[x] are the samplemean andmedianbased onobservations x = (x1, . . . , xn)⊤, andσ0 = Med[x]. For eachparameter
and sample size, we report the empirical mean, coefficients of skewness (CS) and kurtosis (CK), relative bias (RB) in absolute
value and root of the mean squared error (RMSE) of the ML estimators in Table 2. From this table, we observe that, as n
increases, the RB and RMSE of all the estimators decrease, tending them to be unbiased, as expected. From Table 2, note also
that the empirical distributions of all the estimators are somewhat skewed andwith high kurtosis, but tending to the normal
case, as n increases. This is corroborated by Figs. 3 and 4, which show the empirical distributions of the estimators from the
simulations. These plots suggest symmetric empirical distributions for these ML estimators as n increases, as expected. In
addition, these figures provide confidence intervals (CIs) for the corresponding parameters, considering several values for
the sample size (n) and confidence level (ϖ ).

We conduct a second MC simulation to examine the performance of the GCS residual defined in Section 5; see Bauwens
and Giot (2000). Once again we simulate 1000 MC replications, but now of size n = 200, from the BS-PE-ACD model and
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Fig. 4. Empirical distributions of γ (left) andκ (right) and their corresponding CI(·; [1 − ϖ ] × 100%) for the indicated n and ϖ with γ = 0.10 and
κ = 1.10.

Fig. 5. Plots of the GCS residual versus time (left), ACF (center) and QQ with envelope (right) for simulated data from the BS-PE-ACD model.

use Algorithm 2 to estimate its parameters. Fig. 5(left) shows a plot of the time versus the GCS residual, fromwhich unusual
features are not detected. Fig. 5(center) displays the empirical ACF plot of theGCS residual (averaged over theMC replications
for each sample), from which the BS-PE-ACD model seems to be adequately specified, because the GCS residual behaves as
a sequence of IID RVs and no serial correlation is detected. Fig. 5(right) presents a quantile versus quantile (QQ) plot with
simulated envelope (see Leiva et al., 2014c, and references therein), which allows us to compare the empirical distribution
of the residuals for a simulated sample and the EXP(1) distribution. From this figure, note that the GCS residual presents a
linear behavior and has an excellent agreementwith the EXP(1) distribution, which confirms the adequacy of the BS-PE-ACD
model.

8. Analysis of high-frequency financial transaction data

We apply existing and proposed ACD models to real-world high-frequency TD data. We consider six data sets studied
in Bhatti (2010), corresponding to the time (in seconds) elapsed between two consecutive transactions, which contain 40
trading days since 01-January-2002 until 28-February-2002 of GeneralMotors (GM), International BusinessMachines (IBM),
Johnson and Johnson (JJ),McDonald (MD), Procter andGamble (PG) and Schlumberger Limited (SL) companies. Asmentioned
in (D3), this type of data has an active trading in opening and closing hours and a dormant trading around noon, named the
time-of-day effect. As explained by Engle and Russell (1998), it is necessary to adjust the durations by extracting this effect
as ¯̄xi = xi/λ, for i = 1, . . . , n, where xi is the raw duration andλ is the time-of-day effect, which is estimated using quadratic
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Fig. 6. ACF plots of the GM (left), IBM (center) and MD (right) data sets.

Table 3
Summary statistics for the indicated data set.

Data set n Min Median Mean Max SD CV CS CK

GM 56408 0.092 1.008 1.740 26.467 2.020 116.13% 2.782 11.951
IBM 127309 0.169 1.038 1.384 32.523 1.252 90.43% 3.023 19.802
JJ 82 938 0.131 0.976 1.557 33.973 1.680 107.91% 3.135 18.463
MD 72979 0.121 1.006 1.752 47.163 2.081 118.75% 3.090 19.164
PG 78933 0.121 0.985 1.582 26.327 1.718 108.58% 2.865 13.311
SL 90694 0.143 0.996 1.708 31.143 2.011 117.72% 2.980 14.571

functions and indicator variables for each half hour interval of the trading day from 9:30 am to 4:00 pm; see Giot (2000),
Tsay (2002) and Bhatti (2010). We study the period 10:00 am to 4:00 pm considering the adjusted (detrended) TD data.

It is known that high-frequency financial data have serial dependence. Thus, we first analyze this dependence in the
detrended data. Fig. 6 shows graphical plots of the ACF for the GM, IBM and MD data sets, fromwhere is noted the presence
of serial correlation. A similar behavior is detected for the JJ, PG and SL data sets (omitted here). This indicates that a dynamic
structure must be considered in the modeling of these data.

Now, we compute descriptive statistics for detrended time-of-day durations data, which are provided in Table 3,
including central tendency statistics, as well as the standard deviation (SD), coefficient of variation (CV), CS and CK, among
others. These measures indicate the positively skewed nature and the high kurtosis level of the data distribution.

The HR of a RV X is h(x) = f (x)/[1 − F(x)], where f (·) and F(·) are the PDF and CDF of X , respectively. One manner
to characterize the HR is by the scaled total time on test (TTT) function. We can detect the type of HR that the data have
by means of the TTT curve and then choose a suitable distribution. The TTT function is given by W (u) = H−1(u)/H−1(1),

for 0 ≤ u ≤ 1, where H−1(u) =
 F−1(u)
0 [1 − F(y)]dy, with F−1(·) being the inverse CDF of X . By plotting the points

[k/n,Wn(k/n)], with Wn(k/n) = [
k

i=1 x(i) + {n − k}x(k)]/
n

i=1 x(i), for k = 1, . . . , n, and x(i) being the ith observed order
statistic, it is possible to approximateW (·); see Fig. 1 in Azevedo et al. (2012) for different theoretical shapes for the scaled
TTT curves. From Fig. 7, we detect that the TTT plots suggest a unimodal HR for the GM and IBM data sets. The same results
are obtained for the other data sets (omitted here). To confirm this detection, we did a small simulation study from the BS
distribution. First, we generate BS data with a similar setting to that found in real-world TD data. Then, with the generated
data, we plot the theoretical BS HR and the TTT curve. The BS HR plot showed a unimodal shape, whereas the empirical TTT
plot was very similar to that found in the GM, IBM, JJ, MD, PG, and SL data sets. This is an indication that TD data have usually
a unimodal HR, as indicated by several authors; see, e.g., Grammig and Maurer (2000) and Bhatti (2010). From Fig. 7, we
also observe that the histograms, as well as the nonparametric density estimates based on asymmetric kernels proposed by
Marchant et al. (2013) and Saulo et al. (2013), evidence a positive skewness and heavy tails for the data PDF. This ratifies the
results shown in Table 3.

Hubert and Vandervieren (2008) pointed out that, in cases where the data follow a skewed distribution, a significant
number of observations can be classified as atypical when they are not. The boxplots depicted in Fig. 7 confirm such a
situation, that is, several of the cases considered as potential outliers by the usual boxplot are not outliers whenwe consider
the adjusted boxplot, although atypical data still remain. In summary, the conducted exploratory data analysis shows the
conjectures mentioned in (A1)–(A3), (B1)–(B3) and (D1)–(D4). All of them allow us to postulate SBS–ACDmodels to analyze
the GM, IBM, JJ, MD, PG and SL data sets.

We now estimate the parameters of the BS-PE-ACD and BS-t-ACDmodels via the EM approach described in Algorithm 2.
In addition, we consider the existing BS–ACD and GG-ACD models and estimate their parameters through a sequence
of stages (see Bhatti, 2010) based on the Nelder–Mead and Broyden–Fletcher–Goldfarb–Shanno (BFGS) approaches; see
Mittelhammer et al. (2000, p. 199). Notice that, in the last reference, the BFGS quasi Newton approach is considered as the
best-performing algorithm. Estimation of (α, β, γ ) is initiated at the same values as in Section 7, whereas starting values
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Fig. 7. TTT plots (left), histograms with asymmetric kernel (center) and boxplots (right) for the GM (first panel) and IBM (second panel) data sets.

for σ and ψ are considered to be the sample median and mean of TDs, respectively, over the period [9:30, 10:00), so that
spillovers of information from one trading day to the next trading day are avoided.

As earlier mentioned, we consider orders of the lags as r = 1 and s = 1, because a higher order for ACDmodels does not
improve the model fit. Thus, the ACD(1, 1) specification is sufficient for capturing the usual dynamics of TD data; see Bhatti
(2010).

The standard errors (SEs) of theML estimators of the ACDparameters can be approximated by using theWhite covariance
(WC) matrix (see Engle and Russell, 1998) given by

WC

δ


=

∇

2ℓ

δ
−1 

∇ℓ

δ


∇ℓ

δ
⊤ 

∇
2ℓ

δ
−1

, (19)

where ∇ℓ(δ) and ∇
2ℓ(δ) denote respectively for the gradient vector and the Hessian matrix of the corresponding log-

likelihood function. Specifically, the SEs are obtained by the square roots of the diagonal elements of the WC matrix.
Statistical significance of a parameter of the ACD model, that we denote in general by θ , can be tested by the hypothesis
H0: θ = θ0 versus H1: θ ≠ θ0 using the Wald statistic given by W = [θ − θ0]/SE(θ), which approximately follows a N(0, 1)
distribution under H0, whereθ and θ0 are the corresponding estimator and its proposed value in H0, respectively. Estimated
SEs can be obtained from (19) evaluating it atδ. Table 4 reports the model parameter estimates and the estimated SEs of
the corresponding ML estimators. All the parameters are statistically significant at level 1%. Note that the ACD parameter
estimates are very similar across the models, independently of the assumed distribution.

We now analyze the goodness-of-fit of the SBS–ACDmodels to the data through of the GCS residual defined in Section 5.
We recall that, when the model is correctly specified, this residual has an EXP(1) distribution. Fig. 8 depicts the QQ plots of
the GCS residual for the indicatedmodels and data sets. These QQ plots allow us to check graphically whether such residuals
follow the EXP(1) distribution or not. These graphical plots show a superiority, in terms of fitting to the data, of the BS-PE-
ACD model over the GG-ACD model, followed by the BS-t-ACD and BS–ACD models, although the GG-ACD model fits some
data sets well; see Fig. 8(b). Considering all of the six real-world data sets, the BS-PE-ACD model fits in general these data
sets adequately to furnish effective inference and forecasting.

Table 5 reports the Akaike and Bayesian information criteria, given by AIC = −2ℓ + 2p and BIC = −2ℓ + p log(n),
respectively, where ℓ is the maximum value of the corresponding log-likelihood function and p and n are the number of
model parameters and of observations, respectively.

Table 5 also reports the maximum and minimum values of the sample ACF from order 1–60, and the mean magnitude of
autocorrelation ρ̄ for the first 15 lags, ρ̄ = [1/15]

15
i=1 |ρk| say, where ρk = Cor(rGCSi , rGCSi+k ). The correlation ρk is relevant

to separate the influence of the sample size on the measure of the autocorrelation degree in the residuals; see Bhatti (2010).
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Table 4
ML estimates (with estimated SEs of the corresponding ML estimators in parenthesis) for the indicated (θ ) parameter, model and data set.

θ Data set
GM IBM JJ MD PG SL

BS–ACD model

α −0.018 −0.045 −0.017 −0.017 −0.018 −0.019
(0.0023) (0.0032) (0.0010) (0.0043) (0.0060) (0.0092)

β 0.986 0.939 0.974 0.984 0.985 0.980
(0.0302) (0.0253) (0.0272) (0.0214) (0.0253) (0.0093)

γ 0.010 0.032 0.011 0.010 0.011 0.012
(0.0001) (0.0020) (0.0006) (0.0003) (0.0007) (0.0016)

κ 1.213 0.873 1.042 1.204 1.063 1.147
(0.0022) (0.0002) (0.0012) (0.0011) (0.0016) (0.0007)

BS-PE-ACD model

α −0.026 −0.047 −0.024 −0.024 −0.024 −0.021
(0.0029) (0.0011) (0.0059) (0.0034) (0.0019) (0.0013)

β 0.968 0.923 0.950 0.965 0.968 0.969
(0.0094) (0.0097) (0.0207) (0.0117) (0.0080) (0.0088)

γ 0.008 0.021 0.008 0.008 0.009 0.007
(0.0016) (0.0055) (0.0013) (0.0014) (0.0018) (0.0016)

κ 1.046 0.753 0.891 1.032 0.912 0.981
(0.2188) (0.1601) (0.1848) (0.2118) (0.1923) (0.1978)

ϱ 0.592 0.590 0.592 0.592 0.591 0.593

BS-t-ACD model

α −0.018 −0.045 −0.017 −0.017 −0.018 −0.019
(0.0000) (0.0004) (0.0001) (0.0000) (0.0001) (0.0001)

β 0.986 0.938 0.974 0.984 0.985 0.980
(0.0002) (0.0005) (0.0006) (0.0002) (0.0003) (0.0002)

γ 0.010 0.032 0.011 0.010 0.011 0.012
(0.0000) (0.0003) (0.0001) (0.0000) (0.0000) (0.0000)

κ 1.209 0.870 1.036 1.201 1.059 1.145
(0.0002) (0.0001) (0.0001) (0.0001) (0.0002) (0.0001)

ν 292 246 167 341 242 341

GG-ACD model

α −0.015 −0.031 −0.010 −0.013 −0.018 −0.017
(0.0017) (0.0011) (0.0002) (0.0063) (0.0015) (0.0027)

β 0.988 0.939 0.976 0.983 0.980 0.981
(0.0037) (0.0181) (0.0198) (0.0279) (0.0005) (0.0404)

γ 0.022 0.050 0.020 0.022 0.027 0.026
(0.0008) (0.0037) (0.0004) (0.0036) (0.0008) (0.0024)

υ 37.671 37.78 38.449 37.791 38.255 38.038
(0.0408) (0.4146) (0.8190) (0.6603) (0.4642) (0.9821)

η 0.152 0.2010 0.170 0.151 0.168 0.156
(0.0000) (0.0001) (0.0006) (0.0001) (0.0005) (0.0000)

From Table 5, we observe that, in terms of AIC values, the BS-PE-ACD model is the best one, whereas the BS-t-ACD and
BS–ACD models provide close values, and the GG-ACD model is the worst one. Considering the BIC values, we once again
notice that the BS-PE-ACD model outperforms all the considered models.

Turning now to check for misspecification, we look at the sample ACF of lth order with l varying from 1 to 60. Table 5
reports that there is no sample autocorrelation greater than 0.05 (in magnitude) throughout the models and residuals. In
summary, the data analysis performed above suggests that the BS-PE-ACD model is the most appropriate for fitting the
TD data. Assuming, for example, GM data, the ML estimates of the parameters are (with estimated SEs in parenthesis):α = −0.026(0.0029),β = 0.968(0.0094),γ = 0.008(0.0016) andκ = 1.046(0.2188). All the parameters are statistically
significant at level 1%. In addition, we obtain ϱk = 0.592. Then, the in-sample predictive model is

xBS-PEpred = exp (−0.026 + 0.968 log(σi−1)+ 0.008[xi−1/σi−1]) , (20)

where the initial valueσ0 is the median over the period [9:30, 10:00). We may interpret the expression given in (20) as the
median TD in seconds. Fig. 9 depicts approximate 95% confidence bands for the median TD based on the BS-PE-ACD model
according to the result given in (16).

Now we evaluate out-of-sample predictive performance of the proposed BS-PE-ACD model following the steps detailed
in Algorithm 3; see Section 6. We compare this performance with the GG-ACD model, because it is regarded as the status
quo in the literature of ACDmodels; see Bhatti (2010). In both of these ACDmodels, we compute the sequence {zi} from (18)
for the GM, PG and SL data sets.
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(a) GM. (b) IBM. (c) JJ.

(d) MD. (e) PG. (f) SL.

Fig. 8. QQ plots of the GCS residual for the indicated fitted model and data set.

Table 5
AIC and BIC values, sample autocorrelations and the mean magnitude of autocorrelation for the indicated data set and model.

Indicator Data set
GM IBM JJ MD PG SL

BS-PE-ACD model

AIC 140754.4 246947.8 185442.7 181212.4 179098.3 218204.2
BIC 140790.2 246986.8 185480.0 181249.2 179135.4 218241.9
max ACF 0.019 0.031 0.024 0.048 0.031 0.026
min ACF −0.009 −0.000 −0.011 −0.001 −0.009 −0.006
ρ̄ 0.009 0.015 0.011 0.017 0.013 0.009

BS-t-ACD model

AIC 167054.4 307279.4 225171.8 215054.0 216931.0 260182.0
BIC 167090.2 307318.4 225209.1 215090.8 216968.1 260219.7
max ACF 0.021 0.026 0.019 0.031 0.039 0.035
min ACF −0.008 −0.007 −0.010 −0.007 −0.014 −0.003
ρ̄ 0.008 0.006 0.007 0.009 0.011 0.011

BS–ACD model

AIC 167045.1 307297.4 225170.8 215024.0 216930.4 260141.0
BIC 167080.9 307336.0 225208.1 215060.8 216967.5 260178.7
max ACF 0.021 0.025 0.019 0.031 0.0396 0.034
min ACF −0.008 −0.007 −0.010 −0.007 −0.014 −0.003
ρ̄ 0.008 0.006 0.007 0.009 0.011 0.011

GG-ACD model

AIC 168411.7 307645.0 226661.4 218082.2 218059.4 264103.6
BIC 168447.5 307684.0 226698.7 218119.0 218096.5 264141.3
max ACF 0.017 0.022 0.015 0.028 0.032 0.029
min ACF −0.010 −0.009 −0.014 −0.008 −0.014 −0.006
ρ̄ 0.006 0.005 0.006 0.006 0.007 0.007
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Fig. 9. Approximate 95% confidence bands for the in-sample predicted median TD based on GM data.

(a) BS-PE-ACD/GM. (b) BS-PE-ACD/PG. (c) BS-PE-ACD/SL.

(d) GG-ACD/GM. (e) GG-ACD/PG. (f) GG-ACD/SL.

Fig. 10. Histograms of the probability integral transform {zi} for the indicated model/data set.

Fig. 10 displays the histograms of the sequence {zi} for the indicated model and data set. From this figure, note that the
hypothesis of uniformity seems to be supported, which must be corroborated with the AD and KS tests. Fig. 11 shows the
ACF plots of the sequence {zi} for the indicatedmodel and data set. From this figure, note that an absence of serial correlation
is detected, which must be corroborated with the LB test.

Table 6 presents p-values of the AD and KS tests for the sequence {zi} and the p-values of the LB test for the sequences {zi}
and {z2i } over the first 15 lags, where {z2i } is considered to test a possible nonlinear serial correlation. Considering the AD and
KS tests and their values from this table, note that hypothesis of uniformity for the sequence {zi} based on the BS-PE-ACD
model cannot be rejected at 1% level, which corroborates our observation based on the histograms displayed in Fig. 10. In
addition, notice that the BS-PE-ACDmodel produces better p-values than the GG-ACDmodel and, in some cases, significance
in favor of uniformity is detected for the BS-PE-ACDmodel but not for theGG-ACDmodel. The p-values of the LB test based on
the BS-PE-ACD and GG-ACD models allow us to corroborate the conjectures of independence of the sequence {zi} observed
in the ACF plots displayed in Fig. 11, and to discard also a possible nonlinear serial correlation based on the sequence {z2i }.
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(a) GM. (b) PG. (c) SL.

(d) GM. (e) PG. (f) SL.

Fig. 11. ACF plots of the probability integral transform {zi} for the BS-PE-ACD (first panel) and GG-ACD (second panel) models with the indicated data set.

Table 6
Out-of-sample test results (AD, KS and LB p-values) for the indicated ACD model and data set, where LB2 is the p-value of the LB test for z2i over 15 lags.

Model GM PG SL
AD KS LB LB2 AD KS LB LB2 AD KS LB LB2

BS-PE 0.057 0.209 0.696 0.903 0.055 0.033 0.081 0.247 0.013 0.035 0.982 0.959
GG 0.007 0.037 0.691 0.907 0.009 0.024 0.099 0.251 <0.001 <0.001 0.983 0.969

Results in Table 6 confirm the good out-of-sample performance of our methodology. Forecasts using the SBS–ACD models
may be obtained from the formula presented at the end of Section 6.

9. Concluding remarks

Wehave introduced amethodology based on the family of scale-mixture Birnbaum–Saunders autoregressive conditional
duration models. This methodology includes in-sample techniques, considering estimation and inference for parameters
of the model and its checking based on residual analysis, and out-of-sample forecast techniques. The methodology has
allowed us to obtain, among other properties, an efficient computation of the maximum likelihood estimators of the
model parameters using the expectation and maximization algorithm, and a robust estimation of these parameters.
We have conducted a Monte Carlo simulation study to evaluate the behavior of the proposed methodology in relation
to the estimation method of parameters and the corresponding residuals for the introduced model. The results
obtained from this simulation study have shown good performance of the methodology and corroborated empirically
some expected properties. We have also compared the proposed autoregressive conditional duration models based on
the Birnbaum–Saunders-power-exponential and Birnbaum–Saunders–Student-t distributions with some of the existing
autoregressive conditional duration models, through an analysis with real-world data of financial transactions from the
New York stock exchange, which has shown the practical superiority and good performance of the Birnbaum–Saunders-
power-exponential autoregressive conditional duration model. As part of a future research, other estimation procedures
can be considered, such as estimating functions and themethod of modifiedmoments, as well as semiparametric structures
and influence diagnostics.
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