
This article was downloaded by: [Sistema Integrado de Bibliotecas USP]
On: 11 May 2015, At: 05:42
Publisher: Taylor & Francis
Informa Ltd Registered in England and Wales Registered Number: 1072954 Registered office: Mortimer House,
37-41 Mortimer Street, London W1T 3JH, UK

Click for updates

Journal of Intelligent Transportation Systems:
Technology, Planning, and Operations
Publication details, including instructions for authors and subscription information:
http://www.tandfonline.com/loi/gits20

A Two-Stage Optimization Model for Staggered Work
Hours
Wilfredo F. Yushimitoa, Xuegang (Jeff) Banb & José Holguín-Verasb

a Department of Engineering and Sciences, Universidad Adolfo Ibáñez, Viña del Mar, Chile
b Department of Civil and Environmental Engineering, Rensselaer Polytechnic Institute, Troy,
New York, USA
Accepted author version posted online: 29 May 2013.Published online: 08 Jul 2014.

To cite this article: Wilfredo F. Yushimito, Xuegang (Jeff) Ban & José Holguín-Veras (2014) A Two-Stage Optimization Model
for Staggered Work Hours, Journal of Intelligent Transportation Systems: Technology, Planning, and Operations, 18:4, 410-425,
DOI: 10.1080/15472450.2013.806736

To link to this article:  http://dx.doi.org/10.1080/15472450.2013.806736

PLEASE SCROLL DOWN FOR ARTICLE

Taylor & Francis makes every effort to ensure the accuracy of all the information (the “Content”) contained
in the publications on our platform. However, Taylor & Francis, our agents, and our licensors make no
representations or warranties whatsoever as to the accuracy, completeness, or suitability for any purpose of the
Content. Any opinions and views expressed in this publication are the opinions and views of the authors, and
are not the views of or endorsed by Taylor & Francis. The accuracy of the Content should not be relied upon and
should be independently verified with primary sources of information. Taylor and Francis shall not be liable for
any losses, actions, claims, proceedings, demands, costs, expenses, damages, and other liabilities whatsoever
or howsoever caused arising directly or indirectly in connection with, in relation to or arising out of the use of
the Content.

This article may be used for research, teaching, and private study purposes. Any substantial or systematic
reproduction, redistribution, reselling, loan, sub-licensing, systematic supply, or distribution in any
form to anyone is expressly forbidden. Terms & Conditions of access and use can be found at http://
www.tandfonline.com/page/terms-and-conditions

http://crossmark.crossref.org/dialog/?doi=10.1080/15472450.2013.806736&domain=pdf&date_stamp=2013-05-29
http://www.tandfonline.com/loi/gits20
http://www.tandfonline.com/action/showCitFormats?doi=10.1080/15472450.2013.806736
http://dx.doi.org/10.1080/15472450.2013.806736
http://www.tandfonline.com/page/terms-and-conditions
http://www.tandfonline.com/page/terms-and-conditions


Journal of Intelligent Transportation Systems, 18:410–425, 2014
Copyright C©© Taylor and Francis Group, LLC
ISSN: 1547-2450 print / 1547-2442 online
DOI: 10.1080/15472450.2013.806736

A Two-Stage Optimization Model
for Staggered Work Hours

WILFREDO F. YUSHIMITO,1 XUEGANG (JEFF) BAN,2

and JOSÉ HOLGUÍN-VERAS2

1Department of Engineering and Sciences, Universidad Adolfo Ibáñez, Viña del Mar, Chile
2Department of Civil and Environmental Engineering, Rensselaer Polytechnic Institute, Troy, New York, USA

Traditional or standard work schedules refer to the requirement that workers must be at work the same days and during the
same hours each day. This requirement constrains work-related trip arrivals, and generates morning and afternoon peak
hours due to the concentration of work days and/or work hours. Alternative work schedules seek to reschedule work activities
away from this traditional requirement. The aim is to flatten the peak hours by spreading the demand (i.e., assigning it to
the shoulders of the peak hour), lowering the peak demand. This not only would reduce societal costs but also can help
to minimize the physical requirements. In this article, a two-stage optimization model is presented to quantify the effects
of staggered work hours under incentive policies. In the first stage, a variation of the generalized quadratic assignment
problem is used to represent the firm’s assignment of workers to different work starting times. This is the input of a nonlinear
complementarity problem that captures the behavior of the users of the transportation network who are seeking to overcome
the constraints imposed by working schedules (arrival times). Two examples are provided to show how the model can be
used to (a) quantify the effects and response of the firm to external incentives and (b) evaluate what type of arrangements in
starting times are to be made in order to achieve a social optimum.

Keywords Alternative Work Schedules; Dynamic User Equilibrium; Optimization; Quadratic Assignment; Staggered Work
Hours

INTRODUCTION

Work and work-related trips constitute a major portion of
commuter trips. In the United States, about 16% of the to-
tal travel trips are composed by work and work-related trips
(Pisarski, 2006). A characteristic of work and work-related trips
is that they are more predictable than trips for other purposes.
They are more likely made during weekday peak hours. In the
last 20 years, as peak hour has been increasing in intensity, ex-
tent, and duration, local authorities have been concerned with
strategies they should be implementing to reduce the traffic
congestion. A typical strategy is relieving congestion by the in-
crease in system’s capacity (e.g., more lanes or increasing transit
service) to accommodate the demand. This expansion of capac-
ity not only is costly, but also ignores the temporary nature of

Address correspondence to Wilfredo F. Yushimito, Assistant Professor, De-
partment of Engineering and Sciences, Universidad Adolfo Ibáñez, 750 Padre
Hurtado, Room A-224, Viña del Mar, Chile. E-mail: wilfredo.yushimito@uai.cl

Color versions of one or more of the figures in the article can be found online
at www.tandfonline.com/gits.

traffic. Traffic varies across time of day, and from day to day,
and there are short periods when traffic is at its peak, while at
others the congestion is acceptable. This limitation makes this
strategy inefficient to reduce peak hour congestion: If capacity
is added to balance peak-hour demand, then extra capacity is
wasted during the rest of the day.

An alternative strategy consists of shifting the demand to a
more efficient mode or to a less congested time, or reducing
the need to travel. In recent years, congestion pricing has been
widely adopted by local authorities to enforce and induce this
shift. However, this strategy has shown limited success. Data
collected during the Evaluation Study of the Port Authority of
New York and New Jersey’s Time of Day Pricing Initiative
(Holguı́n-Veras et al., 2005, 2011) indicate the limitations of
congestion pricing during peak hours. The study found that the
decisions for traveling at a certain time are usually constrained
by work schedules (for about 87% of a.m. peak users and 67%
of p.m. peak users). The time-of-arrival window observed in
the study was very narrow: within 20 minutes. These values
are more critical when asking about the flexibility of early or
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OPTIMIZATION MODEL FOR STAGGERED WORK HOURS 411

Table 1 Mean (and standard deviation) of time of travel flexibility in
work-related trips.

Time of travel flexibility Car Transit

Earlier departure 19.0 (24.5) 17.9 (9.5)
Later departure 14.7 (20.8) 14.9 (17.9)
Earlier arrival 20.4 (24.0) 18.3 (10.3)
Later arrival 12.3 (19.0) 9.1 (7.5)

late arrivals. Respondents were asked about their time-of-travel
flexibility, in terms of departure flexibility (i.e., much how much
earlier or later they were willing to depart from the origin and
still meet their travel constraints) and arrival flexibility (i.e., how
much earlier or later they were willing to arrive at their destina-
tions and still meet their travel constraints). Table 1 shows the
average flexibility windows, together with the corresponding
standard deviations. It can be observed that users have rela-
tively narrow windows of flexibility. They are in the range of 20
minutes for early departure or arrival, and about 14 minutes for
late departure or arrival.

Additionally, in Figure 1, it can be observed that 46.6% of
the work-trip respondents had no flexibility at all in arriving
late. Flexibility was higher if workers decided to arrive early,
because only 19% of workers had no flexibility at all in this
case. Roughly 10% of trips reported a flexibility of 30 minutes
or more. These results are congruent with a similar study con-
ducted by Emmerink and van Beek (1997) using data collected
in 1992 in The Netherlands. They found even larger percent-
ages: 67% of the respondents indicated that their employers do
not allow for any flexibility at all. Moreover, as Figure 2 shows,
when asked about the reasons for traveling at their stated times,
48% of the drivers responded that it was because of their work
schedule. This implies that most travelers cannot simply wait
for the nonpeak period due to arrival-time constraints, which are
often tight and inflexible.

The evidence just discussed shows that congestion pricing
is only applicable to a small percentage of users during peak
hours. It turns out that flexibility in arrival time is a “necessary

condition for implementing congestion pricing” (Emmerink &
van Beek, 1997) and cannot generally be applicable to most
workers, as their schedules are not flexible. However, there are
demand management policies that have received less attention.
One of these demand management strategies is alternative work
schedules. Traditional or standard work schedules refer to the
requirement that workers must be at work the same days and
during the same hours each day. This requirement constrains
work trip arrivals and generates the morning and afternoon peak
hours since working days/hours become concentrated. Alter-
native work schedules seek to reschedule work activities away
from this traditional requirement, relaxing the time arrival con-
straints imposed by firms. The aim is to flatten the peak hours
by assigning some of the demand to less congested periods,
reducing the peak demand. Past initiatives and pilot experi-
ments have claimed that fewer work, trips are expected during
the peak hours (e.g., Guiliano & Golob, 1990; Maric, 1977;
O’Malley & Selinger, 1973; Owens & Warmer, 1973). This not
only reduces costs in society (e.g., congestion, pollution) but
also helps to minimize the physical requirements. However, as
Mun and Yonekawa (2006) pointed out, “there is a lack of incen-
tive for firms to adopt this type of initiatives.” An explanation
for this failure in the implementation of alternative work sched-
ules states that if production effects are in place, firms will have
little incentive to implement alternative work schedules (Arnott
et al., 2005; Henderson, 1981). Firms will be more likely to ac-
cept scheduling workers in alternate work schedules only when
incentives at least compensate the costs of maintaining the same
level of production are provided (Yushimito, 2011).

In this article, we focus on modeling the implementation of
one of such alternative work schedules policy: staggered work
hours. According to National Cooperative Highway Research
Program (NCHRP) number #73 (Transportation Research Board
[TRB], 1980), the difference between traditional rigid work
schedules and staggered work hours (SWH) is that in the latter,
all workers in firms work the same day and the same number
of hours. However, groups of workers are staggered into dif-
ferent working times, for example, starting every 15 minutes
or every 30 minutes. The choice of groups to stagger can be

Figure 1 Flexibility in arrival in New York–New Jersey (Holguı́n-Veras et al., 2005). (a) Flexibility in early arrival (in minutes). (b) Flexibility in late arrival (in
minutes).

intelligent transportation systems vol. 18 no. 4 2014
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412 W.F. YUSHIMITO ET AL.

Figure 2 Reasons for traveling at the stated time in New York–New Jersey (Holguı́n-Veras et al., 2005).

(a) departmental if a whole department or working unit is as-
signed to different starting times, or (b) individual if firms assign
individual workers without regard to the department/unit they
are working. The model presented here is applicable to depart-
mental staggered work hours of a single firm, but can also be
extended to multiple firms in a central business district (CBD).
The main assumption of the model is that the firm imposes the
starting times (arrival times) on its workers with little or not
feedback from them, in a “Hobson’s choice scheme” (Jones
et al., 1977). Thus, the model can be divided into two stages,
each addressing the problems faced by firms and workers. In the
first stage, the firm faces an optimization model of allocating
workers to different starting times while minimizing the cost of
such assignment. Once the assignment is decided, the workers
respond to the imposed starting time, minimizing their disutility
of traveling and arriving by selecting their departure time and
route choice model in a dynamic user equilibrium (DUE). This
problem is based on the link-node-based approach for the DUE
developed by Ban et al. (2008), which is upgraded to include
departure time choices and to handle groups with different pre-
ferred arrival times. The model presented here considers traffic
dynamics in a network level (via DUE). It is thus closely related
to advanced traffic management especially in terms of demand
management, one of the key areas in intelligent transportation
systems (ITS).

The rest of the article is organized as follows: the sec-
ond section presents the first problem or the firm problem.
The third section presents the model used in the second
phase related to the workers’ decisions. The fourth section
develops a model scheme that combines both problems and
presents the solution method. In the fifth section, a modifica-
tion of the model presented in section 4 is included to account
for the social optimum. The sixth section uses two examples to

demonstrate the models. Finally, the last section provides the
conclusions.

MODELING DEPARTMENTAL STAGGERED WORK
HOURS EFFECTS IN A FIRM

In perfect competition, a firm produces a certain amount of
goods so that its net profit is maximized. Profit maximization
implies cost minimization, as this is the dual of the firm’s profit
maximization. Thus, given that the firm is producing a certain
amount of goods (level of production), when a firm maximises
profit, it solves the cost minimization problem:

Minimize
xn

C(xn, cn)

subject to f (xn) = y (1)

where C(xn, cn) is the total cost of the firm, which depends on
the inputs xn used and the costs cn associated with such inputs
(labor or capital costs). For instance, if it is a labor-intensive firm,
the inputs can be the labor hours, and its corresponding costs
would be the hourly wage. In addition f (xn) is the production
function, which is expected to reach a total production equal
to y.

In terms of staggered work hours, the firm adds one more
dimension to the problem. The consideration of time imposes
production effects on the firm. Such production effects can be
better understood through an example. Suppose that the firm has
one type of worker and all of them start at the same time. At an
instant t the firm is producing y units and solves the problem (1).
Suppose also that the firm is considering dividing its workers
into two groups: one starting earlier and the other starting later.

intelligent transportation systems vol. 18 no. 4 2014
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OPTIMIZATION MODEL FOR STAGGERED WORK HOURS 413

Figure 3 Schematic of the departmental staggered work hours assignment.

In order to achieve the same level of production or productivity,
the firm requires additional effort because for a certain period
the two groups will not be able to coordinate or work together.
This additional effort implies additional costs. The model pre-
sented in this section seeks to mimic the allocation process of
workers in a firm with such costs under consideration. The main
assumption is that the firm can maintain the same level of pro-
duction (productivity) during a day by increasing its costs. With
this assumption, the firm needs to assign workers from each
department to the set of starting times while minimizing the
additional cost of such assignment. In other words, a firm will
try to allocate workers in different departments or units (N) effi-
ciently, considering that each department requires coordination
with other departments or works independently. If there is a to-
tal of M possible starting times for each unit, each department
n will have M possible starting times. This assignment implies
additional costs for a department starting at time m ∈ M while
others start at time r ∈ M . For simplification, a one-to-one
relationship between units is assumed as shown in Figure 3.
The additional cost for departments required to start at different
starting times is given by the cost of department n starting at
time m and department q starting at time r: cqr

nm = fnq tmr . In the
previous equation, the parameter fnq can be understood as the
cost of loss of coordination per unit of time, or shared effort be-
tween units n and q, while tmr is the time between starting time
m and starting time r. With these definitions, the firm’s prob-
lem can be modeled as a version of the quadratic assignment
problem (QAP) (Burkard et al., 1998; Koopmans & Beckman,
1957) of the form (QAP-I):

Minimize
N∑

n=1

M∑
m=1

N∑
q=1

M∑
r=1

cmr
nq xnm xqr +

N∑
n=1

M∑
m=1

bm xnq

+ θ

M∑
m = 1
m �= m̄

N∑
n=1

Di xnm (2)

subject to

M∑
m=1

xnm = 1, n = 1, 2, . . . , N (3)

xnm ∈ {0, 1}, n = 1, 2, . . . N ; m = 1, 2, . . . , M (4)

where xnm is the decision binary variable that takes the value of
1 if department n or q is assigned to start at time m or r, and
0 otherwise. In the formulation, the firm seeks to minimize the
cost of having to groups assigned to different starting times for
a given incentive θ . This is captured in the objective function.
The first term in Eq. 2 is the cost incurred by the firm, cqr

nm ,
of assigning n to m and q to r, respectively. This value can be
understood as the cost of loss of coordination between between
two departments starting at m and q, respectively. The second
term uses the cost, bm , which is the cost incurred by the firm of
starting at time m, and it is a proxy for the effects of external co-
ordination with other firms starting at time m (or agglomeration
effect). The third term refers to the incentive θ given to the firm
for each employee reassigned to a less congested period. Thus,
in total Dm workers in department m receive θ if they are shifted
away from the starting time m̄ (which is assumed to be the
peak period). Additionally, constraint (3) imposes the restric-
tion that one department can be assigned to no more than one
starting time. This is different from the general QAP because
there can be multiple departments assigned to the same starting
time. Notice that in the model there is an implicit and simplified
agglomeration behavior both by the coordination among divi-
sions (or departments) and by the coordination with other firms.
If the firm has strong agglomeration effects, that is, its cost for
starting at a certain time m and the cost of loss of coordination
between divisions is zero (all divisions start at the same time),
then all units will start at the same time because the objective
function will reach its minimum, as cqr

nm = fnq tmr = fnm .0 = 0,
for r = m; therefore, in order to induce the firm to stagger work-
ers (or to allocate them in alternative starting times), there are
two possibilities. One is limiting the capacity of the firm. For
instance, if the firm does not have enough capacity or resources
to accommodate all workers at a single starting time, then the
firm will try to distribute the workers efficiently by itself. This
is the case of firms that work in shifts: Blue-collar workers
cannot start all at the same time because they will be compet-
ing for resources (i.e., machines), and therefore it is better to
allocate them in shifts according to the capacity of the plant.
The other alternative is to compensate firms for the additional
costs incurred, as implied in Eq. 2. This is more appropriate
when there are no capacity restrictions or when workers do not
compete for resources. This case is also more representative of
firms working in a central business district (CBD). However, it
is important to remark that the incentive parameter has to be
carefully chosen as it is the mechanism that enforces the shift of
workers to less congested periods. In the previous model, this
is assumed to be given but it needs to be bounded by a budget
(as discussed later, in the fourth section). The budget depends
on how much the government estimates it can save from con-
gestion reduction per individual (marginal cost of congestion)
and the ability to offer this amount among companies. If the
marginal cost is not known, additional assumptions have to be
made to make it socially efficient. This case is presented in the
fifth section, where the reasoning is that to be socially efficient,

intelligent transportation systems vol. 18 no. 4 2014
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414 W.F. YUSHIMITO ET AL.

Table 2 Notation for NCP model.

Sets
M Defines the workers time schedule as time m (group of workers or “arrival group m”)
K Time intervals of length �

Variables
dkm

is Flow departing from node i at time interval k for people under starting work time schedule m to destination s

π km
is Equilibrium travel time for flow departing from node i at time interval k for people under starting work time schedule m to destination s

ukm
as Inflow of a group of workers with starting time m for departing at the beginning of time interval k to link a to destination s

vkm
as Exit flow of a group of workers with starting time m departing at the beginning of interval k from link a to destination s

μm
is Disutility value for the flow of a group of workers with starting time m for flow departing from origin node i to destination s

ddm
is Demand from origin i to destination s that is assigned to the working schedule m

Parameters
Qis Total number of workers in the firm departing from any node i to destination s (firm’s location)
θ Incentive per worker by a unit shift in his/her schedule
α1 Early arrival disutility factor
α2 Late arrival disutility factor

the congestion savings should exceed the costs imposed on the
firm for staggering workers; otherwise, the government would
have to find additional funds to complete the incentive for the
firm.

BEHAVIOR OF WORKERS: AN NCP MODEL WITH
DEPARTURE TIME CHOICE FOR MULTIPLE
ARRIVAL TIMES

Previous staggered work hours research (e.g., Arnott et al.,
2005; Chu, 1995; Henderson, 1981) did not explicitly con-
sider route choices due to the simplistic network structure as-
sumed. In these models, a simplistic network structure (single
origin–destination [OD] pair and single route comparable to
Vickrey [1969]; single bottleneck model) is used to develop
economics models to observe whether firms and workers agree
in staggering work hours. However, this simplification compro-
mises certain modeling effects such as departure time choice and
route choice, key components of a dynamic traffic assignment
(Szeto & Lo, 2005, 2006), which helps to capture the actual be-
havior and response of firms and workers and allows computing
the actual travel times to quantify the benefits of the program or
the externalities produced (e.g., Wismans et al., 2011).

Link-Node-Based DUE Model

In this article, the link-node-based nonlinear complementar-
ity problem (NCP) formulation developed by Ban et al. (2008)
for the predictive dynamic user equilibrium (DUE) (Heydecker
& Verlander, 1999) is used to overcome the network modeling
limitations already mentioned. The link-node-based approach
for the DUE assumes that a transportation network can be rep-
resented as a direct graph G = (N , A) where N is the set of
nodes and A the set of links. If the study period is divided in k
intervals of length �, this approach assumes that the total inflow

to link a toward a destination s at the beginning of interval k
can be denoted as uk

as with a ∈ A and s ∈ N . In the case stud-
ied in this article, the model has been enhanced to include the
departure time choice based on different possible work starting
times (arrival times). The overall idea is that worker behavior
is based on the disutility (travel time, schedule delay, and other
costs) imposed by arriving at certain time k. These decisions are
related to the DUE for drivers grouped by their starting time. In
doing so, the inflow is grouped by starting time, which in this
case defines a “class” m, resulting in ukm

as with a ∈ A, s ∈ N ,
and m ∈ M as described in the notation (Table 2). Denoting the
vectors u = (ukm

as )∀a,s,k,m and π = (π km
is )∀i,s,i �=s,k,m as extension

to Ban’s DUE model can be stated as finding ukm
as and π km

is such
that

0 ≤ ukm
as ⊥ �u (u, π ) ≥ 0, ∀a, s, k, m (5)

0 ≤ π km
is ⊥ �π (u, π ) ≥ 0, ∀i, s, i �= s, k, m (6)

In the formulation, the complementarity constraint (5) is the
dynamic extension to Wardrop’s first principle (1952) for the
static case; the function �u (u, π, d) is expressed as in Ban et al.
(2008):

�u (u, π ) = τ k
a (u) +

∑
l−1≤ek+1

a (u)/�<i

λ3,k,l
a (u)π l−1

has

+ [
1 − λ3,k,l

a (u)
]
π l

has − π k
las, ∀a, s, k ′ (7)

with ek
a(u) = (k − 1)� + τ k−1

a (u) defined as the exit time of
vehicles entering link a at the beginning of time k, which is
a function of the link inflow vector u = (

∑
m ukm

as )∀k,a,s ; and
la, ha as the tail (starting) and head (ending) nodes of link a,
respectively. The indicator function λ3,k,l

a (u) is also defined with

intelligent transportation systems vol. 18 no. 4 2014
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OPTIMIZATION MODEL FOR STAGGERED WORK HOURS 415

the following expression:

λ3,k,l
a (u) = l� − ek+1

a (u)

�
=

(
l − k − τ k

a (u)

�

)
,

∀a, k, l; (l − 1) ≤ ek+1
a (u)

�
< l (8)

Constraint (6) represents the conservation of flow using the
discretization scheme detailed in Ban et al. (2008). That is, for
any time interval k, this can be represented by the relationship
between the exit flow and inflow rates.∑

a∈A(i)

ukm
as = dkm

is +
∑

a∈B(i)

vkm
as , ∀ i, s, i �= s, k (9)

This representation requires a way to represent the flow prop-
agation. Following Ban et al. (2008), this requires the definition
of two indicator functions λ1,k ′

a (u), λ2,k ′,k
a (u), which are function

of the time interval length δ and the travel time function τ , which
depends on the total inflow:

λ1,k ′
a (u) = �

τ k ′
a (u) − τ k ′−1

a (u) + �
(10)

λ2,k ′,k
a (u) = τ k ′

a (u) + (k ′ + 1 − k)�

τ k ′
a (u) − τ k ′−1

a (u) + �
(11)

With these two parameters defined, it is possible to define
the exit flow as a function of the inflow:

vkm
as =

∑
.k ′ek′

a (u) ≤
(k − 1)� < ek′+1

a (u)

(
λ2,k ′,k

a (u)vk ′m
as

(
ek ′

a

)

+ (
1 − λ2,k ′,k

a (u)
)
vk ′m

as

(
ek ′

a

))
(12)

where, vkm
as (ek ′

a ) = uk ′m
as λ1,k ′

a (u), and Eq. 6 can be finally stated
as

�π (u, π ) =
∑

a∈A(i)

ukm
as − dkm

is

−
∑

a∈B(i)

∑
k ′ek′

a (k−1)�

<ek′+1
a (u)

(
λ1,k ′

a (u)λ2,k ′,k
a (u)uk ′m

as

+ λ1,k ′+1
a (u)

(
1 − λ2,k ′,k

a (u)
)
uk ′+1

as ≥ 0,

∀ i, s, i �= s, k ′

(13)

or simply

�π (u, π ) =
∑

a∈A(i)

ukm
as − dkm

is −
∑

a∈B(i)

vkm
as (14)

Departure Time Choice

The model described in the previous section assumes that
the demand dkm

is is given and fixed for any node i to any des-
tination s at any time interval k. To include a departure time

Figure 4 Asymmetric schedule delay function.

condition, it is necessary to define an equilibrium condition in
which each group under the same arrival group (working start-
ing time, m) will share the same disutility μm

is . The following
complementarity constraint defines the departure time choice
using the following function:

�d (u, π, d, μ, φ, η) = π km
is + φ − μm

is, ∀k, m, i, s (15)

In the equation, the first two components represent a disutility
function �km

is = π km
is + φ where the first term in � refers to

the travel time, and the second term (φ) represents the early/late
arrival delay with respect to the starting time k̄m . In this case
the assumption is that there is no penalty (delay) if the worker
arrives during a certain time threshold σ . Outside this threshold,
the worker has a penalty given by the parameters α1 for early
arrival and α2 for late arrival. Both coefficients are assumed to
be different to represent an asymmetric penalty function (see
Figure 4) as recommended in Ran and Boyce (1996) and Ran
et al. (1996). This is expressed by the function φ = max(ν, 0),
where ν = max(α1(k̄m − σ − π km

is ), α2(π km
is − k̄m − σ )). This

function is captured by Eqs. 16 and 17:

�φ (u, π, d, μ, φ, η) = φ − η − α1
(
k̄m − σ − πm

is

)
(16)

�η(u, π, d, μ, φ, η) = η + α1
(
k̄m − σ − πm

is

)

− α2
(
πm

is − k̄m − σ
)

(17)

Finally, to enforce and maintain the flow conservation with
departure time choice provided that

∑
m ddm

is = Qis , the fol-
lowing equation is defined:

�μ (u, π, d, μ, φ, η) =
∑

k

dkm
is − ddm

is , ∀i, s, m (18)

Formulation

Defining vectors d = (dkm
is )∀i,s,k,i �=s,m and μ = (μm

is)∀i,s,k,i �=s ,
the complete model seeks to find the vectors ukm

as , π km
is , dkm

is , μm
is ,
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416 W.F. YUSHIMITO ET AL.

and variables φ, η such that

0 ≤ ukm
as ⊥ �u (u, π, d, μ, φ, η) ≥ 0, ∀a, s, k, m (19)

0 ≤ π km
is ⊥ �π (u, π, d, μ, φ, η) ≥ 0, ∀i, s, i �= s, k, m

(20)

0 ≤ dkm
is ⊥ �d (u, π, d, μ, φ, η) ≥ 0, ∀k, m, i, s (21)

0 ≤ μm
is ⊥ �μ (u, π, d, μ, φ, η) ≥ 0, ∀i, s, m (22)

0 ≤ φ ⊥ �φ (u, π, d, μ, φ, η) ≥ 0 (23)

0 ≤ η ⊥ �η (u, π, d, μ, φ, η) ≥ 0 (24)

TWO-STAGE MODEL AND SOLUTION METHOD

Different from the models proposed in Henderson (1981) and
its variations (e.g., Arnott et al., 2005; Chu, 1995), the model
presented here does not model a joint decision that would lead
to whether to stagger workers as a result of a negotiation. The
evidence by Holguı́n-Veras et al. (2005, 2006) and Emmerink
and van Beek (1997) shows that the firm imposes conditions
on the workers and benefits from the asymmetric distribution of
power and information. Therefore, it can be expected that the
firm allocates workers to starting times first, and the workers
must accommodate their departure and route decision based on
the decisions already made by the firm.

Model

In the model, the firm seeks to stagger working hours based
on their cost structure, or based on an incentive θ provided by
the government. The only condition for the firm is that the addi-
tional cost of staggering workers be minimized. Given that the
main assumption is that the firm exerts power over the work-
ers, it can be expected that there is little or no response from
the workers. Therefore, the workers are merely “takers” of the
working schedule, and their response does not affect the decision
already taken by the firm. Under this assumption, the problem
can be divided into two stages: the first stage related to the firm’s
workers allocation decision, and the second stage with worker’s
reaction and decisions on route and departure times.

Stage 1: Firm problem.

• Assume a certain value for the incentive θ and solve the
(QAP-I) problem (Eqs. 2– 4) and/or add the following bud-
get constraint to the problem to restrict the total amount of
incentive that can be provided:

θ

M∑
m = 1
m �= m̄

N∑
n=1

Di xnm ≤ BUDGET (25)

Stage 2: Workers’ response.

• Aggregate the number of workers by department; or group of
workers obtained in Stage 1 by origin and by starting time.

• Modify the demand definition, Eq. 21, according to the pre-
vious step and solve the NCP formulation: Eqs. 19, 20, 21,
22, 23, and 24.

Solution Method

Stage 1: Linearization of the QAP Problem

Sahni and Gonzalez (1976) have shown that the quadratic as-
signment problem is NP-hard and no exact algorithm can solve
problems of size 20 × 20 for the quadratic assignment problem
and size 25 × 25 for the generalized quadratic assignment prob-
lem; (Hahn et al., 2008). However, some instances such as those
presented in this article can be solved through linearization,
which gives good bounds for even larger instances (Burkard
et al., 1998). Burkard et al. (1998) also mention that there are
multiple ways to linearize the quadratic assignment problem.
All approaches require defining a variable yqr

nm . This variable
takes the value 1 if n is assigned to start at m and q is assigned
to start at r, and 0 otherwise, with n, q ∈ N and m, r ∈ M .
With this definition, the linear version of problem QAP-I
(LQAP-I) is

Minimize
N∑

n=1

M∑
m=1

N∑
q=1

M∑
r=1

cqr
nm yqr

nm +
N∑

n=1

M∑
m=1

bm xnm

− θ

M∑
m=1
m �=m̄

N∑
n=1

xnm (26)

subject to

M∑
q=1

yrq
nm = xnm, ∀(n, m, r ), i �= j (27)

yrq
nm = ynm

rq , ∀(i, k, j, l), i ≤ j (28)

M∑
m=1

xnm = 1, n = 1, 2, 3, . . . , N (29)

yqr
nm ∈ {0, 1}, ∀(n, m, q, r ), n �= q (30)

xnm ∈ {0, 1}, ∀(n, m) (31)

In the previous formulation, the objective function has three
terms. The first term simply replaces the first term in QAP-I us-
ing the new variable y. The objective function has two terms. The
second term is the same as the QAP-I problem (incentive paid
for each worker out of the peak starting time). Two constraints
(Eqs. 27 and 28) are imposed to satisfy that yqr

nm = 0 unless
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OPTIMIZATION MODEL FOR STAGGERED WORK HOURS 417

xnm = 1; and xqr = 1; in this case yqr
nm = 1, which guarantees

that the assignment is equivalent to the original problem. The
last three constraints are the same as in the original problem.
This linear version of the problem can be solved using mixed
integer programming solvers such as CPLEX.

Stage 2: NCP Relaxation

The NCP model from the third section is basically an exten-
sion of the Ban et al. (2008) model that accounts for departure
time choice and“multi-class” flow, with each class represent-
ing a group of workers with the same arrival time. That is,
the solution solves the link-node-based simultaneous route and
departure time choice. The problem is complex due to its non-
convexity and its time-varying nature. In particular, the model
is not close formed. However, for a given demand vector d̄
(base demand) and its resulting inflow vector ū (base inflow),
all the indicator functions and the exit times can be calculated
and fixed via a so-called dynamic network loading procedure
described in Ban et al. (2008). The result gives two subprob-
lems: one for the fixed demand case and the other one for the
departure time choice case, which can be solved iteratively fol-
lowing the heuristic adopted in Ban et al. (2008). The first sub-
problem is similar to that solved in Ban et al. (2008); how-
ever, both the base demand and the inflow are fixed for any
(i, s, k, m) quadruple. This also affects the indicator functions
λ1, λ2, λ3; which are computed using the base inflow ū. No-
tice that the same indicator function is used for all “classes”
(group of workers with the same arrival time m). The sec-
ond subproblem only fixes the base inflow. Fixing the indi-
cator functions, the base inflow, and the base demand (the first
two in subproblem one, and all three in subproblem two), al-
low close form models, which can be solved using standard
NCPs solution techniques (i.e., PATH solver, Ferris and Munson
2000).

The adopted solution procedure can be described as

• Step 1: Initialization. Assign a base demand vector d̄0 and
base inflow ū0.

• Step 2: Major iteration. Set n = 0.

– Step 2.1: Construct problem considering Eqs. 19 and 20
using d̄n as the fixed demand. Solve the resulting NCP
problem. (For the first time use ūn .) Repeat this process κ1

times; in these cases use the inflow from the previous run.
After that, denote the final inflow as ûn .

– Step 2.2: Major iteration. Construct problem considering
Eqs. 19 to 24 using d̄n as the fixed demand. For the first
time, use ûn as the base inflow and d̄n as the initial de-
mand. Solve the resulting NCP problem. Repeat this κ2

times, using the base inflow and base demand from previ-
ous solve. Denote the final inflow as ũn and the final demand
as d̃n .

– Step 2.3: Convergence test. Check whether the following
convergence criteria are satisfied:

∗ The difference between the candidate solution and the
base solution:

GAPU = (‖ũn − ūn‖2 + ‖d̃n − d̄n‖2
) ≤ ε1 (32)

∗ The conditions of route choice and departure time choice:

GAPDU E = (
ũn�u + d̃n�d

) ≤ ε2 (33)

with �u and �d defined as in Eqs. 7 and 13, respectively.
In both criteria, ε1 and ε2 are small scalars. Otherwise

go to Step 2.4.
– Step 2.4: Update and move. Set ūn+1 = ūn + θ (ũn+1 − ūn),

d̄n+1 + ūn + θ (d̃n+1 − d̄n). Make n = n + 1 and go to Step
2.1.

• Step 3: Find optimal solution ũn and d̃n .

Notice that algorithm described is basically a heuristic whose
convergence cannot be guaranteed because (a) monotonicity is
generally not satisfied; and (b) in certain cases, even continuity
is not guaranteed due to the flow propagation constraints (such
as the indicator variables). However, the heuristic has been able
to find local solutions efficiently, as shown in Ban et al. (2008),
Ban and Liu (2009), and Ban et al. (2010), for problems with
similar structure.

TWO-STAGE MODEL WITH A SOCIAL OBJECTIVE

In the previous model, there is no guarantee that society
will be better off. The amount of the incentive can offset
the savings in travel time, breaking the general condition that
makes staggered work hours socially efficient; society cannot
pay more than what it can save from the new starting times
(Yushimito, 2011). This means that welfare will be worse off
because at the bottom line society will have to pay for these
additional costs. Only if the incentive is bounded by congestion
savings will it guarantee that no extra funds will be required. The
second model presented in this section is developed under these
assumptions.

Procedure

The issue of bounding the amount available for incentives
can be addressed by solving the two stage model iteratively and
verifying this condition as in Figure 5. The procedure can be
described as:

• Step 1: Initialization.

• Solve the basic two-stage model without incentives and
obtain the total system travel time TSTT0.

• Assume an initial BUDGET0 value as initial amount avail-
able for incentive.

• Set counter κ = 1.

intelligent transportation systems vol. 18 no. 4 2014
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418 W.F. YUSHIMITO ET AL.

Figure 5 Schematic of the two-stage procedure with a social objective.

• Step 2: major Iteration.

• Step 2.1: Solve the basic two-stage model with incentives
using BUDGET = BUDGET0.

• Step 2.2: If (TSTTκ − TSTT0) − BUDGET0 ≥ 0 a feasi-
ble solution has been found. Otherwise make BUDGET =
(TSTTκ − TSTT0), κ = κ + 1, and go to Step 2.1

Note that the algorithm only finds a feasible solution that
satisfies the condition

(TSTTκ − TSTT0) − BUDGET0 ≥ 0 (34)

If this condition is not satisfied, the incentive has to be re-
duced to the current congestion savings (TSTTκ − TSTT0). Fur-
ther, from the structure of the procedure, it can be noticed that
the original budget plays an important role. A good alternative is
to start with the best possible and most socially efficient solution
that can be achieved, for example, the social system optimum.

Initial Budget Setup

The procedure requires obtaining the system optimum solu-
tion for the system under analysis. The objective is to achieve the
optimal arrival profile in which the system optimum is satisfied.
Technically, this implies the solution of the nonlinear program-
ming (NLP) model that minimizes the total system travel time
or

∑
a,k τ k

a (u)u. In this case, the departure time condition does
not consider the disutility function as in the DUE because the
planner decides the departures and route choices. Therefore, as
constraints we only need to satisfy that all the flow departing
satisfies total demand:

∑
k

dkm
is − Qis = 0,∀i, s, m (35)

The other two constraints are defined by the flow con-
servation indicator function �π (u, π, d) (Eq. 36 holding at

equality:

�� (u, π, d)

=
∑

a∈A(i)

ukm
as − dkm

is −
∑

a∈B(i)

∑
k ′ek′

a (k−1)�

<ek′+1
a (u)

(λ1,k ′
a (u)

× λ2,k ′,k
a (u)uk ′m

as + λ1,k ′+1
a (u)

(
1 − λ2,k ′,k

a (u)
)
uk ′+1

as

= 0,∀ i, s, i �= s, k ′ (36)

with the indicator functions λ1,k ′+1
a (u), λ2,k ′,k

a (u), and λ3,k,1
a (u)

defined earlier in Eqs. 12, 14, and 15. This problem can be
solved with a commercial nonlinear programming solvers such
as the CONOPT solver in GAMS.

EXAMPLES

Example 1: Response to Incentive and Quantification of
Effects in a Small Theoretical Network

The first example uses a small theoretical network that con-
sists of a three-node and three-link network (Figure 6). The
origin of all trips is set at node 1 and destination (i.e., the lo-
cation of a single firm or a central business district) at node 3.
The idea is to enhance the theoretical analysis given in Arnott
et al. (2005) that uses a single bottleneck by adding route choice.
Thus, in the example, there are two routes connecting 1 and 3
for workers going from home to work. One route includes a
reduced jam density in link 1 (node pair 1–2) to create a bottle-
neck to make both routes competitive. The values in Table 3 are
chosen to match the distance and congestion (travel times) in
the United States For instance, in 2000, the average travel time
from home to work in a U.S. city was about 25 minutes, accord-
ing to the Federal Highway Administration. In this example, for
each route the free flow travel time (21.6 and 16.97 minutes)
is increased depending on the congestion conditions using the

the link travel time function, given by τ k
a = La

Sa
(1 + 0.15 xk+1

a
La Da

).
Here La , Sa , and Da are the length, free flow speed, and jam
density of link a respectively; xk+1

a is the total flow on link a
at the beginning of time interval k + 1. The parameters of the
earliest and latest penalties are set to 1.0 and 1.5 respectively.

Figure 6 Three-node network.
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OPTIMIZATION MODEL FOR STAGGERED WORK HOURS 419

Table 3 Three-node/three-link example: network data.

Link Distance Capacity Jam density Number Free flow
(node pair) (miles) (veh/hour) (veh/mile) of lanes speed

Link 1 3.2 2,000 250 1 30 mph
Link 2 10.8 2,000 200 1 30 mph
Link 3 9.9 2,400 250 1 35 mph

Experiment

This experiment was set up assuming a firm that has 1,000
workers. The firm has divided its employees into 10 groups
(or departments) of workers based on how the cost may vary
by shifting to alternative starting times (Table 4). Three differ-
ent possible starting times are also available to stagger workers.
Values for the coordination costs between departments fnq were
randomly chosen assuming that all departments need to coor-
dinate among them. Therefore, the costs generated for each
department pair should be greater than zero (see Table 4). No-
tice that the values are generated in monthly costs by hour of
difference. That is, if departments 1 and 2 start with an hour of
difference, the cost incurred in a month is 293.3, but if depart-
ments 1 and 5 start with an hour of difference, the cost is only
2.5, implying that departments 1 and 5 coordination is not as
critical as departments 1 and 2 coordination. The chosen start-
ing times have been intervals 30 ± 5 (starting time 1), 40 ± 5
(starting time 2), and 50 ± 5 (starting time 3). Thus, the time be-
tween starting times tmr is the difference between starting times
in hours. The agglomeration costs bm are assumed equal to $300
for all periods. This also assumes a $15 monthly incentive to
the firm for each worker assigned to a nonpeak period (either
earlier or later), for initial total budget of $12,000.

The experiment includes two different scenarios in which the
firm operates. In the first scenario, only the firm operates in the
network. Thus, the 1,000 workers of the firm are the only ones
present in the network. The second scenario include the addition
of 2,000 workers from other companies also driving from node
1 to the CBD, all of them with a predefined work schedule
at starting time 2. Notice that in the scenarios analyzed, the
additional flow only acts as background flow and the decisions

Table 5 Number of employees assigned by work schedules.

Incentive (θ = $0) Incentive (θ = $150)

Sarting time 1 — Departments 1–6,8–10
Sarting time 2 Departments 1-10 Department 7
Sarting time 3 — —
Peak period workers 1,000 250
Off-Peak period workers 0 750
Agglomeration cost $3,000.00 $3,000.00
Interdepartment cost $0 $3,901.96
Incentive $0 $11,250.00
Total Cost $3,000.00 $(4,348.05)

are only made on the firm’s 1,000 employees. In both cases, the
convergence parameters ε1 and ε2 in the gap functions in Eqs.
32 and 33 have been set at 1 × 10−4 and 1 × 10−6.

Results

Stage 1: Firm starting time allocation. If the incentive is not
provided (θ = 0), the minimum cost is achieved by assigning
all workers to starting time 2 (the peak starting time) as shown
in Table 5. With this assignment, the firm only pays $3,000 as
no loss of coordination costs is incurred. Using the linearization
scheme presented earlier, the assignment of the workers after
providing the $15 incentive is also shown in Table 5. As can be
noticed, this incentive is large enough to offset the costs of mov-
ing more than 75% of the workers to the two alternative off-peak
starting times provided. In total, 750 workers are now assigned
to starting time 1 (earlier than the peak period) and 250 remain
scheduled at the peak period (starting time 2). The solution also
shows that there is a benefit of $4,348.50, which is the result
of the agglomeration costs ($3,000), the interdepartment cost
or the loss of coordination between departments ($3,901.96),
compensated by the total incentive $11, 250, which is covered
by the available budget of $12,000.

Stage 2: Traffic response. The next step is to determine the
departure time and route of the workers, who need to meet the
starting times already set up and see how this affects the traffic.
The results of Stage 2 are shown in Table 6, as well as in Figure 7.
Figure 7 shows the arrival patterns of the scenarios analyzed.

Table 4 Interdepartment transaction cost ($) per hour of difference in starting time ( fnq ) and number of workers by department (Dep).

Dep 1 Dep 2 Dep 3 Dep 4 Dep 5 Dep 6 Dep 7 Dep 8 Dep 9 Dep 10

Dep 1 0 2933 273 4113 25 2917 2018 4474 2145 4083
Dep 2 293.3 0 3029 355 123 1838 1698 2726 3063 1958
Dep 3 273 3029 0 3912 4802 2959 728 2808 2287 1239
Dep 4 4113 355 3912 0 4370 1290 3460 4722 1842 3172
Dep 5 25 123 4802 4370 0 887 2226 2516 1457 2644
Dep 6 2917 1838 2959 1290 887 0 2578 4853 1362 654
Dep 7 2018 1698 728 3460 2226 2578 0 2041 4844 3772
Dep 8 4474 2726 2808 4722 2516 4853 2041 0 134 4493
Dep 9 2145 3063 2287 1842 1457 1362 4844 134 0 3350
Dep 10 4083 1958 1239 3172 654 4744 3772 4493 3350 0
Number of workers 112 32 50 141 50 101 250 80 35 149

intelligent transportation systems vol. 18 no. 4 2014
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420 W.F. YUSHIMITO ET AL.

Table 6 Stage 2: summary of results (α1 = 1, α2 = 1.5).

No congestion, Congestion,
no incentive (incentive) no incentive (incentive)

Demand assigned:
Starting Time 1 0 (750) 0 (750)
Starting Time 2 (peak) 1000 (250) 3000 (2250)
Starting Time 3 0 (0) 0 (0)

Arrivals:
Starting Time 1 179.396 (622.70) 713.566 (1050.000)
Starting Time 2 (peak) 713.048 (250.21) 1651.364 (1300.518)
Starting Time 3 107.556 (120.07) 635.070 (649.482)

Disutility:
Starting Time 1 — (21.6) — (21.6)
Starting Time 2 (peak) 23.85 (21.6) 25.5 (23.5)
Starting Time 3 — (21.6) — (—)

Total travel time (hours): 362.47 (348.33) 1,255.58 (1,226.54)
Savings (hours) 14.14 29.04
Savings (%) 3.74% 2.313%
Savings per vehicle (min) 0.85 0.58

These solutions have been found using the heuristic described
earlier, after n = 20 runs and κ1 = κ2 = 10 iterations for each
submodel. As shown in Figure 8, the convergence is achieved
for both gap functions (GAPU and GAPDU E ).

In terms of the flow arrival profile, the first observation is that
a portion of the traffic flow is not able to reach the destination
within the interval imposed by the firm. In the first scenario
(without the incentive), only 713.048 out of the total of 1,000
are able to arrive on time according to their work schedule.
The rest have either arrived earlier or later. The disutility in this
case is 23.85 minutes (see Table 6). This situation worsens as
more trips also try to reach the destination within the allowed
interval of Starting Time 2 (notice the number of trips arriving
either earlier or later). This is because the network is not able to
accommodate all of the workers within the tight arrival interval.
Therefore, the peak is increased as more workers have the same
arrival times. The incentive adds one alternative arrival time for
some of the workers who are now avoiding the congestion peak
period. As expected, in the uncongested network, the majority

of the trips arrive in the earliest schedule as most of them have
been rescheduled to this period. In the congested case, there
is flow arriving early, reducing the total arrivals at the peak
interval (see Figure 7b)). Notice also that the arrival interval is
now expanded and the peak period is flatten from 1,600 trips to
1,300 trips. However, the effectiveness of staggered work hours
in terms of congestion savings is reduced as now the marginal
effect of trips shifted is less significant. Therefore, there is an
important effect related to the proportion of workers staggered
with respect to the total number of workers starting at the peak
period. That is, in order to make this policy more effective a
significant portion of the peak period trips has to be shifted. In
addition, it is also important to identify the alternative starting
times. If they are set too close to the peak period starting time,
the benefits will be reduced. Thus, it can be inferred that there is
an optimal combination of the level of congestion, the number
of workers staggered, and the alternative starting times. It seems
that better effects can be observed if the alternative starting times
coincide with the shoulders of the peak period.

In term of users, both workers rescheduled and those still
attached to the original schedule benefit. Table 6 shows the disu-
tility value both without an incentive and with an incentive (the
latter in parentheses). Workers arriving in the off-peak intervals
have larger savings than those arriving in the peak period. Thus,
it is likely that the disutilities follow a U-inverse relationship.
However, it is important to mention that the disutility of the
model does not have a term for preferences in starting time by
the worker. Thus, this effect might vary with groups of people
who have strong reference for remaining in their original work
schedule (such as parents with children).

Bounding the solution with the congestion savings. In this
section, the congestions savings are also included in the analysis
and compared with the available budget. For the analysis, the
uncongested case will be used for this comparison. As shown in
Table 5, the total incentive given is $11, 250. After discounting
the costs (agglomeration and inter-department costs), the firm
benefits with an additional $4, 348.05. To guarantee that the
welfare is at least as in the base case, the incentive and the budget
should be bounded by the congestions savings. In order to pay

Figure 7 Three-node network: arrival profiles. (a) No congestion (total flow = 1,000). (b) Congestion (total flow = 3,000).
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OPTIMIZATION MODEL FOR STAGGERED WORK HOURS 421

Figure 8 Convergence of the DUE algorithm. (a) Convergence (uncongested, total flow = 1,000). (b) Convergence (congested, total flow = 3,000).

such an incentive, it can be observed that the congestion savings
represent 14.14 hours per day or $8, 484 per month (considering
20 workdays per month and $30 per hour for value of time).
This amount does not cover the the costs of the incentive or the
budget. Thus, the procedure proposed in the fifth section should
be used, using the actual congestion savings as the new budget
(in this case $8, 490 has been assumed) and repeating the process
until finding a feasible solution. After running the procedure, a
feasible solution was found in one additional iteration. This
solution satisfies the condition that travel time savings should
offset the incentives provided. The new solution reschedules
566 workers to the off-peak periods at the expense of $3, 000 in
agglomeration costs and $7, 562.90 in interdepartmental loss of

coordination costs. The total amount of the incentive matches
exactly the congestion savings. Notice that the net costs incurred
are now $2, 072.90 which is better than the original base case
costs. Thus welfare is improve by $927.10. The congestion
savings represent 14.09 hours per day for a total of $8, 455.46.
The arrival profile is shown in Figure 9.

Example 2: Required Number of Staggered Workers to
Achieve the Social Optimum

As a second example, a network was developed based on
a real network in Niskayuna, NY, where the General Electric

Figure 9 Example 1: final arrival profile (total flow = 1,000).
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422 W.F. YUSHIMITO ET AL.

Figure 10 Niskayuna River Rd/Balltown Rd network.

Research Lab is, a business trip attractor located (at node 6 in
Figure 10). This is the location of a General Electric research
laboratory. For this example, the network was simplified con-
sidering only the major roads. The data shown in Figure 10
were obtained from Google Maps with the free flow speeds set
up at 30 mph. To have a close estimate of the demand, turning
movements and through traffic were collected at the intersec-
tions from 7:00 a.m. and 8:45 a.m. to infer a 3 × 3 OD matrix
with origins and destinations at nodes 1, 4, and 6. The total
demand arriving during the peak hour (7:20 a.m. to 8:20 a.m.)
estimated was 1,733 trips arriving from nodes 1, 4 and 5 (504,

939, and 209, respectively). The proportion of the traffic by
origin is maintained in the subsequent experiment. In addition,
background flow has been input as a reduction in the hourly
capacity in the links.

In this example, the objective is to identify how much traffic
would be required to be shifted (and to which work sched-
ules) to achieve a solution that makes society better off (a
shift in traffic without requiring funds different from conges-
tion savings). It is assumed that 1,733 employees are grouped
in 12 departments and the monthly cost for loss in coordina-
tion between two departments separated by an hour is given by

Table 7 Niskayuna network: interdepartment transaction cost ($) per hour of difference in starting time ( fnq ).

Dep Dep Dep Dep Dep Dep Dep Dep Dep Dep Dep Dep
1 2 3 4 5 6 7 8 9 10 11 12

Dep 1 0 696 235 960 644 880 735 670 764 486 876 809
Dep 2 696 0 457 271 491 684 392 19 863 829 144 745
Dep 3 235 457 0 213 472 837 487 443 829 766 785 522
Dep 4 960 271 213 0 843 778 833 867 584 866 784 466
Dep 5 644 491 472 843 0 634 771 629 57 484 159 22
Dep 6 880 684 837 778 634 0 724 757 331 266 304 158
Dep 7 735 392 487 833 771 724 0 840 749 575 487 68
Dep 8 670 19 443 867 629 757 840 0 895 92 762 495
Dep 9 764 863 829 584 57 331 749 895 0 43 268 726
Dep 10 486 829 766 866 484 266 575 92 43 0 42 900
Dep 11 876 144 785 784 159 304 487 762 268 42 0 953
Dep 12 809 745 522 466 22 158 68 495 726 900 953 0
Number of workers 232 12 12 112 10 234 110 333 214 115 233 116
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OPTIMIZATION MODEL FOR STAGGERED WORK HOURS 423

Figure 11 Niskayuna network: arrival profiles (total arrival flow = 1,733).

Table 7. As in example 1, these costs represent the worst case in
a firm, in which all departments are integrated requiring coordi-
nation. Thus, a small shift imposes the monthly cost presented
in the table. Additionally, the monthly cost for starting in the
regular schedule (8 a.m.) is assumed as $5, 000 per department,
while a shift to an alternative work schedule will cost an addi-
tional $2, 000 per department. The parameters used in the model
in this example were α1 = α2 = 5.

Analysis

The base case with a total flow of 1,733 set up to start at 8:00
a.m. shows that all workers can arrive on time within the 20
minutes of tolerance (σ = 10 minutes). Only 2% arrives no more
than 2 minutes late. However, the intensity of the arrival can be
observed in Figure 11, which shows a total system travel time
of 7,275.4 minutes. To initialize the heuristic, the transportation
system optimum (SO) was first solved. The solution shows a
wider spread distribution of arrivals in which 733 of the workers

Table 8 Niskayuna network: assignment and costs.

Initial work schedule Final work schedule

Sarting time 1 — Departments 1,2,3,5,6,11
Sarting time 2 Departments 1-12 Departments 4,7,8,9,10,12
Sarting time 3 — —
Agglomeration Cost $60,000.0 $72,000.0
Interdepartment Cost $0.0 $9,639.3
Total Cost $60,000.0 $81,639.3
Incentive $21,639.3

have to be shifted to an early work schedule (before 7:52 a.m.).
The total system travel time of this new profile is 5, 779.67
minutes per day, which gives savings of 1,495.73 minutes per
day and 22,435.95 per month for a value of $30 per hour.

For the major iteration in the heuristic 733 workers are shifted
to the new starting time schedule 7:40 a.m. and 1,000 stay at the
8 a.m. starting time. Both starting times have a tolerance of ±10
minutes each. The QAP-I model has been run in AMPL using
the CPLEX solver using the budget obtained with the system
optimum implementation $22, 435.95. The final arrangement
obtained can be found in Table 8. It can be observed that the
initial work schedule arrangement has a cost of $60, 000.0 for
the firm. With the distribution matching the system optimum
arrival, the cost increases by $12, 000.0 due to the loss in ag-
glomeration costs and $9, 639.3 due to the loss of coordination.
The total incentive is therefore $21, 639.3 per month. As the
actual travel time savings are $22, 435.95, the system optimum
can be feasibly achieved.

CONCLUSIONS

In this article, a two-stage optimization model is proposed
for staggered work hours. The first stage solves the problem of
the firm. The firm reassigns its workers to different schedules
while minimizing the costs imposed by these changes using an
external financial incentive to compensate (if needed) that loss.
This is the input of the NCP solved in the second stage, which
captures the behavior of the workers who adapt their departures
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424 W.F. YUSHIMITO ET AL.

and routes to reach work within the imposed starting times. The
novelty of the approach is that (a) it explicitly captures the be-
havior of both relevant agents in staggered work hours and (b) it
captures the network effects by considering both departure and
route choices. The two examples used illustrate the feasibility
of modeling staggered work hours with this approach. In fact,
each example uses two possible ways to apply incentives to stag-
ger workers. One case analyzes an incentive provided directly
through a budget and the second case seeks to link such con-
gestion savings with the incentives. The major observation from
these experiments is that there is an optimal combination of the
level of congestion, the number of workers staggered, and the al-
ternative starting times. In particular, it seems that better effects
can be observed if the alternative starting times are placed in the
shoulders of the peak period. If this is achieved, both workers
shifted to the new starting times and those staying with the orig-
inal starting time will benefit from a reduction in the demand.
Thus, it can be expected that a social optimum can be reached
using staggered work hours. Again, this can only be achieved by
shifting a significant group of workers to the off-peak periods.
It is worth mentioning that despite both examples use arbitrary
data for the transaction costs within departments, these general
observations hold as those cases represent a worst-case situation
in which firms are mainly composed of workers with a certain
degree of integration among all departments. In fact, in reality it
is possible that such a degree of integration will not be as strong
as in the cases analyzed here. Therefore, the final amount of
the incentive should be smaller as some firms might be able to
reschedule workers without incurring additional costs.

One limitation in this study is that finding the transaction or
coordination costs directly seems to be a difficult task. Firms are
not necessarily aware of such costs, but there are indirect ways
to find approximate values of these costs, such as using hedonic
theory or surveys. In particular, the latter approach seems to be
more appropriate. Holguı́n-Veras et al. (2007), Holguı́n-Veras
et al. (2008), and Silas (2009) have followed this idea in off-
peak deliveries in New York City. In that study, survey data were
collected after directly asking companies how many truck deliv-
eries can be shifted to off-peak periods given a certain amount of
money. This approach can be used to make firms reveal the true
costs of shifting departments (or group of workers) to alternative
starting times. In future research, such surveys are intended to
obtain real work coordination costs, which will be used to con-
duct experiments in large networks. Additionally, some aspects
can be improved in this work. For instance, the disutility of the
worker does not have a term for preferences in starting time. It
is important to consider this effect or to identify groups that can
have strong preferences for maintaining a traditional rigid work
schedule because they will be more reluctant to shift or accept a
change in their works starting time (e.g., parents with children).
To this effect, intelligent transportation technology would be
useful not only in its traditional applications in travel demand
management (e.g., Gärling et al., 2004) but also in identifying
these preferences and in, for instance, using vehicle detection
systems to track the actual arrivals of workers. The later would

be useful not only in calibrating the model to compute the exter-
nalities and savings but also in helping to determine the amount
of the incentive to be provided to the firm.

Finally, the precision of the heuristic presented in the fifth
section has not been discussed and should be studied in the fu-
ture, as the procedure only stops after finding a feasible solution.
This aspect can be studied, linking it to the optimal incentive to
induce the shift to an alternative work schedule. Finally, includ-
ing feedback from workers in a bi level structure in which the
firm problem is at the upper level and the workers’ decisions at
the lower level appears as a natural extension of this problem.
Yushimito et al. (2013) explores this with a simplified produc-
tion function for the firm but extending this bi level structure to
the firm’s problem described here is planned as future work.
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