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We study the complexity of the majority rule on planar automata networks. We reduce a special case of the Monotone
Circuit Value Problem to the prediction problem of determining if a vertex of a planar graph will change its state when
the network is updated with the majority rule.
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1. Introduction
Let G = (V, E) be a simple undirected ﬁnite graph, where V is the set of vertices and
E the set of edges. An Automata Network is a triple A = (G, Q, (fi : i ∈ V )), where Q
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is the ﬁnite set of states and fi : Q|V | → Q is the transition function associated to the
vertex i. The set Q|V | is called the set of conﬁgurations, and automaton’s global transition
function F : Q|V | → Q|V | , is constructed from the local functions (G, Q, (fi : i ∈ V ))
such that (F (x))i = fi (x).
In the special case where Q = {0, 1} we say that the state 1 means that the vertex is
active, while state 0 represents passive vertices. Let N (v) be the neighborhood of v, i.e.
the set of vertices {u | uv ∈ E}, consider the following transition function:
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if
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In other words, a vertex takes the state of the majority of its neighbors, and in case of a
tie, keeps its state. The global transition function given by (fi : i ∈ V ) is called the the
majority rule.
In this paper we will study the computational complexity of predicting the state
of a vertex in a given graph from an initial conﬁguration. Let G be a graph, and x a
conﬁguration of G. A trajectory obtained from x is the set {x(t) : t ≥ 0} where x(0) = x,
F is the majority rule, and x(t + 1) = F (x(t)). We deﬁne PER as the decision problem
which consists in predicting if a single vertex in a graph will change its state, in the
trajectory given by some initial conﬁguration. Formally:
PER. Let G = (V, E) be an undirected graph, x ∈ {0, 1}|V | an initial conﬁguration
of G, v ∈ V a vertex initially passive (xv = 0), and F some global transition function.
Determine if there exists T > 0 such that X(T )v = 1.
The computational complexity of a decision problem can be deﬁned as the amount
of resources, like time or space, needed to predict it. In this case, we consider two
fundamental classes: P, the class of problems solvable in polynomial time on a serial
computer; and NC, the class of problems solvable in poly-logarithmic time with a polynomial amount of processors in a PRAM machine. It is easy to prove that NC ⊂ P.
Informally NC is known as the class of problems which have a fast parallel algorithm [5].
It is a well known conjecture that NC = P, and if so, there exist “inherently sequential”
problems, this is, that belong to P and do not belong to NC. The most likely to be
inherently sequential are P-Complete problems, to which any other problem in P can be
reduced by an NC-reduction or a logarithmic space reduction. If any of these problems
have a fast parallel algorithm, then P = NC [5,6].
One such problem is the Circuit Value Problem (CVP), which consists in predicting
the truth value of an output of a Boolean circuit, given a truth value of its inputs. This
problem is P-Complete since any deterministic Turing machine computation of length k
can be converted into a Boolean circuit of depth k; thus polynomial time computations
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are equivalent to polynomial size and depth circuits; a complete analysis of this reduction
can be found in [5].
We deﬁne the layer of a gate v, denoted layer(v), to be zero for input gates and
for the other gates, is the length of the longest path from an input to v. A circuit is
synchronous if all inputs to a gate v come from vertices at layer [layer(v) − 1]. The CVP
remains P-Complete when the circuit is restricted to be synchronous, monotone (that is,
with AND and OR gates but without negation) and all vertices have in degree (fan in)
and out degree (fan out) exactly two, with the obvious exceptions of the input with in
degree zero, and the outputs with out degree zero [5]. We call S2MCVP this restriction
of the CVP.
A diﬀerent case is when we restrict the circuit to be planar, because Planar monotone
circuit value problem or PMCVP, the restriction of CVP to a planar and monotone
circuit, is in NC [2].
C. Moore in [6] studied the complexity of the majority rule in the d-dimensional lattice,
with d ≥ 3. He proved that in that kind of graphs PER is P-Complete, but leaves as an
open question what happens in the 2-dimensional lattice.
In a previous work [3] we studied the problem PER with the bootstrap percolation
rule, this is, passive vertices become active if the majority of its neighbors are active, but
once a vertex is active, it never changes again. We found that the complexity of this problem depends on the characteristics of the graph, moreover, the problem is P-Complete
in the general case, but in NC if we restrict the vertices to have degree less or equals
than 4. In that paper we left as an open question what happens in the case when the
graph is restricted to a planar one.
We approach this open problem proving that, for the majority rule and the family of
planar graphs, PER is P-Complete. Then the main theorem of this article is:
Theorem 1. Over the family of planar graphs, the problem PER associated to the majority
rule is P-Complete.
In the following sections we will give a proof of this theorem, which follows from
three lemmas. First, in Section 2, we will show the membership in P for PER with the
majority rule. Then, we will give a proof of the P-Hardness of PER with the majority
rule. Finally, we will show a P-Hardness proof for the planar case. At the end we give
some conclusions.
2. The majority rule is in P
To prove the membership in P of the majority rule, we notice that from any conﬁguration x of G, the next state of any vertex can be calculated in O(n) time, and
then the whole next conﬁguration F (x) can be calculated in at most O(n2 ) time. Let
{x(t) : t ≥ 0} a trajectory obtained from a conﬁguration x. We say that the dynamic of
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x enters into a cycle if ∃t1 , t2 ≥ 0, t1 < t2 such that x(t1 ) = x(t2 ), and the length of the
cycle is t2 − t1 .
To decide PER, we should prove that for any conﬁguration the dynamic of x enters
into a cycle of polynomial length in at most a polynomial number of steps.
Lemma 2. For the majority rule, PER is in P.
Proof. We will use the results obtained in [1,4]. Let η : R → {0, 1} the threshold function

η(x) =

1
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0

if x < 0

we can characterize the majority rule using this function:
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If η : R|V | → {0, 1}|V | is the multidimensional threshold function: η((xi )i∈V ) =
(η(xi ))i∈V , then x(t + 1) = η(Ax(t) − b) where A = (auv ) is a square matrix of order |V | and b is a vector of size |V | with
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Using this characterization, let {x(t) : t ≥ 0} be a trajectory of the majority rule with
initial condition x(0), and deﬁne the following functional for t ≥ 1:

E x(t) =
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v∈V
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We have that this functional satisﬁes
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Notice that if (xv (t) − xv (t − 2)) > 0 iﬀ xv (t) = 1 and then avu xu (t − 1) > bv .
It follows that Δt E ≤ 0, and then E is a strictly decreasing function in t. Hence, if
{x(t) : t ∈ [t1 , t2 ]} is a cycle, then E(x(t)) is necessarily constant for any t ∈ [t1 , t2 ].

Actually, since for any x ∈ {0, 1}|V | and v ∈ V we have u∈V avu xu = bv , then the
cycles are only ﬁxed points and/or cycles of length two, i.e. t2 = t1 or t2 = t1 + 2.
Then we have that for any initial conﬁguration, the dynamics necessarily enters in a
cycle of length at most 2. We must prove now that the entrance occurs in a step that
is polynomial on the size of the graph. Let again {x(t) : t ≥ 0} be a trajectory of some
rule with initial condition x(0). We can deﬁne its transient length [1,4] by:
τ (x) = max t ≥ 0 : x(t) enters a cycle for the ﬁrst time



and the transient length for the Automata Network is the greatest of these values:


τ (A, b) = max τ x(0) : x(0) ∈ {0, 1}|V | .
Also by a result in [1,4] we have that τ (A, b) ≤ |V |3 for the majority rule. This tells
us that in a number of steps that is polynomial in the size of the input, the trajectory
enters into a cycle of length 2. Since any iteration can be simulated in polynomial time,
PER is in P. 2
3. The majority rule is P-Hard
We will give now a proof of P-Hardness of the majority rule, reducing it to a restricted
case of CVP. Clearly proving the P-Completeness in the family of planar graphs is
stronger than proving it over any graph. Moreover, the P-Hardness of PER with the
majority rule follows from the result of C. Moore in [6] who proved that for the majority
rule PER is P-Complete in the d-dimensional lattice, for d grater than 3. We will provide
our own proof of the P-Hardness, since it will help us to explain better the planar case.
Lemma 3. For the majority rule PER is P-Hard.
Proof. To prove that for the majority rule PER is P-Hard, we will reduce S2MCVP to
it. Since S2MCVP is P-Complete, if the reduction uses only a logarithmic space, then
PER would be P-Complete.
To reduce S2MCVP to PER, we will build, given a monotone circuit, a graph that
simulates its gates, where active vertices represent truth, and passive vertices represent
false. Since the circuit is monotone, we only have to simulate the AND and OR gates.
The AND gate (Fig. 1 (a)) is simulated by an initially passive middle vertex with
degree 3, two of them will be the inputs and the other the output. By the majority rule,
this vertex will become active only if two more neighbors become active. In a similar
way, the OR gate (Fig. 1 (b)) has an initially passive middle vertex, with degree 5 and
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Fig. 1. a) The AND gate. b) The OR gate.

Fig. 2. a) The diode. b) Symbol of a diode.

Fig. 3. OR gate ‘backwards’ to multiply the information of an output.

two neighbors initially active, then, this vertex will become active if any passive neighbor
becomes active. Connections between active vertices are used to keep them active.
In order to avoid problems with the ﬂow of information, Fig. 2 (a) shows the construction of a ‘diode’ which only allows the ﬂow of information in ‘one way’: If the left
vertex is active, then the right vertex will become active. But if the right vertex is active,
the left vertex remains in its state. We simplify the drawing with an arrow Fig. 2 (b). In
both AND and OR gates (Fig. 1), the diode is included.
Remember that in our restricted version of the circuit value problem S2MCVP, every
gate of the original circuit must have fan-out exactly 2, so we use OR gates ‘backwards’
in order to multiply the information of the output, as in Fig. 3. Finally, we connect the
gates with ‘wires’ (Fig. 4) that corresponds to initially passive vertices with degree 3
and one neighbor initially active, so they stay passive unless another neighbor becomes
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Fig. 4. A wire of length 3.

active. Then, with these constructions, given φ a monotone Boolean circuit and I an
input, we can build a graph G that simulates φ in I. Letting active the input nodes
that are true, passive the rest, and considering v the vertex that simulates the state of
the output o of the circuit, (G, x, v) belongs to PER if and only if (φ, I, o) belongs to
S2MCVP.
This reduction can be done by a Turing machine in logarithmic space: reading the
input (a monotone circuit) of size n, the machine only has to determine which construction corresponds to each gate (O(1) space), and then determine the connectivity of every
gate (O(log n) space). Then, the whole construction requires O(log n) space.
Then for the majority rule PER is P-Hard. 2
4. P-Hardness of the majority rule for planar graphs
Despite of the constructions of Lemma 3 that are all planar, the input graph may be
not be a planar one. Moreover, as we have said in the introduction, the monotone circuit
value problem restricted to the family of planar graphs PMCVP is not likely to be a
P-Complete problem, since there is a NC-Algorithm that solves it [2]. Then we should
build a planar graph that simulates a not necessarily planar circuit.
Let (φ, x) an instance of our special case of S2MCVP, this is, φ is a monotone, in
degree two, out degree two, layered synchronous circuit, where x is an input of φ. We
will need that our circuit is lexicographically ordered, which means that the gates of the
circuit are numbered from 1 to n, where n is the number of gates, and the numbering
respects the order of the layouts, i.e., if n1 , n2 are the numberings of the gates in layers
l1 and l2 respectively, then l1 < l2 ⇒ n1 < n2 . CVP with this restrictions still is
P-Complete [5].
We have that the gates in the input layer (layer 0) are numbered from 1 to n0 , the
gates in the layer 1 are numbered from n0 + 1 to n1 and so on. We deﬁne Nl = nl − nl−1 ,
the number of gates in the layer l.
Lemma 4. Over the family of planar graphs, the problem PER associated to the majority
rule is P-Hard.
Proof. In this case the P-Hardness also is obtained reducing a circuit, but this time
we must guarantee that the resulting graph is planar. To ensure this, in our reduction
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Fig. 5. An example of a circuit and the position of the gates in the planar embedding. Notice that the y
coordinate is unknown yet for the vertices that do not represent gates in the input layer, but is the same
for every vertex which represent gates in the same layer. If we just draw the edges we clearly won’t obtain
a planar embedding.

algorithm we also give the positions of every vertex in the XY plane in order to obtain
a planar embedding.
We will ﬁrst assign positions in the XY plane to the vertices that will simulate the
gates of the circuit, which we know, by the proof of Lemma 3, that are: a passive vertex
joined with two initially active and stable vertices if the gate is of type OR, and just
a passive vertex if the gate is of type AND (Fig. 1). In both cases the initially passive
vertices are assigned to coordinates (2u − 1, pl ), where u is the number of the simulated
gate, relatively to its layer l (then u ∈ {1, . . . , Nl }) and pl is some number bounded
by O(Nl2 ) which is the same for every gate in layer l (Fig. 5). In the case that the gate
is of type OR, we give to the initially active vertices positions very close to (2u − 1, pl )
in the same layout of Fig. 1, for example (2u − , pl − ), (2u − , pl + ), for some small .
This can be done in O(log(n)) space, since we just need to keep the numbering of the
gate that we are simulating (O(log(n)) space) and its type (O(1) space). To obtain the
values of pl , we will execute the following induction: We deﬁne p0 = 0, and then that we
have deﬁned pl we obtain pl+1 by the following steps.
Step 1. First we use the gadget for multiplying the information (Fig. 3), in order to
be able to “separate” the two outputs of every gate in the layer l. Remember that our
case of CVP ensures us that every gate has exactly two inputs and two outputs. For a
vertex that simulates a gate of the layer l, say numbered u, we draw the gadget of Fig. 3
in order that the positions of the outputs are in position (2u − 1, pl + 1) and (2u, pl + 1)
(Fig. 6). We will call these new vertices ua and ub .
Step 2. Let g1 the ﬁrst gate in the layer l + 1, and let i and j, its inputs, with i < j.
Then, g1 will have as inputs ia and ja in the simulated circuit. In general, if i is an input
of a gate g, in our simulated circuit the vertex that simulates g will have as input ia if
g is the ﬁrst gate in the layer l + 1 which has i as input, and ib otherwise.
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Fig. 6. Left: The two ﬁrst layers of the circuit of the example in Fig. 5. Right: Scheme of the positions of
the vertices that simulates the input layer and the positions of their two outputs.

Fig. 7. Gadget for ‘Crossing cables’ using ‘Traﬃc Lights’.

Too keep planarity, we would like that the inputs of the gate k-th gate of the layer
l + 1 have positions (2k − 1, pl+1 − 1) and (2k, pl+1 − 1). Since normally this is not the
case, we will introduce a new gadget that will help us to shift the positions.
We are going to change the places where there are ‘crossing cables’, building a gadget
that uses ‘traﬃc lights’, letting the information pass in one way or another depending
in the parity of the step. Fig. 7 shows this gadget. Vertices a and b are the ‘inputs’, d
and e are the ‘outputs’ of the gadget. Before a and b and after d and e there are diodes,
that are omitted for simplicity.
The key here is that the initially active vertices that simulate inputs will blink between
active and passive states. Since they are connected only to the ﬁrst vertex of a diode
of the gadget for multiplying info (Fig. 3), in the ﬁrst step all become passive, in the
second the initially active become active again, and so on. Moreover, with exceptions of
the initially active nodes that are used to build the gadgets, every vertex that simulates
a gate and becomes active at some step, begins to blink between active and passive
states.
Suppose then that at least one of the inputs of the crossing cable gadget become
active in an even step (and then is passive in odd steps, we are supposing that the inputs
of the gadgets are synchronized). If they become active in an even step, we change
xx (0) = xy (0) = 0 and xz (0) = xw (0) = 1 and the rest is analogous.
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Fig. 8. Steps for the crossing information gadget from a to e. Notice that before a and b and after d and e
there are diodes, which can be crossed in 4 steps. Then the whole gadget is crossed in 13 steps.

We have that xx (0) = xy (0) = 1 and xz (0) = xw (0) = 0 (Fig. 7), then for every k ∈ N
xx (2k) = xy (2k) = 1,
xx (2k − 1) = xy (2k − 1) = 0

xz (2k) = xw (2k) = 0,
and xz (2k − 1) = xw (2k − 1) = 1.

Let i the vertex connected to c, z and e, in Fig. 7. Notice that it will become active
only if both are active. Since z is active only in odd steps, the only way that i becomes
active is that a is active at some even step. But in even steps, the vertex x will be passive,
and then j will remain passive. Then, we can take the information from a to e without
any “contamination” to d (Fig. 8). We can cross information from b to d in a similar
fashion.
Back in Step 2, we are going to use our gadget to change positions of the vertices that
carry the information from layer l to layer l + 1. We start with the inputs of the ﬁrst gate
of the layer l + 1, which we called g1 . Let ia the smallest input of g1 , if the position of ia
is not (1, pl + 1), we use our crossing cables gadget (Fig. 7) with a = (i − 1)b , b = ia ,
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Fig. 9. Scheme of Step 2: Squared node represents the crossing cables gadget. Edges between vertices of
y-coordinate (1) and (2), and y coordinate (2) and (3) represent wires of length 13.

d = (2(i − 1), pl + 2) and e = (2i − 1, pl + 2) and the rest of the vertices of the gadget
very close to (2i − 3/2, pl + 3/2). We connect with a wire of length 13 (Fig. 4) between
every vertex with position (x, pl + 1) to (x, pl + 2), where x ∈ {1, . . . , Nl }\{ia , (i − 1)b }
(Fig. 9).
Summing-up, we just add a new row of vertices such that ia changes x coordinate with
(i − 1)b using the crossing cable gadget, and everyone else keeps their position (Fig. 9).
We repeat this until ia reaches position 1, and then repeat the same for the other input
j until it reaches position 2. Once we have both inputs of the ﬁrst layer in their correct
positions, apply the same to the second vertex in the layer l + 1, and so on (Fig. 9).
This can be done in O(log(n)) space. For a vertex v in the layer l + 1 we need to:
• Identify its inputs (if they are ia or ib ), which requires O(log(n)) space, since we
only need to save its inputs i, j (O(log(n))) and a ﬂag O(1) to determine if v is the
ﬁrst vertex in the layer which has this inputs.
• Calculate the initial position of an input ix of v, which is I[ix ] = 2i + Q[x] + P [i],
where Q[x] = −1 if x = a and 0 if x = b, and P [i] = Na [i] + Nb [i], with


Na [i] = {j ∈ layer l | ja is input of u < v, and j > i}


Nb [i] = {j ∈ layer l | jb is input of u < v, and j > i}
P [i] can be calculated in O(log(n)) since we just need to check from 1 to v if any
gate has none, one or both inputs smaller than i, and Q[x] can be calculated with
the identiﬁcation done before.
• Build the gadgets from the initial position into the ﬁnal one, which is 2v − 1 or 2v
depending if we are moving the ﬁrst or the second input. This requires O(log(1))
since we just need to keep a counter for the number of times that we must build our
gadgets.
Then Step 2 requires only O(log(n)) space.
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Fig. 10. Scheme of the planar embedding that simulates the two ﬁrst layers of a circuit in Fig. 6. Squared
nodes represent the crossing cables gadget. Edges between vertices with diﬀerent y-coordinate grater that
1 represent wires of length 13.

Step 3. Finally, we have that for every vertex v that simulates a gate in layer l + 1 has
its inputs in positions 2v − 1 and 2v, we just draw the corresponding diodes (Fig. 10).
This requires O(1) space since we just need to take a counter for parity.
We repeat this for every layer of the circuit. Then, with these constructions and
gadgets, given φ a monotone Boolean circuit and I an input, we can build a planar
graph G that simulates φ in I. Letting active the input nodes that are true, passive the
rest, and considering v the vertex that simulates the state of the output o of the circuit,
(G, x, v) belongs to PER if and only if (φ, I, o) belongs to S2MCVP.
Since this reduction can be done in O(log n) space, for the majority rule PER is
P-Hard on the family of planar graphs. 2
5. Conclusions
We have discussed the majority rule in planar graphs, proving that the problem is
P-Complete. The membership in P was proven deﬁning a decreasing energy function,
which ensure us that the dynamics converge into cycles of length at most two in a

E. Goles, P. Montealegre / Advances in Applied Mathematics 64 (2015) 111–123

123

polynomial number of steps. Then, using some gadgets, where the most important one
is the crossing cables gadget with traﬃc lights, we were able to simulate a monotone
circuit with the majority rule in a planar graph.
On the other hand, C. Moore studied this rule in the d-dimensional lattice [6]. He
proved that for d ≥ 3 the problem is P-Complete, but leaves open the case of d = 2,
conjecturing membership in NC. Clearly, two dimensional lattices are planar graphs,
and in this context our result shows that the planarity alone is not enough to classify
the problem into NC. If the conjecture is true we may consider more speciﬁc cases, like
restricting the degree of the graph.
In a previous work [3] we have studied the complexity of bootstrap percolation, which
is the majority rule but when active vertices remains always active. In that case we
proved that for the family of graphs with degree strictly lower than 5 the rule is in NC,
so for the two dimensional lattice the particular case majority (Bootstrap Percolation)
is in NC.
These approaches enclose the conjecture of C. Moore, showing that both the topological properties of the lattice (for example the restrictions on degree and regularity) and
the symmetry of the rule for both states (zeros and ones may change) are relevant to
study this problem.
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