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Single machine scheduling is a classical optimization problem that depicts multiple real life systems in
which a single resource (the machine) represents the whole system or the bottleneck operation of the
system. In this paper we consider the problem under a weighted completion time performance metric in
which the processing time of the tasks to perform (the jobs) are uncertain, but can only take values from
closed intervals. The objective is then to find a solution that minimizes the maximum absolute regret for
any possible realization of the processing times. We present an exact branch-and-bound method to solve
the problem, and conduct a computational experiment to ascertain the possibilities and limitations of the
proposed method. The results show that the algorithm is able to optimally solve instances of moderate
size (25–40 jobs depending on the characteristics of the instance).

& 2015 Elsevier Ltd. All rights reserved.
1. Introduction

Single machine scheduling is a classical problem thoroughly
studied in the literature (see [9,12,16,17,26,33,34] among others).
The objective of the problem is to ascertain the optimal sequence
in which the tasks (jobs) that define the problem need to be
performed in a machine, in order to optimize some performance
measure. In addition to its theoretical interest, and its use on real
life situations in which only one resource (machine) exists, the
problem also models situations in which the production system is
taken as a whole (hence, it is considered to be a unity) or there is a
bottleneck operation that dictates the performance of the pro-
duction system.

While the most studied formulations correspond to determi-
nistic problems [9,33,34,17] that is, formulations in which all of
the parameters are known and fixed, formulations with different
characterizations of the uncertainty have also been studied
[30,35,26,14,2,5].

Among the different alternatives to model uncertainty, we
highlight the use of probability distribution functions to describe
processing times [35,14,5], the representation of possible proces-
sing times through scenarios [10,18], and the use of intervals to
define the processing time of the jobs [11,30,2].
and Sciences, Universidad
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In this paper we study an interval data minmax regret (IDMR)
(see [11,1,30]) formulation of the single machine weighted sum of
completion times problem (WCTP) [29,26]. In this formulation, the
uncertainty on the processing time is represented using intervals,
and the aim is to find a sequence that minimizes the maximum
regret for all of the possible scenarios (that is, the sequence that
minimizes the maximum absolute deviation between its solution
and the optimal solution for each realization of processing times).
Hence, the objective reflects a robust criterion which can be
associated to a risk-averse decision maker that tries to hedge
against the worst-case performance. This problem is referred as
the Robust Weighted Completion Time Problem (RWCTP)
throughout the paper.

1.1. Contributions of this work

While the robust minmax regret sum of completion times
problem has been studied in the literature (see [11,19,37,20,15]);
to the best of our knowledge its weighted counterpart has not
been previously considered. We conjecture that the cause for this
lack of research directed toward its resolution is the inapplicability
of the classical results used to evaluate a solution in multiple IDMR
problems (see, e.g. [1]), which leads to an absence of a viable
method to evaluate the maximum regret of a given sequence.

In this paper we deal with the previous issue and we propose
two different methods to evaluate the maximum regret of any
given solution: one based on enumeration, and a second based on
a dynamic programming (DP) formulation [6]. Both methods build
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upon the identification of a subset of scenarios containing the
worst case scenario. Note that this approach differs from other
studied IDMR problems in which the worst case scenario and/or
the worst case alternative are obtained by solving some classical
optimization problem.

Then, a branch-and-bound procedure using a novel lower
bound method and a previously known dominance rule [30] is
used to enumerate all of the solutions. The method is initialized
using a heuristic which is shown to provide a 2-approximation,
and if the lower bound or the dominance rule are not able to
discard a solution during enumeration, the maximum regret of the
said solution is obtained using one of the methods described
above.

A computational experiment using instances from previous
works on other weighted completion time problems with interval
data [30,2] shows that the proposed branch-and-bound is capable
of optimally solving instances with up to 25 jobs if the variability
of processing times is high, and instances with up to 40 jobs if the
variability is low. Furthermore, the applicability and the approx-
imation ratio of a simple heuristic for IDMR problems, the mid-
point scenario heuristic (see for example [19,15]) is also
considered.

Note that the size of these instances is smaller than the size of
the instances solvable for the unweighted case, in which larger
instances can be solved to optimality (see [23,8]). Also note that
the RWCTP includes an additional level of complexity, as the
objective function depends not only on the absolute but also on
the relative position of each pair of jobs. Nevertheless, the pro-
posed branch-and-bound method is able to solve medium sized
instances to optimality within limited running times. The results
for the midpoint scenario heuristic in optimally solved instances
show that it provides very reduced optimality gaps, and thus it
appears as a good alternative if the solution of larger instances is
required.

1.2. Paper outline

The rest of the paper is structured as follows. In Section 2 we
describe the problem; we study the previous work on related
problems and we put forward some notation used in the following
sections. Section 3 is devoted to the contributions of this work and
the proposed branch-and-bound algorithm. Section 4 sets forth a
computational experiment to evaluate the efficacy of the algo-
rithm proposed in Section 3. Finally, Section 5 puts forward the
conclusions of this work. Two appendices are included: Appendix
A is devoted to the approximation guarantees of the midpoint
scenario heuristic for the RWCTP; and Appendix B, which can be
found in the electronic Supplementary Material, provides addi-
tional results from the computational experiment reported in
Section 4.
2. Problem settings

2.1. Description of the deterministic problem

The one machine scheduling problem with weighted sum of
completion times (WCTP) is a classical problem, see for example
Pinedo [26]. According to the notation proposed in Graham et al.
[12], the problem corresponds to w C1 j j∥ ∑ , and it can be formally
described as follows: n independent jobs J J J J, , , n1 2= { … } have to
be processed over a single machine that can handle at most one
job at a time. Each job Ji, i n1 ≤ ≤ , is available for processing at
time zero, requires a processing time p 0i > and has a positive
weight w 0i > . Let Ci be the completion time of job i, then the
objective is to obtain a processing order, a sequence, for the jobs
such that the weighted completion time of the jobs, that is
w Ci J i i∑ ∈ , is minimized.

This problem is easily solvable as the optimal sequence is
obtained by sorting jobs according to their weighted shortest
processing times (WSPT), see Smith [29].

2.2. Description of the robust (minmax regret) problem

The Robust (minmax regret) weighted sum of completion time
problem (RWCTP) departs from the WCTP formulation by con-
sidering that the processing time pi of each of the jobs is unknown
before scheduling but bounded between a given lower pi

− and an
upper pi

+ value. As the processing times are not known in advance,
the objective is to minimize the maximum regret of the chosen
sequence.

We proceed to formalize the objective and the concept of
regret, as well as other terminology which will be used.

Let S be the set of all of the permutations (sequences). For any
given sequence s ( Sσ ∈ ), we denote as kσ ( ) the job occupying
position k in sequence s and as iπ ( )σ the position occupied by job Ji
in the sequence. Each possible realization of processing times is
known as a scenario ( p P∈ ). Throughout the paper we refer to a
scenario in which either p pi i= − or p pi i= + holds for every job, as
an extreme scenario. Let us also denote the completion time of job
i under scenario p as C p,i σ( ). Then, expression (1) provides the
total weighted completion time of sequence s

w C p,
1i

n

i i
1

∑ σ· ( )
( )=

Let pσ⁎ be the sequence that minimizes (1) for a given scenario p.
Then, the regret of a sequence s under scenario p corresponds to
Zp σ( )

Z w C p w C p, ,
2

p
i

n

i i
i

n

i i p
1 1

∑ ∑σ σ σ( ) = · ( ) − · ( )
( )= =

⁎

The scenario p P∈ that maximizes (2) for any given sequence s
is known as the worst-case scenario of s; its regret is denoted by
Z σ( ); and its optimal sequence pσ⁎ as the worst-case alternative of s

⎛
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⎞
⎠
⎟⎟Z w C p w C pmax , ,
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n

i i
i

n

i i p
1 1
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⁎

The objective of the RWCTP is to obtain the sequence that
minimizes the maximum regret for all possible scenarios, that is,
the sequence s that minimizes Z

Z Zmin . 4S
σ= ( ) ( )σ∈

Note that optimally solving (4) does not only imply finding a
sequence s that minimizes (4), but also finding its worst case
scenario, a realization of processing times p, and its worst case
alternative pσ⁎, see (2).

2.3. Literature review

Several IDRM scheduling problems have been studied in the
literature. The robust total completion time problem, the
unweighted counterpart of the RWCTP, was considered in Daniels
and Kouvelis [11], Kouvelis and Yu [19], Lebedev and Averbakh
[20], Yang and Yu [37], and Kasperski and Zielinski [15].

Daniels and Kouvelis [11] and Kouvelis and Yu [19] show that
the absolute regret problem is NP-hard, and propose a branch-
and-bound for its resolution. The method uses a surrogate
relaxation bound and it is able to solve instances with up to 20
jobs within short running times (less than 10 min). These results
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were improved in Montemanni [23] using a mixed integer linear
programming approach.

In Yang and Yu [37] the absolute, maximum and relative regret
versions are examined and all three of the problems are shown to
be NP-hard. The authors also propose a dynamic programming
method, a greedy heuristic, and a surrogate heuristic to solve the
problem, which is also tested in instances with up to 20 jobs.

In Lebedev and Averbakh [20], the authors consider the com-
plexity of special cases of the problem, and identify some poly-
nomially solvable cases.

More recently, Kasperski and Zielinski [15] offered a
2-approximation heuristic for the problem and some related cases,
like the case with additional precedence constraints among jobs.

Other IDMR scheduling problems have also been considered,
such as the maximum weighted tardiness problem [3] or the
permutation flowshop problem with two jobs [4], which were
shown to be polynomially solvable. Other studied problems, like
the unrelated parallel machine with total completion time
[36,8,28], the single machine with uncertain setup times [21], or
the single machine with uncertain setup times and processing
times [22], are shown to be NP-hard because of their relationship
with other optimization problems.

In this later set of works, the solution methods make use of this
relationship to provide a solution for the problem (e.g. [8]) or to
derive a method to evaluate the maximum regret of a solution,
which is then used in specially tailored methods to obtain a
solution for the problem in hand (e.g. [28]). Note that while not
strictly related to the unweighted case, Conde [8] documents the
successful application of an MIP formulation for instances of the
IDMR version of the unrelated unweighted parallel machine pro-
blem, which includes the single machine problem as a special case.

We would also like to note that other objectives for the pro-
blem with WCTP-derived objective and interval data uncertainty
on the processing times have been studied. The literature has
studied the problem under mean weighted completion times
minimization objective [30,2] and the “stability box”maximization
objective [31,32].

In Sotskov et al. [30], dominance relations among jobs for the
mean weighted completion time problems are investigated. These
relations impose a relative order among jobs, and when they fail to
provide a complete ordering, two heuristics are proposed to find
such an ordering. These rules are not only useful for the mean
weighted completion time objective but also for the IDMR case
under study in this paper.

In Allahverdi et al. [2], several new heuristics are proposed for
the mean weighted completion time objective. These heuristic are
then compared with those proposed in Sotskov et al. [30] in a large
instance set featuring instances with multiple characteristics.

In Sotskov and Lai [31] and Sotskov et al. [32], the stability
approach is investigated. The approach is based on the max-
imization of the volume of a “stability box” for a given sequence,
which is defined as the range of values for the processing times of
the jobs in which the proposed sequence maintains its optimality
conditions. In Sotskov and Lai [31], the authors show that the
problem is solvable in O n2( ) time. Furthermore, they investigate
the regret between the solution provided by the stability box
method and the optimal solution for the scenarios in which the
processing times corresponds to the lower, upper and midpoint
(the average between the lower and upper bound) values.

2.4. Dominance rules

As stated in Section 2.1, the sequence minimizing the WCTP is
provided by the weighted shortest processing time first (WSPT)
rule, see Smith [29], which is a generalization of the shortest
processing time first (SPT) rule to solve the unweighted case.
This rule can be described as a dominance relation among jobs,
stating that if condition (5) holds, then job Ji is to be scheduled
before job Ji′ in any optimal sequence (that is, a precedence rela-
tion). These precedence relations define a complete ordering of the
jobs, and as such provide the optimal sequence

w
p

w
p 5

i

i

i

i
≥

( )
′

′

In Sotskov et al. [30], the authors provide a generalized version
of this rule, considering cases in which this dominance relation
holds for all of the possible scenarios.

Theorem 1. For the WCTP, job Ji dominates job Ji′ if and only if (6)
holds
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w
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i

≥
( )+

′

′
−

Proof. See Sotskov et al. [30].□

Let us note that the proof is based on verifying that condition
(5) holds for all of the scenarios and their respective realizations of
processing times for jobs Ji and Ji′. Also note that it is possible that
two jobs dominate each other. In such a case, we can arbitrarily
choose one dominance rule to enforce without modifying
optimality.
3. The robust (minmax regret) weighted completion time
problem with interval processing times

This section puts forward the contributions of this work. As
none of the results in the literature can be used to define a method
to obtain the worst-case scenario for a given sequence s, the topic
is discussed in Section 3.1. First we prove that only extreme sce-
narios need to be considered, and then we provide an alternative
to the enumeration of all of the extreme scenarios based on the
enumeration of the worst-case alternatives.

The remaining sections deal with the method to obtain a
sequence minimizing the maximum regret. Section 3.2 provides a
lower bound to detect partial sequences that cannot improve the
best-known solution, and Section 3.3 details the branching rule
and other features of the proposed branch-and-bound method.

3.1. Determination of worst-case scenarios for the RWCTP

In order to evaluate the regret of a given sequence, we need to
obtain its worst-case scenario and its worst-case alternative. In
this section we describe two possible procedures based on
(1) reducing the set of possible worst-case scenarios to the subset
of extreme scenarios, or (2) reducing the set of possible worst-case
alternatives to a subset of sequences.

In order to present the proposed methods, we need to intro-
duce a preliminary result.

Theorem 2. There is an extreme scenario p that maximizes (7) for
any given pair of sequences ,σ σ′

w C p w C p, , .
7i

n

i i
i

n

i i
1 1

∑ ∑σ σ· ( ) − · ( ′ )
( )= =

Proof. Suppose that the opposite is true, and let Ji be a job whose
processing time realization pi is not equal to its lower, pi

−, or upper,
pi

+, limit.
First, rewrite the terms of (1) as (8). Then, separate the terms in

which pi participates in (7), see (9)
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Note that (9) is linear to pi. Hence, there is always a realization
of pi maximizing (7) that corresponds to pi

− or pi
+.□

Remark 1. Eq. (9) can also be used to identify if pi should take its
maximum (if the slope is positive) or minimum value (if the slope
is negative) in the scenario maximizing (7). This remark is later
used on the DP method to obtain the worst-case scenario for any
given alternative.

Corollary 1. If σ′ is the worst-case alternative for s, then scenario p
maximizing (9) is a worst-case scenario for s. According to Theorem
2, p is an extreme scenario. Hence, we conclude that only extreme
scenarios need to be considered as possible worst-case scenarios for
any sequence. Note that this result is a well known result for IDMR
problems with linear objective function, which is not the case in the
problem under study.

A straightforward application of Corollary 1 leads to an initial
method to evaluate the maximum regret. Let P⊂ be the subset
of extreme scenarios. In order to obtain the regret of any given
sequence s, we can traverse all of the scenarios; obtain their
optimal sequence pσ⁎; evaluate the objective value of s and pσ⁎; and
keep track of the maximum difference among these two values
(the regret of s in the scenario).

Note that the cardinality of is 2n. Hence, the method
described above is only applicable if the number of jobs is small,
see the computational experiment reported in Section 4 and the
Supplementary online Material for further details.

An alternative to enumerating scenarios to obtain the worst-
case scenario, is to enumerate sequences in order to obtain the
worst-case alternative, and then apply Theorem 2 to obtain the
worst-case scenario.

We structure the enumeration of sequences using a dynamic
program formulation (DP) (see [6,13]). Note that the examination
of Eq. (9) indicates that the contribution of a job to the regret
between two sequences only depends on the processing time of
the job (which needs to be selected in such a way that Eq. (9) is
maximized); and the weight of the jobs scheduled after the said
job in s and σ′. As s is known in advance, the maximum regret can
be obtained as the sum of the contribution of each job to the total
regret, which has the optimal substructure required to solve a
problem using a DP formulation.

Furthermore, since the worst-case alternative is the optimal
sequence for the worst-case scenario, the search can be limited to
sequences that are potentially optimal in some scenario. Hence,
the proposed formulation uses the dominance relations indicated
in Section 2.4 in order to impose precedence constraints among
jobs, and thus trying to avoid the enumeration of schedules that
are not optimal in any scenario (see for early applications of DP
approaches to sequencing problems with precedence constraints
[13,27]).

We proceed to introduce the notation required to describe the
recurrence relation of the DP model: let be a subset of the jobs,

J⊆ . We say that is a non-dominated subset if, for every job
Ji ∈ , all the predecessors of job Ji according to the dominance
rule described in Section 2.4 are also in .

Let c J, i( ) be the contribution to the regret if job Ji is assigned
to the 1| | + -th position in the sequence with the jobs in
sequenced in the | |-th first positions, see Eq. (10); and let C ( ) be
the maximum regret of the jobs sequenced in
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Then, the recurrence relations correspond to Eqs. (11) and (12);
C(J) provides the maximum regret of sequence s. Furthermore, the
worst-case alternative σ′ is obtained by reconstructing the deci-
sions taken to reach a final state, subset J= , from an initial state,
subset = ∅, and the worst-case scenario p is to be obtained by
considering the processing time (be it pi

− or pi
+) used in Eq. (10)

C 0, 11(∅) = ( )

C C J c J Jmax , .
12J

i i i
i

( ) = { ( ⧹ ) + ( ⧹ )}
( )∀ ∈

A bound on the number of subsets that need to be con-
sidered is i

n n
i1∑ ( )= ; but the number of feasible subsets is reduced

by the introduction of dominance relations. Hence, the applic-
ability of the DP formulation is limited by the number of pre-
cedence constraints introduced by the dominance relation. The
computational experiment (see Section 4) shows that the dom-
inance rule enables the evaluation of larger instances than the
extreme scenario method.

3.2. Lower bounds for the RWCTP

In order to provide a method to avoid the enumeration of all of
the possible sequences and their evaluation by means of the
procedures proposed in Section 3.1, we propose to use a lower
bound on the maximum regret for any given subsequence. The
method is based on considering a scenario, its optimal sequence
and the optimal continuation of the subsequence under
evaluation.

Let sm be a subsequence with m sequenced jobs. Using the
arguments provided in Smith [29], it is straightforward to prove
that for any given scenario p ( p P∈ ) the continuation of sub-
sequence sm that minimizes the total weighted completion time
under scenario p corresponds to sequencing all of the jobs not in
sm in its corresponding WSPT order. Let C σ( ) be the total weighted
completion time of the subsequence and its optimal continuation,
and let C pσ( )⁎ be total weighted completion time of the optimal
sequence for scenario p. Then C C pσ σ( ) − ( )⁎ is a lower bound on
Z σ( ) for any possible continuation of subsequence sm.

Let us remark that the previous approach incurs in two issues,
which need to be discussed.

First, the lower bound provided by the previous approach
when no jobs have been scheduled is 0. The issue was already
faced by a branch-and-bound method for the unweighted robust
version of the problem (see [11]). In the aforementioned work, the
authors propose a lower bound on the regret which uses a sur-
rogate relaxation of multiple scenarios. This relaxation provides a
non-trivial lower bound when no jobs have been scheduled.
Unfortunately, this method requires the identification of worst-
case scenarios for the solution provided by each iteration of the
surrogate relaxation. These scenarios are then included in the
surrogate relaxation until no further improvement is possible. As
the identification of worst-case scenarios has been deemed as a
difficult task (see Section 3.1), we ruled out a similar approach.
Consequently, we are to obtain worse lower bounds in the initial
stages of the search, in exchange for a faster calculation of these
bounds.
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Second, the problem of finding the scenario that maximizes the
lower bound for any given sm is a difficult problem by itself.
Consequently, we propose a heuristic followed by a local search in
order to reach a scenario that maximizes the regret.

The heuristic to obtain a regret maximizing scenario is based
on the observation that, for any given sequence s, the realization
of processing times for a given job Ji in the worst-case scenario
tends to take its upper value, pi

+, if the job is sequenced in the early
positions of s, and its lower value, pi

−, if the job is sequenced in the
later positions of s.

Based on the premise that already sequenced jobs were
sequenced too early, and non-sequenced jobs are to be sequenced
too late, the scenario is constructed as follows: if job Ji belongs to
subsequence sm, then realization pi is pi

+, and pi
− otherwise. The

complexity of obtaining the processing times, the worst-case
alternative, the continuation of sm, and the evaluation of the regret
is dominated by the ordering operations required to schedule jobs
in WSPT order. Hence, the total time complexity of the heuristic is

n nO log( ).
The local search defines the neighborhood of a scenario as the

scenarios obtained by changing the realization pi of a job Ji from its
lower (upper) limit to its upper (lower) limit. The exploration of
the neighborhood is organized in a first descent fashion (that is,
whenever an improving exchange is found, it is automatically
implemented).

The ordering in which the jobs are considered affects the
behavior of the local search. Therefore, and in order to reduce the
effect of a single order, jobs are considered in the ordering given
by the worst-case alternative. The time complexity of each eva-
luation is nO( ). To reach this complexity, we have to take into
account that the move only modifies the order of job Ji in both
sequences, and that the new positions of job Ji can be obtained in

nO( ) time. As the evaluation is also performed in O(n) time, the
total complexity is O(n).

The neighbor operator is repeated until no further improve-
ment is possible (that is, we have a locally optimal scenario with
respect to its neighborhood), or the regret provided by any sce-
nario is greater than the maximum regret of the best-known
solution (that is, the lower bound provided by the scenario allows
us to fathom the subsequence).

3.3. A branch-and-bound method for the minmax regret weighted
completion time problem

In order to obtain a solution method for the RWCTP, the lower
bound, see Section 3.2, and the dominance rule proposed in
Sotskov et al. [30], see Section 2.4, are integrated into a branch-
and-bound procedure.

The proposed branch-and-bound constructs a sequence by
consecutively appending jobs to a subsequence. A branch is
defined by the selection of the next job to perform. In order to
fulfil the dominance rules, these dominance rules are considered
as precedence relations, and only those jobs in which all of its
predecessors already belong the subsequence under construction
are considered as candidates for branching.

Branching is performed using a depth-first strategy and the
lower bound on the maximum regret is calculated as in Section
3.2. Whenever a complete solution is found, one of the evaluation
methods proposed in Section 3.1 is applied, and the best known
solution is changed if it improves upon the best-known solution.

The branch-and-bound is initialized with a heuristic upper
bound. Based on the results of previous methods for other IDMR
problems, the midpoint scenario heuristic is chosen see for mul-
tiple examples of use of the midpoint scenario heuristic for robust
minmax regret optimization problems [11,15,7,8,24,25,28].
The midpoint scenario corresponds to the optimal solution for
a scenario in which the processing time of each job is equal to
p p p /2i i i= ( + )− + for every job. The sequence for the midpoint
scenario is then evaluated and its maximum regret is used as the
initial upper bound. Note that this heuristic also provides a
2-approximation guarantee, see Appendix A.

Finally, during preliminary tests with the implemented
method, we verified that the time required by the branch-and-
bound was dependent on the ordering of the jobs in the instance.
Therefore, jobs are reordered according to their WSPT order for the
midpoint scenario. Note that this reordering affects which
branching decisions are explored first. The proposed ordering
gives priority to solutions that do not depart from the midpoint
scenario, as its deviation from the optimal solution in many other
IDMR is known to be small [24,25,8].
4. Computational experiment

The computational experiment tests (a) the applicability of the
different proposed methods to evaluate the maximum regret of a
solution; (b) the efficiency of the proposed branch-and-bound
method under varying characteristics of the instances; (c) the
quality of the proposed lower bound; (d) the performance of the
midpoint scenario heuristic; and (e) the effect of the character-
istics of the instances on the maximum regret. The following
sections give some implementation details, see Section 4.1,
describe the instances used for comparison purposes, see Section
4.2, and describe the results of the computational experiment, see
Section 4.3. Additional results are provided in the electronic Sup-
plementary Material Appendix B.

4.1. Implementation details

The algorithm was coded in Cþþ and compiled using the GNU
GCC compiler 4.9.0. All of the computational experiments were
run on an Intel Xeon machine with an 8-core 2.66 GHZ CPU and
32-GB RAM running the Linux operating system. While the com-
puter has eight cores, the code does not make use of any form of
parallelism, and consequently only one core is used in the com-
putational experiments. Furthermore, two run time limits (600
and 3600 s) per instance were considered. The 600 s time limit
was chosen in accordance to the running times reported in [11], in
which the time required to solve the largest considered instances
(20 jobs) is approximately 600 s. The 3600 s time limit considers
the benefits of increasing the running time, and to verify if the
600 s time limit is too restrictive for the performance of the
algorithm.

4.2. Description of the instances

The literature reports two different approaches to generate
instances with interval data and total weighted completion time
objective [30,2]. These instances were generated in order to
evaluate different versions of WCTP with interval data. We test our
method with instances created using both generators, and hence
two different instance sets were constructed. Below, we describe
the characteristics of the instances of each set.

Sotskov instances: These instances are generated using the
procedure proposed in Sotskov et al. [30]. For each job, we gen-
erate the weight from a uniform distribution, w U 1, 50i = [ ]. In
order to generate the lower and upper bounds on the processing
times, we first generate a central value from a uniform distribution
C U 1, 200i = [ ], and then the lower (pi

−) and upper bounds (pi
+) are

generated as: p C 1 /100i i δ= ·( − )− and p C 1 /100i i δ= ·( + )+ . δ is a
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parameter that controls the variability of processing times. The
parameter δ is set to 1, 2, 5, 10, 15, 25, 50, 75 and 100.

Allahverdi instances: These instances are generated using the
procedure proposed in Allahverdi et al. [2]. For each job, we gen-
erate the weight from a uniform distribution, w U 1, 50i = [ ]. The
upper bound is generated from a uniform distribution,
p U 1, 100i = [ ]+ and the lower bound is generated from a uniform
distribution p U p D p,i i i= [ − ]− + + , in which D is a parameter that
controls the variability of processing times. Note that pi

− may be a
negative value, therefore if p 1i ≤− we set p 1i =− . As in [2], the
parameter D is set to 10, 20, 30, 40, 50 and 60.

In addition to the variability parameter and the instance gen-
erator, we consider instances with a different number of jobs, (10,
15, 20, 25, 30, 35 and 40). For each combination of instance gen-
erator, variability parameter (be it δ or D) and number of jobs, 50
different instances are constructed for a total of 5250 instances.

4.3. Results

4.3.1. Results for the maximum regret evaluation methods
As previously noted, the methods to evaluate the maximum

regret of a sequence are of enumerative nature, and it is to be
expected that their applicability is dependent on the instance size.
Furthermore, the characteristics of the instance may also modify
its behavior. Hence, Table 1 explores the limits of applicability of
the proposed evaluation methods.

Table 1 reports the time required to evaluate the solution
provided by the midpoint scenario for different instance sizes and
variability of processing times. For each instance size and varia-
bility parameter, the table reports the average (among all of the
instances) and the maximum time (reported in parenthesis)
required for the evaluation of the regret of the midpoint scenario
using the dynamic programming approach.

An additional column reporting the time required to evaluate
the maximum regret through the enumeration of scenarios is also
provided. Note that if the set of scenarios is enumerated, the
Table 1
Average and maximum (in parenthesis) running times required to evaluate the
maximum regret of the midpoint scenario heuristic solution for the Sotskov
instance set. For each instance size (row) and variability value δ (column), we
report the time (in seconds) required by the enumeration of alternatives. A final
column (column scenarios) reports the time required by the enumeration of sce-
narios. If the required running time exceeded the 600 s, the problem is deemed as
unsolved ( 600> is reported).

n ⧹ δ 25 50 75 100 Scenarios

15 0 0 0.00 (0.04) 0.04 (0.08) 0.002
20 0 0.00 (0.04) 0.08 (0.73) 2.36 (2.94) 0.05
25 0 0.05 (0.85) 1.30 (8.26) 155.79 (165.2) 1.82
30 0 0.27 (2.01) 24.25 (33.18) 600> 63.15
35 0.01 (0.01) 3.10 (38.02) 600> 600> 600>
40 0.07 (0.74) 22.03 (326.46) 600> 600> 600>

Table 2
Average percentage of dominance relations detected by the method proposed in Sectio
variability value δ or D (column), the percentage, calculated using (13), is reported.

n Sotskov

1 2 5 10 15 25 50

10 99.2 98.0 95.5 89.7 84.6 75.5 52.4
15 98.9 97.7 95.2 90.0 85.4 73.7 48.1
20 98.9 97.9 94.9 89.3 84.1 75.9 48.9
25 99.0 98.0 94.5 89.9 84.7 74.4 51.4
30 99.0 98.0 94.3 89.4 83.4 74.1 50.4
35 98.9 98.0 95.0 89.7 84.4 74.6 48.7
40 98.9 98.1 94.7 89.5 84.1 74.2 48.5
running time does not depend on the variability parameter, and
thus the required time is only affected by the instance size. Fur-
thermore, no maximum times are reported as the differences
between the required computing time among different instances
with the same number of jobs is minimal.

Table 1 only reports results for instances with 15 or more jobs
and for variability level 25 or larger, as instances with a smaller
number of jobs or lower variability can be easily evaluated within
a fraction of a second. Moreover, if a time limit of 600 s is reached
without obtaining the maximum regret of the solution, the eva-
luation of the regret is deemed as unpractical, the procedure is
stopped and no result is provided (these results are marked as

600> ).
The results show that the enumeration of the worst-case

alternatives using the DP approach is to be the preferred option,
unless the level of variability among processing times is extremely
high ( 100δ = ). The difference between the average and the
maximum required time shows a high variability among different
instances with similar characteristics. We investigated individual
results and detected a strong correlation between the total time
required and the number of dominance relations among the jobs
in each instance (that is, for any given number of jobs n, and
variability level δ, there is a strong negative correlation between
the number of dominance relations in any given instance and the
time required to evaluate the instance). A similar table to Table 1
with the results for the Allahverdi instances is provided in the
Supplementary Material. For the Allahverdi instances all of the
tested variability levels and instance sizes were solved within the
imposed time limit, with smaller running times than those
reported for the Sotskov instances.

Nonetheless, the DP approach clearly outperforms the enu-
meration of scenarios, and it is to be the preferred method to
evaluate the regret. Therefore, we limit the remaining analysis to
the use of the DP regret evaluation method, and we conclude that
instances with up to n¼40 jobs and moderate levels of variability
( D50, 60δ = = ) can be evaluated within the imposed time limits.

As previously noted, the ability of the DP method to improve
upon the enumeration of scenarios depends on the variability of
the processing times, which directly affects the number of dom-
inance relations detected by the dominance rule, see Section 2.4.
Table 2 provides the average ratio of dominance relations between
tasks with respect to the total possible number of dominance
relations. This percentage is calculated using (13), where A is the
number of dominance relations that the procedure detects, and
the denominator indicates the maximum number of dominance
rules that the instance may contain

A
n n

100
1 /2 13

·
·( − ) ( )

The results from Table 2 confirm that the performance of the
DP is correlated to the number of dominance relations. While the
n 2.4 for the Sotskov and Allahverdi instance set. For each instance size (row) and

Allahverdi

75 100 10 20 30 40 50 60

25.3 0.0 90.7 84.8 79.8 72.0 65.2 57.6
23.8 0.0 91.9 84.7 79.2 69.6 68.7 59.6
25.3 0.0 92.7 85.6 80.5 69.9 64.9 61.2
25.6 0.0 92.8 84.5 79.7 71.8 66.1 59.3
26.9 0.0 92.1 86.4 78.2 73.4 68.8 60.0
26.2 0.0 92.8 84.8 77.5 72.2 65.5 58.0
25.8 0.0 92.7 85.6 79.0 71.3 66.4 59.9
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ratio of dominance relations remains relatively constant for dif-
ferent number of jobs, the DP also depends on the number of jobs,
and thus it is to be expected that the applicability of the branch-
and-bound method will depend on both the variability and the
instance size.

Since there are some instances for which the evaluation of the
maximum regret for the midpoint scenario was deemed infeasible
(instances for which the imposed time limit of 600 s was insuffi-
cient to reach the maximum regret), their corresponding results
for the branch-and-bound or the heuristic procedures are left
blank (indicating that no result is available).

4.3.2. Results for the RWCTP
Tables 3–8 provide the results of the branch-and-bound

method described in Section 3.3 to obtain the sequence that
minimizes the maximum regret with a running time limit of 600 s.
In order to evaluate the proposed branch-and-bound method, we
provide the following metrics: (1) the number of optimal solutions
found within the imposed time limit (Table 3); (2) the average as
well as the standard deviation of the time required to solve these
instances to optimality (Tables 4 and 5); (3) the average number of
explored nodes in the branch-and-bound before verifying optim-
ality (Tables 6 and 7); and (4) the average number of nodes pruned
by the lower bound proposed in Section 3.2 (Table 8).

We do not report optimality gaps (difference between the best
upper and lower bounds) because the proposed lower bound does
not provide a bound unless part of the solution sequence has
already been constructed. Since the exploration of the branch-
and-bound tree follows a depth-first rule, there are several cases
in which some of the descendants of the root node are never
explored and the trivial lower bound (the bound equals 0 for the
root node) is not improved. Therefore, the number of nodes
fathomed by the lower bound constitutes the only available
measure of the performance of the proposed lower bound. Note
that the same set of results, under a 3600 s time limit, are reported
Table 3
Results of the branch-and-bound procedure for the Sotskov and the Allahverdi
instance sets. For each instance size (row) and variability value, δ or D, (column),
the number of verified optimal solutions (out of 50 instances) in which the optimal
solution was found within the running time limit (600 s) is reported.

n Sotskov Allahverdi

1 2 5 10 15 25 50 75 100 10 20 30 40 50 60

10 50 50 50 50 50 50 50 50 50 50 50 50 50 50 50
15 50 50 50 50 50 50 50 50 50 50 50 50 50 50 50
20 50 50 50 50 50 50 50 47 29 50 50 50 50 50 50
25 50 50 50 50 50 48 41 15 0 50 50 50 49 45 49
30 50 50 50 50 48 35 3 0 50 49 44 40 23 16
35 50 50 50 48 27 3 0 50 38 21 7 1 0
40 50 50 50 24 3 0 0 50 21 2 1 0 0

Table 4
Results of the branch-and-bound procedure for the Sotskov instance set. For each instan
time (av.) and the standard deviation (sd.) among the different instances for which the a
not report results for instances with 1δ = , 2δ = , as all of the instances are solved with

δ 5 10 15 25

n av. sd. av. sd. av. sd. av.

10 0 0 0 0 0 0 0
15 0 0 0 0 0 0 0
20 0 0 0 0 0.1 0.2 0.3
25 0 0 0.6 1.7 2.6 7.3 20.9
30 1.5 4.5 8.2 16.6 60.1 114.8 171.8
35 2.3 5.8 69.4 95.1 181.3 187.3 294.9
40 11.4 16 217 204.5 151.7 47.4
in the Supplementary Material, and the differences between the
results reported with both time limits are discussed in this Section.

Table 3 reports the number of verified optimal solutions (out of
50 instances) that the branch-and-bound algorithm is able to solve
to optimality for the Allahverdi and Sotskov instance set. The
results show that, for small instance sizes (up to 20 jobs), the
method is capable of reaching and verifying optimality within
reduced running times for any level of variability on the proces-
sing time intervals. For medium sized instances (25 and 30 jobs),
the algorithm is capable of solving all of the instances with low
variability intervals, but it fails to verify optimality in most of the
instances with high variability. For larger instances (35 and 40
jobs), the capability of optimally solving the problem is limited to
those instances with low variability. Note that these instances
already pose a problem for the scenario evaluation procedure,
which is not capable of evaluating some of these instances.

If we compare the results with a 600 s time limit with the
results with a 3600 s time limit, a similar trend is observed. The
branch-and-bound method is able to reach and verify optimality
for 226 additional instances, including most of the instances with
25 jobs (with the exception of the Sotskov instances with high
variability, 75δ ≥ ); the majority of the additional optimal solutions
correspond to instances for which different instances with the
same characteristic were already solved within the 600 s time
limit. Consequently, we consider that the resolution of instances
with larger number of jobs or larger variability is not to be
expected by increasing the running time, and algorithmic
improvements would be required in order to optimally tackle
larger instances.

Tables 4 and 5 report the average and the standard deviation of
the running time required to reach optimality. Consequently, if no
solution is found within the allotted time (600 s), no value is
reported, and if only one instance is solved within the time limit,
the standard deviation does not apply. Both tables, as well as their
corresponding tables for a 3600 s time limit provided in the Sup-
plementary Material, indicate a high running time variability
among instances from the same group.

The aforementioned behavior is frequent in branch-and-bound
algorithms, as the branching order, the ability of the lower bound
to prune early areas of the search space, and the specific char-
acteristics of some instances (like the dominance relations) have a
great influence on the branch-and-bound. Nonetheless, for most of
the combinations of instance characteristics (instance generator,
number of jobs and variability of processing times) the expected
running time is below the imposed time limit and only for a small
subset of instances the algorithm fails to reach optimality (or takes
much longer than expected), which leads to large standard
deviations.

The results also show that for small instance sizes (up to 20
jobs), with the exception of the Sotskov instances with 100δ = ,
and any level of variability, the algorithm is capable of reaching
ce size (row) and variability value δ (column), two values are reported: the average
lgorithm obtains the optimal solution within the imposed (600 s) time limit. We do
in a fraction of a second.

50 75 100

sd. av. sd. av. sd. av. sd.

0 0 0 0 0 0 0
0.1 0.1 0.2 0.4 0.5 12.5 0
0.5 6.9 15.8 28.7 48.8 155 153.2
54.9 121.8 153.7 261.8 162.8
170 281.7 58
35.6



Table 5
Results of the branch-and-bound procedure for the Allahverdi instance set. For each instance size (row) and variability value D (column), two values are reported: the average
time (av.) and the standard deviation (sd.) among the instances for which the algorithm obtains the optimal solution within the imposed (600 s) time limit.

D 10 20 30 40 50 60

n av. sd. av. sd. av. sd. av. sd. av. sd. av. sd.

10 0 0 0 0 0 0 0 0 0 0 0 0
15 0 0 0 0.1 0 0 0 0.1 0 0 0 0.1
20 0 0 0 0 0.1 0.3 1.6 6 1.9 4.8 4.3 18.9
25 0 0.1 1.5 6.2 9.9 40.2 29.6 67.8 42.7 82.1 83.8 129
30 0.7 1.3 8.1 15.8 63.3 111.2 139.4 168.5 174.6 174.7 245.5 195.4
35 4.1 7.9 113.6 136.7 201.3 156.9 221.5 114.5 441.2
40 50.6 82.5 230.6 188 339.7 318.9 177.5

Table 6
Results of the branch-and-bound procedure for the Sotskov instance set. For each instance size (row) and variability value δ (column), two values are reported: the average
number of nodes (in thousands), column av., and the maximum number of nodes (in thousands), column max., explored by the branch-and-bound algorithm before verifying
optimality within the imposed (600 s) time limit.

δ 1 2 5 10 15

n av. max av. max av. max av. max av. max

10 0 0 0 0 0 0 0 0.1 0 0.6
15 0 0 0 0.1 0 0.2 0.1 0.5 0.4 2.6
20 0 0.1 0 0.3 0.4 3.7 1.6 10.7 5.8 68.4
25 0 0.1 0.1 1.3 1.5 12.8 30.2 611.4 183.2 2879.5
30 0.1 0.3 0.5 2.6 58.8 964.8 427.1 4770 3772.5 32,443.2
35 0.3 2.8 1.5 25.1 62 1017 3067.2 20,979.1 8400.7 30,860.9
40 0.5 3.4 6.3 60.7 289.1 1968.3 7084.7 21,121.9 6074.8 7493.1
δ 25 50 75 100

n av. max av. max av. max av. max

10 0.1 1.1 0.3 2.5 0.5 3.2 1.1 3.3
15 2.8 34.7 12.3 121.2 43.5 446 242.6 1492.7
20 27.7 312.9 595.6 6412.7 2202.2 13,746.9 11,342.4 63,735.2
25 1760.2 23,787.2 9187.8 48,666.2 19,044.8 52,894
30 11,818.6 38,851.2 18,806.4 20,814.1
35 15,171.1 17,314.6
40

Table 7
Results of the branch-and-bound procedure for the Allahverdi instance set. For each instance size (row) and variability value D (column), two values are reported: the average
number (in thousands) of nodes, av., and the maximum number (in thousands) of nodes, max., explored by the branch-and-bound algorithm before verifying optimality
within the imposed (600 s.) time limit.

D 10 20 30 40 50 60

n av. max av. max av. max av. max av. max av. max

10 0 0.1 0 0.2 0 0.4 0.1 0.2 0.1 1 0.1 0.6
15 0.1 0.3 0.7 24 0.7 10.1 2 25.1 2.9 27.1 3.3 26.1
20 0.3 2.4 1.7 11.8 11.6 128.6 162 4,150.5 186.2 2657.8 448.4 14,295.3
25 2.2 40.3 89.5 2659.2 734.4 21,649.3 2070.8 24,435.1 3139 31,035 6211.2 45,008.1
30 26.5 243.1 375.3 3384.6 3219.9 26,832.7 7878.4 37,100.5 9393.9 33,313.1 12,766.5 32,838.3
35 116.6 1123.9 4280.9 20,515.8 7882.6 22,609.1 8639 15,408.5 17,258.5 17,258.5
40 1153.7 9752.3 6407.9 16,627.9 10,859.5 19,025.5 4460.5 4460.5
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and verifying optimality within reduced running times and
acceptable standard deviations. For medium and large sized
instances, both the average running time and the standard
deviation increase, thus reinforcing our previous conclusion on the
limits of applicability of the proposed exact method.

A different metric to evaluate the total computing effort
required to solve an instance corresponds to the average number
of nodes explored by the branch-and-bound procedure before
verifying optimality. The metric benefits from being agnostic to
the computer used for the experimentation and can also be used
as a reference on the advantages of using a branch-and-bound
algorithm over the raw enumeration of the partial solutions.
Tables 6 and 7 report results on both the average and the max-
imum number of nodes explored by the branch-and-bound pro-
cedure before verifying optimality.

The results of the table highlight the improvement of the
branch-and-bound method over the enumeration of alternatives.
For example, the number of alternative sequences for a Sotskov
instance with 100δ = and n¼20 is 20 2.43 1018! ≃ · , whereas the
proposed method only evaluates an average of 1.13 107· partial
solutions for the same group of instances. The results of
Tables 6 and 7 show that, as the number of jobs and variability
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ratio increases, so does the number of nodes that need to be
examined. Nevertheless, the trend is reversed in the most difficult
instances (larger number of jobs and processing time variability),
as the time required to analyze each partial solution increases
(mainly due to the time spent on the lower bounding procedure
and the time spent evaluating the regret of non fathomed solu-
tions) and the algorithm does not solve all of the instances; thus
the average is calculated considering only the instances solved to
optimality.

In order to evaluate the performance of the bounding method
proposed in Section 3.2, Table 8 provides the average ratio of
nodes pruned by the lower bound. The lower bound is applied
only to those partial solutions that are feasible according to the
dominance rules described in Section 2.4, hence the results should
be analyzed taking into account that if no dominance rule was
used, a larger ratio of pruned nodes would have been found.

The results depicted in Table 8 show that the number of partial
solutions pruned by the bounding procedure increases as the
variability of processing times increases, since its relative role on
the performance of the algorithm increases with respect to the
dominance relations. For those instances with small variability (as
the Sotskov set with 1δ = ), the percentage of partial solutions
fathomed by the bound is small, as the dominance relations are
able to avoid the exploration of partial solutions which cannot lead
to improved solutions, but for those instances in which the
variability is high (as the Sotskov set with 100δ = ) the bounding
method is able to fathom large areas of the search space, and up to
92% (on average) of the explored partial solutions are discarded
due to the lower bound. While the ratio shows a positive corre-
lation with the number of jobs of the instance (the ratio of
fathomed nodes increases with the number of jobs), the increase is
not significant enough to enable the resolution of larger instances.

4.4. Evaluation of the midpoint scenario heuristic

If regret evaluation is not deemed practical or a faster solution
is needed, the midpoint scenario heuristic seems to be a viable
option. Consequently, and in order to evaluate the quality of the
Table 8
Average percentage of nodes fathomed by the lower bounding method proposed in Sect
variability value δ or D (column), the percentage of pruned partial solution with respec

n Sotskov

1 2 5 10 15 25 50

10 43.9 33 35.2 39.3 50.2 54 69.3
15 25.2 28.1 23.6 39.4 42.6 69.1 81.8
20 21 20.7 20.2 43.3 64.1 71.2 84.5
25 14.7 16.3 42.2 59.7 70.8 79.6 87.5
30 14.7 17 44.3 64.3 75.1 81.9 88.8
35 13.9 29.1 44.1 72.7 77.4 85
40 14.2 16.5 52.6 71.2 79.7

Table 9
Results of the midpoint scenario heuristic for the Sotskov and Allahverdi instance set. Fo
between the midpoint scenario and the best solution found by the branch-and-bound a

n Sotskov

1 2 5 10 15 25 50 7

10 0 0 0 0 1.38 0.37 0.59 0
15 0 0.4 0.47 0.44 0.53 0.64 0.4 0
20 0 0.03 0.41 0.61 0.55 0.51 0.28 0
25 0 0.25 0.5 0.48 0.4 0.44 0.22 0
30 0.02 0.48 0.51 0.49 0.64 0.24 0.19 0
35 0.08 0.43 0.3 0.57 0.52 0.25 0.06
40 0.19 0.43 0.25 0.57 0.34 0.23 0.05
midpoint scenario heuristic, Table 9 provides the average gap
between the branch-and-bound solution within a 600 s run time
limit and the solution of the heuristic. The gap is calculated using
formula (14), in which UBh corresponds to the regret of the mid-
point heuristic and UB corresponds to the upper bound provided
by the branch-and-bound. Please note that the average gap is
calculated considering all of the instances and not only those
instances for which the optimal solution was found, and thus it
also provides the improvement achieved by the branch-and-
bound with respect to the midpoint heuristic

gap
UB UB

UB
100 14

h= − · ( )

Table 9 shows that the midpoint scenario heuristic provides
very good upper bounds. While its behavior deteriorates when the
variability increases in terms of number of reported best-found
solutions, the optimality gaps remain low, leading us to conjecture
that the variability does not greatly affect the quality of the
obtained solutions. Note that the instances from the Sotskov set
provide lower gaps than the instances from the Allahverdi set. This
behavior can be attributed to the differences between both
instances, as the processing time intervals of the Sotskov instances
are centered around a middle value (the first value used to gen-
erate the instance), while the Allahverdi instance set does not show
such a pattern. Hence, the performance of the midpoint scenario
heuristic depends on the structure of the processing time inter-
vals, offering better solutions when the intervals are centered
around a predefined value (as it would be the case if the interval
data was generated considering a percentage deviation from an
average observed value).

4.4.1. Analysis of the variability on the regret of the optimal solutions
In order to evaluate the effect of the variability on the max-

imum regret, we calculated the average maximum regret among
all of the solution for which the instances are solved to optimality
(when not all of the instances have been solved to optimality, the
average among solved instances is reported). Note that these
results are dependent on the range of values for the processing
ion 3.3 for the Sotskov and Allahverdi instance sets. For each instance size (row) and
t to the total number of explored nodes is reported.

Allahverdi

75 100 10 20 30 40 50 60

79.9 83.6 39.4 49.3 50.7 57.5 66.5 67.5
87.2 88.1 39.5 58 61.9 68.6 71.8 75.8
89.4 92.2 43.1 61.2 68.7 77.1 76.8 82.1
91.6 49.1 68.2 78.3 75.8 81.7 83.4

54.8 69.4 74.9 81.1 81.4 82.8
58.2 73.3 76.7 80 80.2
61.2 71.5 80.8 70.1

r each instance size (row) and variability value, δ or D, (column), the average gap
lgorithm after a 600 s time limit is reported.

Allahverdi

5 100 10 20 30 40 50 60

.27 0.27 2.03 4.15 5.47 6.94 3.54 5.02

.12 0.13 2.73 6.98 5.4 8.12 6.53 7.13

.19 0.12 3.97 5.15 5.01 6.95 7.75 6.89

.07 0.01 4.85 6.04 7.99 7.27 7.72 9.82

.02 4.86 6.32 7.67 9.08 8.49 7.8
5.05 6.59 7.5 7.56 9.39 9.39
4.75 5.94 7.45 7.56 8.21 7.82



Table 10
Average maximum regret for the optimal solutions of the Sotskov and Allahverdi instance sets. For each instance size (row) and variability value δ or D (column), the average
maximum regret of the optimal solutions is reported. For those instance sizes and variability indices in which no optimal solution was verified, no values are reported.

n Sotskov Allahverdi

1 2 5 10 15 25 50 75 100 10 20 30 40 50 60

10 15 50 210 1085 2188 5029 15,955 34,490 62,074 255 642 1249 2113 2716 3738
15 35 100 549 2153 3889 10,820 38,177 86,610 147,861 461 1374 2615 4816 5540 7421
20 53 213 1163 3467 7509 15,899 61,256 127,864 258,852 643 2301 4371 7866 9922 12,205
25 78 313 1658 5082 10,087 25,956 88,070 183,288 442,396 643 2301 4371 7866 9922 12,205
30 113 411 2448 7517 15,015 34,732 108,485 203,308 1641 4636 9466 13,235 19,644 25,349
35 169 548 2744 9654 17,361 39,236 1902 6153 12,000 17,228 23,823 39,732
40 201 624 3737 11,661 21,494 2409 7195 12,986 17,589
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times (which contribute to the differences in the maximum regret
observed in Table 10) and the weights, and can only be used as an
indication of the expected grow rate if the number of jobs and/or
variability ratio changes.

Both tables show that the maximum regret of the optimal
solution increases as the variability increases. Furthermore, the
change seems to be greater than linear. Therefore, we are inclined
to conclude that a linear reduction of the variability on a system is
to have a more than linear impact on the ability to avoid extreme
undesirable situations.
5. Conclusions

In this paper we have studied the robust (minmax regret) total
weighted completion time problemwith interval processing times,
we have put forward different valid methods to evaluate the
maximum regret, and we have proposed a branch-and-bound
method to obtain the sequence that minimizes the maximum
regret. Our main recommendations and findings are the following:

1. The difficulty of the instances depends not only on the instance
size but also on the degree of uncertainty (the variability of the
possible realizations of processing times). This behavior was
already detected in other robust optimization problems, like the
robust assignment problem [24]. In this case, the origin of the
additional difficulty comes from the lack of dominance rules
among jobs, which increases the number of worst-case alter-
natives that need to be evaluated during the calculation of the
maximum regret. Furthermore, the dominance rule reduces the
branching factor of the branch-and-bound algorithm, increasing
the number of alternatives that need to be considered.

2. As in other problems [24,25,8], the midpoint scenario heuristic
provides very good solutions. Furthermore, it provides a
2-approximation of the optimal solution, see Appendix A.
Consequently, the midpoint scenario is to be the recommended
approach when the resolution of large size instances is required,
or the evaluation of the quality of the solution is considered as
unfeasible (e.g. under short computation times).

3. The branch-and-bound algorithm is shown to be able to verify
the optimal solution within relatively short running times for
instances with up to 25–40 jobs depending on the variability of
the instance. While the size of the instances which can be
optimally solved is small when compared to other IDMR
machine scheduling problems, we note that the non-linear
nature of the objective function (the total cost depends not only
on the assignment of a job to a position in the sequence but also
on the jobs sequenced after the said position) is the responsible
of the added difficulty.

4. While the proposed lower bound does not provide an optim-
ality gap, it is very fast and it is able to fathom large areas of the
branch-and-bound tree. Furthermore, the method is very gen-
eral and may be useful for other regret optimization problems in
which we can obtain the optimal continuation of a partial
solution for any given scenario and evaluate the regret of the
continuation easily.

5. The effect on the maximum regret of increasing the variability
of the processing time intervals is more than linear. Therefore, it
is to be expected that reducing variability on the processing
times will have a more-than-linear improvement on the per-
formance against extreme undesirable situations.

The previous comments highlight the positive findings of this
research. We would also like to point up the main shortcomings of
the proposed methods.

The results show that medium-sized instances can be optimally
solved, but the computational experiment outlines the boundaries of
applicability of the proposed methods to evaluate the maximum
regret; that is, the optimization problem that for any given sequence
tries to find the sequence and the scenario in which the difference
between the objective value of both sequences is maximized.

We conjecture that the regret evaluation is the bottleneck
element of the resolution method restricting the capability of the
proposed branch-and-bound to solve larger instances, and the
structure of the regret evaluation problem (the objective function
contains multiple interactions among jobs and with their respec-
tive processing times), is the source of much of the complexity of
the RWCTP. Note that this work does study the computational
complexity of the regret evaluation problem. Moreover the result
from previous works on IDMR problems [1] are not applicable for
this regret evaluation problem.

While computational complexity is not the focus of this research,
we would like to highlight that most of the previously studied IDMR
problems require the resolution of a deterministic version of the
problem in order to evaluate the regret of a given solution. Some
exceptions exist like the unweighted version of the RWCTP, in which
the resolution of an assignment problem to construct a sequence
substitutes the SPT rule (see [11]) required to solve the deterministic
case. We suspect that a similar difficulty increase also appears in the
problem in hand, in which the WSPT rule is substituted by a problem
that takes into account multiple interactions among jobs and with
their respective processing times.

The previous conjecture led us to regard the regret evaluation
problem as non polynomially solvable, even when we have not
been able to reduce any NP-hard problem to the regret evaluation
problem (nor reduce the problem to any polynomially solvable
problem), and thus the complexity issue remains open. None-
theless, if an efficient algorithm for the regret evaluation problem
is found, it could be easily integrated with the proposed dom-
inance rules, lower bound and branching rule in order to obtain a
branch-and-bound algorithm which could be used to solve larger
instances.
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Appendix A. The midpoint scenario heuristic

In this appendix we show that the optimal solution of the
WCTP using the processing times of the midpoint scenario pro-
vides a 2-approximation of the optimal solution for the interval
data RWCTP. The proof follows a previous proof provided in Kas-
perski and Zielinski [15] for the unweighted case and differs in the
treatment of the objective function.

Let F p,σ( ) be the total weighted completion time of sequence s
under scenario p, and let F p,pσ( ⁎ ) be the total weighted completion
time of the optimal sequence under scenario p. Then, the max-
imum regret for a given sequence s, Eq. (3), can be rewritten as
(A.1), and consequently (A.2) holds

Z F p F pmax , ,
A.1p P

p( )σ σ σ( ) = ( ) − ( )
( )∈

⁎

Z F p F p p P, , A.2pσ σ σ( ) ≥ ( ) − ( ) ∀ ∈ ( )⁎

For any two schedules s, σ′ the difference between their
objectives on scenario p can be expressed as (A.3), in which pi

p

corresponds to the processing time of job i under scenario p
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Let us define the set A ,σ σ′ as the subset of jobs J fulfilling (A.4).
Note that the set J A A, ,⧹ =σ σ σ σ′ ′
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Using the results derived from Theorem 2, see Section 3.1, the
scenario p maximizing F p F p, ,σ σ( ) − ( ′ ) can be obtained by setting
p pi

p
i= + if i belongs to A ,σ σ′ and p pi

p
i= − if any other case. In fact, for

those jobs in which (A.4) holds in equality, the realization of the
processing time is irrelevant to the calculation of the maximum
regret, and could be ignored throughout the computation.

Consequently, inequality (A.5) can be derived from (A.3), and
inequality (A.6) holds for any pair of sequences s, σ′
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Let pσ′ be the worst case scenario for sequence σ′, then
inequality (A.7) can be derived from (A.3) and (A.5)
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Subtracting F p,pσ( )σ
⁎

′ from both sides of (A.7), and using (A.2) we
get
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Using inequalities (A.6) and (A.8) and equality (A.3), we are not
ready to prove the claim.

Theorem 3. Let σ= be the optimal solution for the midpoint scenario
(p p p1/2i i i= ( + )= − + for all jobs i J∈ ). Then, for every feasible solution
s, Z Z2σ σ( ) ≤ ( )= holds.

Proof. From (A.3) and the optimality of σ= for the midpoint sce-
nario, (A.9) holds
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Substituting (A.6) on the left side and (A.8) on the right side, we
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get

Z Z Z A.11σ σ σ( ) ≥ ( ) − ( ) ( )=

Hence, Z Z2 σ σ( ) ≥ ( )= and the proof is completed.□

The bound of 2 is tight, as the bound is also tight for the
unweighted case, which is a special case of the problem, see
Kasperski and Zielinski [15].
Appendix B. Supplementary data

Supplementary data associated with this article can be found in
the online version at http://dx.doi.org/10.1016/j.cor.2015.08.010.
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