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A criterion for environmental assessment using
Birnbaum–Saunders attribute control charts
Victor Leivaa,b, Carolina Marchantb,c, Fabrizio Ruggerid* and Helton Sauloe

Assessing environmental risk is useful for preventing adverse effects on human health in highly polluted cities. We design
a criterion for environmental monitoring based on an attribute control chart for the number of dangerous contaminant
levels when the concentration to be monitored follows a Birnbaum–Saunders distribution. This distribution is being widely
applied to environmental data. We provide a novel justification for its usage in environmental sciences. The control coeffi-
cient and the minimum inspection concentration for the designed criterion are determined to yield the specified in-control
average run length, whereas the out-of-control case is obtained according to a shift in the target mean. A simulation study
is conducted to evaluate the proposed criterion, which reports its performance to provide earlier alerts of out-of-control
processes. An application with real-world environmental data is carried out to validate its coherence with what is reported
by the health authority. Copyright © 2015 John Wiley & Sons, Ltd.
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1. INTRODUCTION
Control charts are widely used for quality monitoring in industry; see Montgomery (2005) and Leiva et al. (2014). These charts alert when
a process is out of control, and then an action must be taken for being in control again. The use of such charts has been expanded to other
areas, including environmental and health risk assessment; see Lund and Seymour (1999), Manly and Mackenzie (2000), Grigg and Farewell
(2004), Ferreira-Baptista and De Miguel (2005), Woodall (2006), Morrison (2008), and Saulo et al. (2015). The power or effectiveness of a
control chart is usually measured by the average run length (ARL), which is the average number of inspected samples required to advert an
out-of-control condition after it has occurred. On the one hand, practitioners of control charts desire to advert an out-of-control condition as
fast as possible, when a process is out of control, that is, the out-of-control ARL (ARL1) must be as small as possible. On the other hand,
when the process is in control, these practitioners desire to have a fewest possible number of false alarms, that is, to have a large in-control
ARL (ARL0). Control charts are classified by variables or attributes, depending on whether the data used to monitor the quality characteristic
are generated by measurements (continuous data) or by attributes (qualitative data), as presence (non-conforming) or absence (conforming)
of an event. Thus, for this monitoring, we can use detection tools for variables, such as x-bar (sample mean) or R (range) charts, or for
attributes, such as p (proportion of non-conforming) or np (number of non-conforming) charts; see Epprecht et al. (2003), Hsu (2004), Wu
and Wang (2007), Rodrigues et al. (2011), and Joekes and Barbosa (2013).

The first component to develop the criterion stated in the paper title is the np chart used for subgroups with constant size; see Montgomery
(2005, pp. 282). International guidelines often utilize exceedance probabilities of pollutant concentrations to establish environmental alerts.
Episodes of extreme air contamination need to be monitored, alerted and corrected for protection of human health. An increment of respi-
ratory diseases may be caused, for example, by high concentrations of particulate matter (PM); see Cox (2000), Clyde (2000), Reich et al.
(2008), Almaskut et al. (2012), Marchant et al. (2013), and Alencar and Santos (2014). However, monitoring airborne PM pollution is not
an easy task, because PM is a complex mixture of substances in solid or liquid states with different properties and factors; see more details in
Querol et al. (2004). The discussion on accurate properties that need to be monitored for health protection is still an open subject; see WHO
(2003, 2006). To facilitate the monitoring, air quality standards have been defined in terms of the PM mass concentration with a diameter
below 2.5 (PM2.5) or 10 (PM10)�m. The chemical mass balance has been often used to detect PM sources. In our study, we model PM10 as a
dilution and concentration of air masses, without taking into account factors of composition, chemical reactivity and production-degradation
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equilibrium; see Vione et al. (2006) and Kessler et al. (2010). We follow the existing Chilean air quality guideline, considering PM10 lev-
els which can be harmful for human health according to this guideline (PM10 levels greater than 150 �g/normalized cubic meters –m3N–)
and not its composition; see Marchant et al. (2013). One can monitor the number of times that dangerous PM10 levels are greater than the
regulation in each air quality station. Therefore, environmental risk assessment is important and can be conducted by np charts.

Probability models employed to describe air contaminant concentrations have usually positive asymmetry or skewness (non-normality).
Then, the normal or Gaussian model is not suitable for computing the mentioned exceedance probabilities. Several practitioners have used the
log-normal (LN) model for describing air contaminant concentrations, mainly due to its physical arguments (Ott, 1990) and its relationship
with the normal model. Among others, beta, exponential, extreme values, gamma, inverse Gaussian, Johnson bounded system, log-logistic,
Pearson, and Weibull distributions have been also used for modeling concentrations of pollutants, although without the theoretical arguments
that the LN model has; see Marchant et al. (2013).

The second component to develop our criterion is a distribution with positive skewness that is being widely studied. This is named the
Birnbaum–Saunders (BS) model, which has good properties and a close relation with the normal model; see Birnbaum and Saunders (1969).
It has been widely applied to diverse fields, including environmental and earth sciences; see, for example, Leiva et al. (2008, 2009, 2012,
2015), Ferreira et al. (2012), Marchant et al. (2013), and Saulo et al. (2013, 2015). As in the LN model, and unlike the other mentioned
probability models, the physical arguments of the BS model allows us to postulate it as a candidate to describe air contaminant concentrations;
see details in Section 2. In addition, the BS model has properties similar to the LN model. Despite the wide use and development of
methodologies based on the BS model, there are few studies on quality monitoring tools and nothing on attribute control charts based on it;
see Balakrishnan et al. (2007), Lio et al. (2010), Aslam et al. (2011), Leiva et al. (2014), and Saulo et al. (2015).

The objective of this paper is to propose a criterion based on np charts to assess environmental risk when the pollutant concentration follows
a BS model. We formalize the usage of this model for environmental contaminant data. We illustrate our criterion with air contamination
data from the city of Santiago, Chile, which is one of the most polluted cities around the world; see Leiva et al. (2008), Vilca et al. (2010),
Marchant et al. (2013), and the section of application of the present paper for more details. The criterion allows us to assess environmental risk
and could provide information for preventing adverse effects on human health of the population of Santiago, Chile. We show the coherence
between our criterion and what is happening in a real-world situation dictated by a Chilean authority. Note that although the criterion is
applied in this work to environmental monitoring, it can be used in a more general setting, for example, for monitoring production processes
associated with items subject to failure.

In Section 2, we justify the usage of the BS distribution for air contamination data. In Section 3, we propose a criterion for environmental
assessment using BS attribute control charts. In Section 4, we provide some numerical results using Monte Carlo simulation, reporting ARLs
and discussing a computational implementation in the R software; see www.r-project.org. In Section 5, we validate the proposed criterion
with real-world environmental data collected by the Chilean official environmental authority. In Section 6, we present some conclusions and
possible future works. In the Appendix, some mathematical and statistical features of the BS distribution are provided.

2. JUSTIFYING THE BS MODEL AS A CONTAMINANT DISTRIBUTION
Assuming a BS model to describe pollutant concentration data based on an empirical fitting can be a reasonable argument. However, this
argument may be strengthened if we justify why the BS model might be suitable for such a description. On the one hand, Ott (1990) provided
a physical explanation of the LN model as a pollutant concentration distribution, based on the proportionate-effect model; see Aitchison &
Brown (1973, p. 22). On the other hand, Desmond (1985) discussed an incorrectness in the usage of Cramér’s biological model, linked to the
proportionate-effect model, to justify the LN model as a life distribution, which rather conducts to a BS model; see Cramér (1946, p. 219).
Relating these works, we justify the BS model as an environmental contaminant distribution.

The Cramér’s biological model (or proportionate-effect model) can be expressed as

XjC1 D Xj C YjC1 g.Xj /; j D 0; 1; : : : (1)

where YjC1 is a random variable (RV) corresponding to the magnitude of the .j C 1/th impulse and XjC1 the accumulated total amount
after application of this impulse. From (1), the LN model is obtained when g.X/ D X , whereas the BS model is obtained with g.X/ D 1.
The relationship defined in (1) was originally proposed in a biological context, whereas Desmond (1985) put it in a context of fatigue life.
We discuss relationship (1) in a context of environmental contamination.

The appropriateness of the model given in (1) in the fatigue life context is supported by Frost and Dugdal’s differential-equation model
used in engineering (Desmond, 1985) defined as

de

dm
D
S3 e

c
D c1f .�K/ (2)

where e is the crack size, m is the cycle number, S is the applied stress, c is a material constant, �K is the range of the stress intensity
factor, f .�/ is an empirically determined function, and c1 is an experimental constant. From fracture mechanics, one can relate �K in (2) to
the crack size e by means of

�K D ˛�Se1=2 (3)

where ˛ is a material indicator and �S the applied stress amplitude. Based on (2) and (3) and using the approximation f .˛�Se1=2/ �
c2 C c3h.e/, with h.�/ being a function of the crack size, we have
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de

dm
� c0 C c4 h.e/ (4)

where c0 and c4 contain all stress and material factors included in c1, c2, and c3, with c0 being considered as an initial value. Equation (4) is
treated by engineers as if it were a deterministic relation, but considering c0, c4, and e as RVs is closer to reality. Note the similarity between
differential-equation model (4) and proportionate-effect model (1).

Now, by retaking (1), applying the central limit theorem, and considering the increment �Xj D XjC1 �Xj in the .j C 1/th impulse is
small enough such that summation can be changed by integration, we obtain that

mX
jD1

Yj D

mX
jD1

�Xj

g.Xj /
�

Z Xm

X0

dx

g.x/
(5)

follows approximately a normal distribution, where X0 is the initial crack size. To obtain the fatigue life distribution, suppose that the mean
of Yj is � and its variance %2, which generalizes Assumption 2 of Birnbaum and Saunders (1969), conducting to

I.Xt / D

Z Xt

X0

1

g.x/
dx � N.t�; t%2/ (6)

whereXt is the crack size at time t . Assume now thatXc > X0 is the critical crack length at which failure occurs, whereXc andX0 are non-
random. Then, T D infft : Xt > Xcg is the time to fatigue failure. Thus, from (6) and using the equivalent events fT 6 tg and fXt > Xcg,
it follows that the cumulative distribution function (CDF) of T at t is given by

FT .t/ D ˆ

�
t� � I.Xc/
p
t%

�
(7)

where ˆ.�/ is the standard normal or N(0, 1) CDF. From (7), note that the model given in (1) leads to life distributions in the BS family
independently of the form of g.X/.

The choice of the function g.X/ determines the dependence of the rate of crack extension on previous crack size. Empirical evidence
suggests that a power function for g.X/ is reasonable, that is, g.X/ D Xı , where ı is a material indicator, for ı > 0, but ı ¤ 1; see
Desmond (1985). Thus, from (6), we have

I.Xt / D

Z Xt

X0

dx

g.x/
D

1

ı � 1

"
1

Xı�10

�
1

Xı�1t

#
D
X1�ı0 �X1�ıt

ı � 1
� N.t�; t%2/ (8)

From (8) and by symmetry of the normal distribution, X1�ıt � N.X1�ı0 C Œ1 � ı�t�; Œ1 � ı�2t%2/. Then, the CDF of T at t is

FT .t/ D

8̂̂<̂
:̂
ˆ

�
X1�ıc �X1�ı0 CŒı�1�t�

Œı�1�
p
t%

�
; if ı > 1I

ˆ

�
X1�ı0 �X1�ıc CŒ1�ı�t�

Œ1�ı�
p
t%

�
; if ı < 1

(9)

From (9), note that the BS model results for ı D 0. However, the case ı D 1, corresponding to the LN model as a particular case when
g.X/ D X in the proportionate-effect model given in (1), cannot be obtained from (9). Therefore, the distribution of T with CDF given in
(9) is of BS type and not of LN type; see Desmond (1985).

The parallel between biological and fatigue life models discussed in the previous text could be put in a context of contamination, making
a parallel between proportionate-effect and pollutant concentration models. This last parallel is also valid as an argument for modeling data
of outdoor and indoor atmospheric quality, of water quality in lakes, groundwater and soils, and of trace metals in human tissue, blood, and
feces; see Ott (1990) and references therein.

To understand the model given by (1) in a contamination context, consider the following. We first assume a deterministic setting. Suppose
that an environment has a pollutant concentration X0 and an air mass V0 at an initial instant time t D 0. Then, q0 D X0 V0 is the total
quantity of pollutant in the environment. Assuming that no chemical reactions exist, conservation of matter needs that the total pollutant
amount present after dilution must be equivalent to the total pollutant quantity before dilution. Thus, if V1 is the volume of the mixture after
first dilution and X1 the pollutant concentration in that diluted mixture, then

q0 D X0 V0 D X1 V1 (10)

Solving the equation given in (10) for X1, the concentration X1 is inversely proportional to the ratio of the final volume to the initial
volume expressed as X1 D ŒV0=V1� X0. Now, assume V0=V1 is represented by a dimensionless dilution factor D1 that is treated as an RV,
and therefore, X1 D D1X0 is also a RV, with X0 being non-random. This random setting is closer to reality because contaminants vary
randomly through the time due to climatological, geographical, and human activity and topographical elements, among others. If Dj stands
for the corresponding factor in the j th dilution, then the concentration X2 in the second dilution is given by X2 D D2X1 D D2D1X0. In
general, for m denoting the number of successive dilutions in a random dilution process, the final concentration is
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Xm D X0

mY
jD1

Dj (11)

By taking logarithm in (11), we have

mX
jD1

log.Dj / D log.Xn/ � log.n0/ D
Z Xm

X0

dx

x
(12)

Alternatively, (12) can be represented by a differential equation of first order as usual in the mass balance model, after permitting the change
rate of the concentration to be infinitely small. Note the similarity between equations given in (5) and (12) when g.x/ D x, which, as
mentioned, corresponds to an LN model. However, one could assume a more general expression for (12) as

mX
jD1

Yj �

Z Xm

X0

dx

g.x/
(13)

which should conduct to a BS model under certain conditions, with (13) being analogous to (5). This allows a statistical distribution to be
considered for modeling pollutant concentration data, which will hardly be symmetrical, but usually positively skewed; see Ott (1990).

3. A CRITERION FOR ENVIRONMENTAL ASSESSMENT USING BS NP CHARTS
An np chart is an adaptation of the control chart for non-conforming fraction (p) when samples of equal size (n) are taken from the process.
The np chart is based on the binomial distribution as detailed in the succeeding text. In environmental assessment, one could be concerned
about the RV corresponding to the number (D) of times that the concentration of an atmospheric contaminant (T ) exceeds a determinate
value (t ) established by some official regulation, given an exceedance probability (p). Here, p can be computed by means of the continuous
distribution of the RV T associated with the mentioned concentration as p D P.T > t/ D 1 � FT .t/, where FT .�/ is the CDF of T . Thus,
D follows a binomial distribution with parameters n and p and then

P.D D d/ D

 
n

d

!
pd Œ1 � p�n�d ; d D 0; 1; : : : ; n (14)

EŒD� D np, and VarŒD� D npŒ1 � p�. Based on (14), we propose an np chart with lower control limit (LCL), central line (CL) and upper
control limit (UCL) given by

LCL D max
n
0; np0 � k

p
np0Œ1 � p0�

o
; CL D np0; UCL D np0 C k

p
np0Œ1 � p0� (15)

where k is a control coefficient, with k D 2 indicating a warning level and k D 3 a dangerous level, p0 is the non-conforming fraction
corresponding to a target mean �0 of the RV T associated with the atmospheric pollutant, when the contamination is in control, and n is
the size of the subgroup. Note that the non-conforming fraction is the probability that the atmospheric contaminant exceeds a dangerous
concentration (t0), and therefore, this probability is P.T > t0/ D 1 � FT .t0/. We reparameterize the BS distribution from .b; �/ to
.b; �/, that is, switching from the median � in the original BS parameterization to its mean given by � D �Œ2C b2�=2. We consider t0 as
proportional to �0, that is, t0 D a�0, relating them to establish our monitoring criterion, where a > 0 is a proportionality constant. Note that
the target mean �0 and dangerous concentration t0 can be taken from an official air quality guideline. Then, the BS CDF (see equation (A.2)
in Appendix) can be reparameterized in terms of its mean and expressed in function of t0 and a as

FT .t0I b; �/ D ˆ

 
1

b
�

 
aŒ1C b2=2�

�=�0

!!
(16)

Thus, when a monitoring process is in control (� D �0) for a pollutant concentration following a BS distribution, from (16), the non-
conforming fraction is given by

p0 D 1 � FT .t0I b; a/ D ˆ

�
�
1

b
�
�
aŒ1C b2=2�

��
(17)

Note that the specification of the point t0 is equivalent to specify the inspection point constant a > 0, because t0 D a�0, with �0 being the
target mean, which is assumed to be known. A criterion for environmental assessment using an np chart when the atmospheric contaminant
T � BS.b; �/ is given by Algorithm 1.

Remark Note that the monitoring criterion using the np control chart based on the BS distribution, detailed in Algorithm 1, is valid in a
general setting. For example, it can also be used for monitoring production processes associated with items subject to failure. In the case
of environmental monitoring, for which our criterion was proposed, the following nomenclature and adaptations must be used in Algorithm
1: for Step 1, N subgroups could be, for example, N days, and the sample size n may be formed by data representing, for example, each
hour of the day; for Step 2, data might correspond to PM10 concentrations (in �g/m3N), which must be measured for each subgroup at
one monitoring station; for Step 4, d must be the number of times that PM10 concentrations (ti ) exceed the critical value t0, which must
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Algorithm 1 np control chart based on the BS distribution
1: Take N subgroups of size n.
2: Collect n data t1; : : : ; tn of the RV of interest T for each subgroup.
3: Carry out an autocorrelation study for data collected in Step 2 to detect possible seasonal and/or serial dependence. If any dependence

is detected, it must be removed using suitable techniques and then to continue with Step 4.
4: Fix the target mean �0, the inspection constant a, and the control coefficient k.
5: Count in each subgroup of n data the number d of times that ti exceeds t0 D a�0, for i D 1; : : : ; n.
6: Compute LCL D maxf0; nbp0 � kpnbp0Œ1 �bp0�g and UCL D nbp0 C kpnbp0Œ1 �bp0�, which are obtained from (15), where bp0 D
ˆ.�Œ1=bb��.aŒ1Cbb2=2�// is given as in (17), withbb D q

2Œ
p
s=r � 1� being the modified moment (MM) estimate of b given in (A.5)

(see Appendix), for s D Œ1=n�
Pn
iD1 ti and r D

�
f1=ng

Pn
iD1f1=ti g

��1.
7: Declare the process as out of control if d > UCL or d 6 LCL, or as in control if LCL 6 d 6 UCL.

be proportional to the target mean �0, both of them, as mentioned, taken from an official air quality guideline; for Step 5, only the UCL
must be considered, with the corresponding LCL being equal to zero, declaring the contamination level as dangerous (out of control) in one
monitoring station if d > UCL or, otherwise, as non-dangerous (in control).

Let us consider a shift in the process mean and assume that the new process (shifted) mean becomes �1 D l�0, for a shift constant
l > 0. We consider that the value of the shift constant l is greater than one, because we are concerned with the case where the mean of the
characteristic to be monitored becomes greater than the target mean. Note that �0 and �1 are different means corresponding to in-control and
out-of-control processes, respectively, but both of them are means of the BS distribution. Hence, the non-conforming fraction corresponding
to the new mean of the RV T is obtained from (16) as

p1 D 1 � FT .t0I b; l/ D ˆ

�
�
1

b
�
�a
l

h
1C b2=2

i��
(18)

As mentioned, in general, we say a process is in control if LCL 6 D 6 UCL. Thus, when the process is actually in control, the probability
to be in control is given by

P 0in D P.LCL 6 D 6 UCLjp0/ D
bUCLcX

dDbLCLcC1

 
n

d

!
pd0 Œ1 � p0�

n�d (19)

whereas if the process mean has shifted to the new mean �1, probability given in (19) is expressed as

P 1in D P.LCL 6 D 6 UCLjp1/ D
bUCLcX

dDbLCLcC1

 
n

d

!
pd1 Œ1 � p1�

n�d (20)

where bxc denotes the integer part of the number x. Efficiency of the proposed criterion can be evaluated by using ARL0 and ARL1. As
mentioned earlier, ARL0 is defined as the expected number of observations taken from an in-control state until the chart falsely adverts an
out-of-control. ARL0 is regarded as acceptable if it is large enough to keep the level of false alarms at a reasonable value. ARL1 is defined as
the expected number of observations taken from an out-of-control state until the chart correctly adverts an out-of-control. Ideally, the ARL1
value should be as small as possible. In-control and out-of-control ARLs are, respectively, given by

ARL0 D
1

1 � P 0in
and ARL1 D

1

1 � P 1in

where P 0in and P 1in are given in (19) and (20), respectively. We select the control coefficient k such that ARL0 is close to a specified ARL
denoted by r0. Then, with the selected value of k, we can obtain the value of ARL1 for the shift constant l given in (18).

4. SIMULATION STUDY
In order to implement the numerical applications of this work, we use the non-commercial and open-source software R, which can be
obtained at no cost from CRAN.r-project.org; see R Team (2014). The statistical software R is currently very popular in the international
scientific community. A computational framework for analyzing data using the criterion proposed in this article is being developed by the
authors in an R package, whose “in progress” version is available from the authors of this paper under request.

Tables 1–4 display the control coefficients (k) and the inspection constants (a) for the BS distribution with shape parameter b 2 f0:5; 1:0g,
when r0 2 f200; 300; 370g and n 2 f20; 30; 40; 50g; and the shift constant l 2 f0:1; 0:3; 0:5; 0:6; 0:7; 0:8; 0:9; 0:95; 1:0, 1.1, 1.2, 1.3,
1:4; 1:5; 1:6; 1:7; 1:8; 2:0g. From Tables 1 and 2, note that as l decreases, the ARL1 first increases and then decreases, it being more slow
when b D 1:0. From Tables 3 and 4, when comparing the results for b D 1:0 with those for b D 0:5, the ARL1 for the former one decreases
more slowly than for the last one, as l increases. The inspection point a is determined as shorter for b D 1:0 than for the case b D 0:5.
Also, from Tables 1–4, we observe that most of the k values are between 2 and 3. Notice that the ARL1 becomes smaller as n increases, as
expected. All of these results show the good performance of our criterion.
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Table 1. Control parameters and out-of-control average run length for the indicated r0 when b D 0:5 based on the
Birnbaum–Saunders distribution

n D 20 n D 30 n D 40 n D 50

r0 D 200 k D 2:60; a D 0:801 k D 2:79; a D 0:801 k D 2:84; a D 0:760 k D 2:91; a D 0:677

l LCL D 2IUCL D 14 LCL D 5IUCL D 20 LCL D 6IUCL D 23 LCL D 5IUCL D 23

1.0 10.42 7.65 1.47 1.00
0.95 20.86 17.07 2.07 1.00
0.9 48.87 47.61 3.59 1.01
0.8 199.06 172.52 26.70 1.20
0.7 31.95 14.98 161.22 3.36
0.6 5.34 2.54 7.81 85.45
0.5 1.71 1.15 1.46 19.60
0.3 1.00 1.00 1.00 1.00
0.1 1.00 1.00 1.00 1.00

r0 D 300 k D 2:901; a D 0:858 k D 2:931; a D 0:851 k D 2:876; a D 0:704 k D 2:907; a D 0:773

l LCL D 2IUCL D 15 LCL D 5IUCL D 21 LCL D 4IUCL D 21 LCL D 9IUCL D 29

1.0 85.48 47.06 1.03 1.62
0.95 218.57 144.83 1.09 2.56
0.9 419.00 373.19 1.26 5.33
0.8 88.80 5.25 2.82 74.88
0.7 12.95 6.43 23.84 73.98
0.6 3.12 1.72 225.09 3.72
0.5 1.37 1.06 7.08 1.13
0.3 1.00 1.00 1.00 1.00
0.1 1.00 1.00 1.00 1.00

r0 D 370 k D 3:013; a D 0:876 k D 2:986; a D 0:837 k D 2:998; a D 0:680 k D 3:012; a D 0:570

l LCL D 3IUCL D 16 LCL D 5IUCL D 21 LCL D 3IUCL D 20 LCL D 0IUCL D 17

1.0 369.28 33.74 1.01 1.00
0.95 291.90 99.58 1.02 1.00
0.9 116.65 310.59 1.07 1.00
0.8 18.02 77.68 1.62 1.00
0.7 4.20 7.94 6.91 1.00
0.6 1.64 1.89 216.55 1.09
0.5 1.09 1.08 30.50 3.83
0.3 1.00 1.00 1.02 21.88
0.1 1.00 1.00 1.00 1.00

LCL, lower control limit; UCL, upper control limit.

5. PRACTICAL ILLUSTRATION
The capital and largest city of Chile, Santiago, is located between 32–560 and 34–170 south (latitude) and between 69–470 and 71–430 west
(longitude), at an elevation of 520 m above mean sea level. Santiago is surrounded by both the Andes and coastal mountains, forming the
Santiago Basin. A problem arising due to this particular geographical characteristic is the limitation of air renovation in the basin. The hills
strongly restrict wind movement and air flow causing the pollutants to become trapped in the basin, and then producing air contamination in
the city of Santiago. In addition to these geographical conditions, meteorological factors also engender contamination problems. Because of
this mixture of meteorological and geographical factors, Santiago has serious atmospheric contamination problems during both winter and
summer periods. In these periods, Santiago is exposed to episodes of sudden and critical rises in its air contamination levels, which are known
as critical episodes, although they are short-lived. In winter, there is an accumulation of PM and gaseous contaminants, whereas increased
solar radiation during the summer favors ozone-producing photochemical reactions. Carbon monoxide (CO), nitrogen dioxide (NO2), PM10,
sulfur dioxide (SO2), and tropospheric ozone (O3) are the main contributors to air quality problems in Santiago. However, NO2, SO2,
and O3 are all precursors of PM10; see Marchant et al. (2013). For this reason, the official guideline of the Metropolitan Environmental
Health Authority of the Chilean government (www.mma.gob.cl) regards the prediction of extreme air pollution episodes by forecasting the
maximum value of the average concentration of 24 h PM10 for the period of 00–24 h of the next day. Then, we consider PM10 concentration
data collected during 2008 by this Chilean health authority. PM10 concentrations are observed in 10 monitoring stations located at different
zones and named as follows (locations to the right):

wileyonlinelibrary.com/journal/environmetrics Copyright © 2015 John Wiley & Sons, Ltd. Environmetrics 2015; 26: 463–476

468

www.mma.gob.cl


ENVIRONMENTAL ASSESSMENT USING BS NP CHARTS Environmetrics

Table 2. Control parameters and out-of-control average run length for the indicated r0 when b D 1:0 based on the
Birnbaum–Saunders distribution

n D 20 n D 30 n D 40 n D 50

r0 D 200 k D 2:689; a D 0:496 k D 2:605; a D 0:413 k D 2:774; a D 0:463 k D 2:759; a D 0:401

l LCL D 6IUCL D 18 LCL D 2IUCL D 16 LCL D 5IUCL D 22 LCL D 6IUCL D 24

1.0 201.53 1.06 1.17 1.00
0.95 133.17 1.10 1.27 1.00
0.9 82.09 1.16 1.43 1.01
0.8 30.01 1.39 2.12 1.04
0.7 11.44 2.01 4.41 1.19
0.6 4.77 4.07 15.96 1.82
0.5 2.29 14.76 135.99 5.49
0.3 1.05 50.92 5.37 34.36
0.1 1.00 1.02 1.00 1.00

r0 D 300 k D 2:928; a D 0:548 k D 2:923; a D 0:611 k D 2:931; a D 0:535 k D 2:912; a D 0:504

l LCL D 1IUCL D 14 LCL D 5IUCL D 21 LCL D 7IUCL D 25 LCL D 9IUCL D 29

1.0 11.23 47.02 3.83 1.61
0.95 15.80 81.33 5.41 1.97
0.9 23.33 149.31 8.25 2.59
0.8 61.09 382.05 25.63 5.88
0.7 214.72 141.59 130.23 22.90
0.6 554.34 29.21 236.01 187.07
0.5 156.78 6.98 28.63 94.52
0.3 5.37 1.17 1.35 1.50
0.1 1.01 1.00 1.00 1.00

r0 D 370 k D 2:79; a D 0:602 k D 3:020; a D 0:59 k D 3:0401; a D 0:392 k D 2:910; a D 0:390

l LCL D 2IUCL D 15 LCL D 5IUCL D 21 LCL D 3IUCL D 20 LCL D 5IUCL D 24

1.0 64.78 33.11 1.01 1.00
0.95 102.47 55.74 1.01 1.00
0.9 168.76 100.60 1.02 1.00
0.8 401.16 334.91 1.09 1.03
0.7 250.50 206.34 1.30 1.14
0.6 66.16 40.64 2.09 1.63
0.5 17.08 8.86 6.13 4.41
0.3 1.84 1.22 181.02 129.52
0.1 1.00 1.00 1.01 1.00

LCL, lower control limit; UCL, upper control limit.
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Table 3. Control parameters and out-of-control average run length for the indicated r0 when b D 0:5 based on the
Birnbaum–Saunders distribution

n D 20 n D 30 n D 40 n D 50

r0 D 200 k D 2:60; a D 0:801 k D 2:79; a D 0:801 k D 2:84; a D 0:760 k D 2:91; a D 0:677

l LCL D 2IUCL D 14 LCL D 5IUCL D 20 LCL D 6IUCL D 23 LCL D 5IUCL D 23

1.1 3.83 2.63 1.08 1.00
1.2 2.06 1.50 1.01 1.00
1.3 1.44 1.15 1.00 1.00
1.4 1.18 1.04 1.00 1.00
1.5 1.08 1.01 1.00 1.00
1.6 1.03 1.00 1.00 1.00
1.7 1.01 1.00 1.00 1.00
1.8 1.00 1.00 1.00 1.00
2.0 1.00 1.00 1.00 1.00

r0 D 300 k D 2:901; a D 0:858 k D 2:931; a D 0:851 k D 2:876; a D 0:704 k D 2:907; a D 0:773

l LCL D 2IUCL D 15 LCL D 5IUCL D 21 LCL D 4IUCL D 21 LCL D 9IUCL D 29

1.1 18.53 8.86 1.00 1.09
1.2 6.41 3.14 1.00 1.01
1.3 3.13 1.73 1.00 1.00
1.4 1.96 1.26 1.00 1.00
1.5 1.46 1.09 1.00 1.00
1.6 1.22 1.03 1.00 1.00
1.7 1.11 1.01 1.00 1.00
1.8 1.05 1.00 1.00 1.00
2.0 1.01 1.00 1.00 1.00

r0 D 370 k D 3:013; a D 0:876 k D 2:986; a D 0:837 k D 2:998; a D 0:680 k D 3:012; a D 0:570

l LCL D 3IUCL D 16 LCL D 5IUCL D 21 LCL D 3IUCL D 20 LCL D 0IUCL D 17

1.1 83.13 7.03 1.00 1.00
1.2 21.13 2.70 1.00 1.00
1.3 7.86 1.58 1.00 1.00
1.4 3.90 1.20 1.00 1.00
1.5 2.40 1.07 1.00 1.00
1.6 1.72 1.02 1.00 1.00
1.7 1.39 1.01 1.00 1.00
1.8 1.21 1.00 1.00 1.00
2.0 1.06 1.00 1.00 1.00

LCL, lower control limit; UCL, upper control limit.

Maximum permitted PM10 concentrations according to Chilean, American, and European guidelines are 150, 150, and 100 �g/m3N,
respectively. Chilean air quality guideline indicates the maximum level at which contaminant concentrations become harmful to human
health; see Table 5. At such levels, one can calculate exceedance probabilities, that is, the probability that a concentration level exceeds a
value established by the official guideline for a given period of time.

We use the criterion proposed in this paper for assessing environmental risk in Santiago, Chile. We provide information that can be
useful for preventing adverse effects on human health of the population of Santiago. We show the coherence between our criterion and what
happened in real-world situations, in which Chilean health authority ruled environmental alerts, such as our criterion adverts.

The used PM10 concentration data are obtained as 1 h (hourly) average values and are based on the month of May 2008 and eight
monitoring stations (S1–S8). We select data from stations S1 to S8 mainly because they are better conformed to situations of low and high
stability, which allow us to analyze for different pollution patterns. Thus, S9 and S10 stations have been omitted from this analysis.

Table 6 provides descriptive statistics of the data, including central tendency statistics, as well as the standard deviation and coefficients
of variation, skewness, and kurtosis, among others. Note that the BS distribution can be reasonably assumed for modeling these data, due
to their asymmetric nature and their level of kurtosis, in addition to its theoretical arguments for modeling this type of data; see Section 2.
Figure 1 depicts graphical plots of the partial autocorrelation function for the indicated sets (a similar behavior is observed for the other
data sets). From this figure, note that, practically, the presence of serial correlation is not detected, in agreement with results reported by
Morel et al. (1999), Gokhale and Khare (2007), Vilca et al. (2010), and Marchant et al. (2013). Seasonality over time is not detected either.
However, studies during wider periods could detect seasonal dependence, which may be treated according to Step 3 of Algorithm 1.
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Table 4. Control parameters and out-of-control average run length for the indicated r0 when b D 1:0 based on the
Birnbaum–Saunders distribution

n D 20 n D 30 n D 40 n D 50

r0 D 200 k D 2:689; a D 0:496 k D 2:605; a D 0:413 k D 2:774; a D 0:463 k D 2:759; a D 0:401

l LCL D 6IUCL D 18 LCL D 2IUCL D 16 LCL D 5IUCL D 22 LCL D 6IUCL D 24

1.1 270.80 1.02 1.06 1.00
1.2 173.26 1.01 1.02 1.00
1.3 92.14 1.00 1.01 1.00
1.4 51.47 1.00 1.00 1.00
1.5 31.06 1.00 1.00 1.00
1.6 20.10 1.00 1.00 1.00
1.7 13.80 1.00 1.00 1.00
1.8 9.96 1.00 1.00 1.00
2.0 5.86 1.00 1.00 1.00

r0 D 300 k D 2:928; a D 0:548 k D 2:923; a D 0:611 k D 2:931; a D 0:535 k D 2:912; a D 0:504

l LCL D 1IUCL D 14 LCL D 5IUCL D 21 LCL D 7IUCL D 25 LCL D 9IUCL D 29

1.1 6.41 18.93 2.29 1.25
1.2 4.16 9.37 1.64 1.10
1.3 2.98 5.43 1.33 1.04
1.4 2.30 3.57 1.17 1.01
1.5 1.88 2.58 1.09 1.00
1.6 1.61 2.01 1.04 1.00
1.7 1.43 1.66 1.02 1.00
1.8 1.30 1.44 1.01 1.00
2.0 1.15 1.20 1.00 1.00

r0 D 370 k D 2:79; a D 0:602 k D 3:020; a D 0:59 k D 3:0401; a D 0:392 k D 2:910; a D 0:390

l LCL D 2IUCL D 15 LCL D 5IUCL D 21 LCL D 3IUCL D 20 LCL D 5IUCL D 24

1.1 29.59 14.07 1.00 1.00
1.2 15.74 7.30 1.00 1.00
1.3 9.44 4.41 1.00 1.00
1.4 6.22 3.00 1.00 1.00
1.5 4.43 2.24 1.00 1.00
1.6 3.35 1.79 1.00 1.00
1.7 2.67 1.52 1.00 1.00
1.8 2.21 1.34 1.00 1.00
2.0 1.67 1.15 1.00 1.00

LCL, lower control limit; UCL, upper control limit.

Table 5. Levels of environmental risk cor-
responding to 24-h PM10 concentrations (in
�g/m3N)

Level PM10 concentration

Warning 195–239
Pre-emergency 240–329
Emergency >330

PM, particulate matter.

Histograms for the data, displayed in Figures 1(a)–(d), provide evidence for positive skewness and heavy tails of their distributions. Usual
and adjusted boxplots are also showed in Figures 1(c)–(f). There, a significant number of observations classified as outliers by the usual
boxplot are not outliers when boxplot adjusted for asymmetrical data is considered. A similar behavior is detected for the other stations
(omitted here).
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Table 6. Summary statistics for PM10 concentrations (in �g/m3N) in the indicated data set

Data set n Min. Median Mean Max. SD CV CS CK

S1 744 1 78.0 83.30 254 47.75 0.57 0.67 3.33
S2 744 1 79.0 95.64 548 78.18 0.82 1.69 7.37
S3 744 1 51.0 59.65 506 49.09 0.82 2.14 14.88
S4 744 1 78.5 91.97 379 64.90 0.71 1.44 5.70
S5 744 1 88.0 110.70 600 95.00 0.86 1.79 7.49
S6 744 1 77.7 91.71 367 62.40 0.68 1.38 5.72
S7 744 1 84.0 102.59 434 79.20 0.77 1.19 4.26
S8 744 1 90.5 112.56 598 95.84 0.85 1.95 8.37

PM, particulate matter; SD, standard deviation; CV, coefficient of variation; CS, coefficient of skewness; CK,
coefficient of kurtosis.

Figure 1. Histogram, boxplot, and partial autocorrelation function plot for PM10 concentrations (in�g/m3N) in the indicated data set: PM, particulate matter

Next, we apply our criterion based on the BS np chart proposed in Section 3. Specifically, this chart is used to monitor the number of
non-conforming PM10 concentration levels in N subgroups of size n, where N denotes the number of days in the month of May 2008
and n is the number of hours of each subgroup, that is, N D 31 and n D 24. The control chart is constructed following Algorithm 1.
Figure 2 shows BS np charts for the data under analysis. In the figure, limits with k D 2 and k D 3 are plotted, indicating warning and
dangerous levels, respectively. Notice that several points are below the UCL, indicating that the contamination levels are out of control.
Then, an environmental alert must be declared for those out-of-control days. Note that out-of-control detection is based on the fact that
at least one of the air quality monitoring stations presents a dangerous PM10 level for human health; see Comisión Nacional del Medio
Ambiente (1998) for details of the official decree of the Ministry of Environment (CONAMA in Spanish) of the Chilean government
that indicates this regulation, which is valid for the analyzed 2008 data. Station S3 is less contaminated than other stations, due to it
is located at a higher altitude, and therefore, it has better ventilation. For this reason, Station S3 has less points outside of the limits;
see Marchant et al. (2013). Note the coherence between our criterion and the official information provided by the Chilean Ministry of
Health, which established environmental alerts during days 12–16 May 2008 and an environmental pre-emergence for 30 May 2008; see
www.seremisaludrm.cl/sitio/pag/aire/indexjs3airee001.asp
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Figure 2. Birnbaum–Saunders np chart with t0 D 150, where index “wa” adverts warning (k D 2, solid line) and index “da” dangerous (k D 3, dashed
line) situations for PM10 concentrations (in �g/m3N) in the indicated station: (a)–(c) S3 and (d)–(f) S7. PM, particulate matter

6. CONCLUSIONS AND FUTURE STUDIES

We have proposed a criterion based on an attribute control chart for assessing environmental risk when the air pollutant concentration follows
a Birnbaum–Saunders distribution. We have provided a novel justification for the usage of this distribution in environmental sciences. We
have conducted a simulation study to evaluate the proposed criterion, which has reported its good performance to provide an earlier alert
of an out-of-control process. An application with air pollution concentration data, collected by the Chilean official environmental authority,
has been considered to validate our criterion. The application has shown the coherence between our criterion and what is happening in real-
world situations in which Chilean health authority ruled environmental alerts, such as our criterion adverted. Thereby, the proposed criterion
has shown to be useful for alerting episodes of extreme air pollution, which must be monitored, alerted, and corrected for protection of
human health.

Some possible issues to be considered in future studies are the following. First, seasonal and serial dependence can be considered in
our criterion by using time series models; see Box et al. (2008). Second, because monitoring particulate matter pollution is not an easy
task due to its complex composition, one could consider more than one random variable to model pollutant concentrations by means of
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multivariate structures for the Birnbaum–Saunders distribution, for example, carbon monoxide, particulate matter, and tropospheric ozone;
see Marchant et al. (2015). Third, particulate matter can also be degraded. However, the Birnbaum–Saunders distribution only allows us
to model accumulation (aggregation) due to how it was formulated. Some recent studies allow us to count with new cumulative damage
models that consider aggregation and degradation in a same framework; see Leiva et al. (2015). Work on these three issues is currently under
progress, and we hope to report some findings in a future paper.
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APPENDIX: THE BIRNBAUM–SAUNDERS DISTRIBUTION

The BS distribution is unimodal and has shape (b > 0) and scale (� > 0) parameters, asymmetry to the right, and positive support. However,
� is also a position parameter because it corresponds to the median of the distribution. The RV
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is said to follow a BS distribution with parameters b and � if Z D Œ1=b��.T=�/ � N.0; 1/, with �.y/ D
p
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which is denoted by T � BS.b; �/. The corresponding CDF is given by
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The qth quantile of T is t .qI b; �/ D �
h
b´.q/=2C

p
fb´.q/=2g2 C 1

i2
, for 0 < q < 1, where ´.q/ is the qth N.0; 1/ quantile. Thus,

if q D 0:5, then t .0:5/ D � , and as mentioned, � is the median of the BS distribution. A random number generator from T � BS.b; �/
obtained from (A.1) is given by Algorithm 2.

Algorithm 2 Random number generator for the BS distribution

1: Obtain a random number ´ from Z � N.0; 1/.
2: Set values for b and � of T � BS.b; �/.

3: Compute a BS random number with t D �
h
b´=2C

p
fb´=2g2 C 1

i2
.

4: Repeat Steps 1 to 3 until the required amount of random numbers is completed.

Some properties of T � BS.b; �/ are as follows: (P1) W D Œ1=b2��2.T=�/ � �2.1/, (P2) r T � BS.b; r�/, for r > 0, and (P3)
1=T � BS.b; 1=�/, that is, the BS distribution is related to the normal and chi-squared distributions and belongs to the scale and closed
under reciprocation families. The mean of T � BS.b; �/ is

EŒT � D � D
�

2
Œ2C b2� (A.3)
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whereas its variance and coefficients of variation, skewness, and kurtosis are, respectively, defined as

VarŒT � D
�2

4
Œ4b2 C 5b4�

CVŒT � D

p
4b2 C 5b4

2C b2

CSŒT � D
24b C 44b3p
Œ4C 5b2�3

CKŒT � D 3C
240b2 C 558b4

Œ4C 5b2�2

In addition, if T has a BS distribution with parameters b and � , and because 1=T has a BS distribution with parameters b and 1=� , we have
that

E



1

T

�
D

1

2�

h
2C b2

i
(A.4)

Several methods have been proposed for estimating the parameters of the BS distribution. However, in all these methods, it is not possible
to find explicit expressions for the estimators, and then numerical procedures must be used for calculating their estimates. Ng et al. (2003)
introduced an MM method based on (A.4) for estimating the BS parameters, which provide easy analytical expressions to compute them.
Specifically, let T1; : : : ; Tn be a random sample of size n from T � BS.b; �/ and t1; : : : ; tn be their observations (data). Then, estimators
of b and � are obtained using the MM method equating EŒT � and EŒ1=T � given in (A.3) and (A.4) to its corresponding sample moments,
obtaining the MM estimators of b and � as

bb D
vuut2

"r
S

R
� 1

#
and b� DrS

R
(A.5)

where

S D
1

n

nX
iD1

Ti and R D

"
1

n

nX
iD1

1

Ti

#�1
are the arithmetic and harmonic means of T1; : : : ; Tn, respectively. Some studies have shown similar statistical properties between the MM
and maximum likelihood estimators. Therefore, because of their simplicity, we use the MM estimators; see Leiva et al. (2008).
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