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A Multivariate Log-Linear Model for
Birnbaum-Saunders Distributions
Carolina Marchant, Vı́ctor Leiva, Senior Member, IEEE, and Francisco José A. Cysneiros

Abstract—Univariate Birnbaum-Saunders models have been
widely applied to fatigue studies. Calculation of fatigue life is of
great importance in determining the reliability of materials. We
propose and derive new multivariate generalized Birnbaum-Saunders regression models. We use the maximum likelihood method
and the EM algorithm to estimate their parameters. We carry
out a simulation study to evaluate the performance of the corresponding maximum likelihood estimators. We illustrate the new
models with real-world multivariate fatigue data.
Index Terms—EM algorithm, fatigue data, logarithmic distributions, maximum likelihood method, Monte Carlo simulation,
multivariate generalized Birnbaum-Saunders distributions, R
software.

PDF

Probability density function.

PP

Probability-probability.

RB

Relative bias.

RMSE

Square root of the mean squared error.

RV

Random variable.

SD

Standard deviation.

SE

Standard error.

SS

Standard symmetric.

WH

Wilson-Hilferty.
I. INTRODUCTION

ACRONYMS
BFGS

Broyden-Fletcher-Goldfarb-Shanno.

BS

Birnbaum-Saunders.

CDF

Cumulative distribution function.

DF

Degrees of freedom.

EM

Expectation-maximization.

EC

Elliptically contoured.

GBS

Generalized Birnbaum-Saunders.

-variate elliptically contoured.
-variate generalized Birnbaum-Saunders.
KS

Kolmogorov-Smirnov.

log-BS

Logarithmic Birnbaum-Saunders.

log-BS-

Logarithmic Student- Birnbaum-Saunders.

-

-variate logarithmic Birnbaum-Saunders.

MC

-variate logarithmic StudentBirnbaum-Saunders.
-variate logarithmic generalized
Birnbaum-Saunders.
Monte Carlo.

ML

Maximum likelihood.

log-BS-
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ATIGUE is related to the failure of materials, which occurs after a long time of service, caused by stress. Fatigue
of metals is understood as the propagation of cracks, originating
from stress, causing their fracture. Thus, fatigue is a process
composed by the initiation of a crack and its propagation, until
the material is ultimately fractured. Calculation of fatigue life
is of great importance in determining the reliability of components or structures.
Manufacturing, quality and productivity improvements of
metallic tools can be integrated into their process cycle. Thus,
fracture of these tools can be predicted by considering simultaneously random variables (RVs) related to this integration,
such as deformation, die lifetime, manufacturing force, and
stress. Because these RVs are often correlated, fracture should
be predicted by multivariate models. Based on these models,
engineers can make decisions after specifying priorities of
these RVs with target values for each of them.
The univariate Birnbaum-Saunders (BS) distribution is unimodal, positively skewed, and has two parameters that modify
its shape and scale; see Birnbaum and Saunders [5] and Leiva
[27]. The BS distribution has been widely studied because of
its properties, its relation with the normal distribution, and its
diverse applications; see Barros et al. [4], Guiraud et al. [14],
Johnson et al. [17, pp. 651–663], Leiva et al. [24], [28], and references therein. Due to its genesis, the BS distribution is useful
to describe fatigue data, as well as reliability data in general; see
Leiva et al. [25], Owen et al. [37], and Villegas et al. [45]. Rieck
and Nedelman [41] introduced a logarithmic version of the BS
(log-BS) distribution, which is often useful to formulate regression models. Such models are helpful, for example, to predict
fracture; see also Galea et al. [13]. Balakrishnan et al. [1], [2],
Diaz-Garcia and Leiva [9], and Owen [38] proposed generalized versions of the BS (GBS) distribution by using diverse arguments. Univariate log-linear regression models for GBS dis-
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tributions were studied by Barros et al. [3], Li et al. [29], and
Paula et al. [39]. Bivariate versions of the BS distribution were
proposed by Kundu et al. [19] and Vilca et al. [43]. Multivariate
versions of GBS distributions were derived by Kundu et al. [20],
whereas Caro-Lopera et al. [6] and Sanchez et al. (2014) introduced matrix-variate GBS distributions. Kundu [18] and Vilca
et al. [44] presented bivariate log-BS and log-GBS distributions.
However, no studies on multivariate log-GBS distributions nor
multivariate GBS regression models have been published.
The objectives of this paper are 1) to propose multivariate
log-GBS distributions, and 2) to derive multivariate GBS regression models for describing fatigue data. In Section II, we
introduce some preliminary results. In Section III, we derive
new multivariate log-GBS distributions. In Section IV, we propose multivariate GBS regression models, including their formulation and maximum likelihood (ML) estimation by means
of the expectation-maximization (EM) algorithm. In Section V,
we evaluate the performance of the ML estimators with simulations based on the Monte Carlo (MC) method. In Section VI,
we validate the proposed models with a regression analysis of
real-world multivariate fatigue data. Finally, in Section VII, we
present some conclusions of this work, as well as possible future studies on the topic.
II. BACKGROUND
A RV is said to follow a univariate BS distribution with
parameters of shape
and scale
, denoted by
, if
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Consider the regression model proposed by Rieck and
Nedelman [41] given by
(3)
where
is the response variable (called response hereafter),
is a
vector containing the
values of
regressor variables (called regressor hereafter),
is an
vector of unknown regression
coefﬁcients to be estimated, with
corresponding to
and
, for
, and
is
the model error. Thus, from the distribution of the model error
and property (A1), note that
. Based
on (3), we have a BS log-linear regression model given by
(4)
where
is the log-response,
are as given in (3),
and is the model error, with
.
Thus, the RV
is said to follow a log-BS distribution with
shape parameter
, and mean (location)
, denoted by
, if
where

(5)

with
. Similarly to the BS case, the
assumption
given in (5) can be relaxed assuming
to follow any SS distribution in with kernel . Then, the
notation
is used. Its CDF and PDF are,
respectively, expressed by
and

(1)

(6)

. The assumption
given in (1) can be relaxed supposing to follow any
standard symmetric (SS) distribution in (that is, location equal
to zero and scale equal to one) with kernel for its probability
density function (PDF). This is denoted by
.
(Note that the SS distributions corresponds to elliptically contoured—EC—distributions in the multivariate case.) Then, the
RV given in (1) is said to follow the class of univariate GBS
distributions, denoted by
. Its cumulative distribution function (CDF) and PDF are, respectively, deﬁned as

is the
with respect to , such that
, and
are deﬁned in (2). Some properties of log-GBS distributions are: (B1)
; and (B2)
.
On the one hand, the log-BS- distribution can be obtained
as a particular of log-GBS distributions relaxing
in (5) to
, that is,
has now a Student- (called
simply hereafter) distribution with
DFs. On the other
hand, the log-BS- distribution can be constructed replacing
in (5) by
represented as

with

where
derivative of

and

and
(2)

is the
with respect to , such that
, and
are the CDF and PDF
of a SS distribution, respectively. Some properties of GBS distributions are: (A1)
, with
;
(A2)
; and (A3)
, that is,
follows a generalized
distribution with one degree of freedom (DF) and
kernel ; see Fang et al. [11] and Fang and Zhang [12].
where
derivative of

with
have

(7)

being independent of . Therefore, from (5) and (7), we
-

-

(8)

The usage of the kernel allows us to obtain robust estimates
to atypical data. If we use the representation given in (7), the EM
algorithm can be implemented. In addition, such a representation facilitates the generation of random numbers. The EM algorithm is a powerful iterative method to ﬁnd ML estimates of parameters in an efﬁcient way, when the model depends on latent
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(unobserved) variables or missing data are present. Also, it is
computationally simple, numerically stable, and used in diverse
applications. For more details of the EM algorithm in general
and its use in GBS distributions, see McLachlan and Krishnan
[33], Balakrishnan et al. [2], and Paula et al. [39].

TABLE I
NORMALIZING CONSTANT AND KERNEL OF THE INDICATED DISTRIBUTION

III. MULTIVARIATE LOG-GBS DISTRIBUTIONS
Let
be a random vector with
-variate EC distribution, location vector equal to zero,
scale matrix
, kernel
, and all its moments exist. In this case, the notation
is used, with
being a vector
of zeros. The matrix
allows us to obtain the variance-covariance matrix of
by
, where
,
with
. Note that the correlation matrix
(with
) of can be expressed
as

(9)
where
and
.
Therefore,
note
that
variance-covariance matrix of
is given by
at the bottom of the page. The PDF of

the
(10)
is
, for
, with normalizing constant
, whereas its CDF is denoted by
. For more
details about EC distributions, see Fang et al. [11], Fang and
Zhang [12], and Gupta and Varga [15].
Let
be a random vector
with
-variate GBS distribution and parameters
, and EC
kernel, scale matrix, correlation matrix
and
, respectively; see Kundu et al. [20]. Observe that,
for the GBS case,
, for all
, and then from
(9) and (10), we have

..
.

..
.

..

.

and

, with
, both
as given in (2). Note that: (C1)
, with
; (C2)
, with

; and
(C3)
. Table I provides the constants and kernels of the univariate and multivariate normal and distributions.
Let
.
Then,
follows an -variate
log-GBS distribution with shape vector
,
location vector
, EC kernel
and
correlation matrix
given in (11). This is
denoted by
, Hence, its
CDF is
, for
, where
, with
, for
,
as given in (6). The PDF of is

(12)

..
.
In

. Thus, the

This is denoted by
PDF and CDF of are, respectively,
and
, for

, where

..
.

, with
as
. From (B1) and (11), note that:
, where
and

where
given in (6), for
(D1)

(11)

..
.

,
and

..

.

from

..

(B2),

we

.

..
.

(13)

have that: (D2)
.
Next, Theorem 1 provides marginal and conditional distributions of multivariate log-GBS distributions, which are useful in
the development of this work.

..
.

addition,

..
.

..
.

(10)
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Theorem 1: Let
be partitioned as

-

, and

(14)
where
elements deﬁned suitably. Then,
a)
-

, and the remainder of
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these values are unusual when fatigue data are analyzed, such
as in the case illustrated in Section VI of this paper; see also
Birnbaum and Saunders [5] and Rieck and Nedelman [41].
Let
be a random vector following an -variate distribution with
DFs and scale matrix . Note that, similarly to (11), is equal to the correlation matrix
. Hence, we use the notation
.
Then, analogously to the univariate case given in (7), we have

, with
where

and

(16)

being independent of the elements of
. Based on (16),
;
see McLachlan and Krishnan [33, p. 73]. Thus, from (8) and
(16),
- , with
, for
.
Note that: (E1)
;
(E2)
,
with
as given in (15); (E3)
; and (E4)
. Observe that (E4) is useful for implementing
the EM algorithm in the ML estimation of the multivariate
log-BS- parameters; see Lange et al. [21], McLachlan and
Krishnan [33], Balakrishnan et al. [2], and Paula et al. [39].
with

and

being given analogously to
b) The CDF of
given
is

, with
;

where
for
c) The PDF of

, with
, as given in (6), and
; and
is expressed as

,

IV. MULTIVARIATE GBS LOG-LINEAR MODELS
Consider a multivariate extension of the BS log-linear regression model deﬁned in (4) as
(17)
From (12), if
is the -variate normal or kernel, then
the -variate log-BS or log-BS- distribution is obtained and
denoted by
or
- , respectively. Thus, from Table I, the corresponding PDFs
are

(15)
respectively, where the elements of deﬁned in (15) are given
in (6).
Fig. 1 shows PDF contours of bivariate log-BS and log-BSdistributions, denoted by
and log-BS- , respectively, for
, with
, and
. From
these ﬁgures, note that the log-BS- distribution has heavier
tails than the
distribution. Observe that values for
and/or
greater than two provide bimodality in log-GBS
distributions. However, a number of studies have reported that

where

is the log-response matrix, and
the model matrix of rank containing the
values of regressors. Here,
and are linked by a coefﬁcient matrix
to be estimated, and
is the error matrix. Also, in the
and
be the th rows of
model given in (17), let
and , respectively. Thus, we can write
, for
, where
are independently and identically
distributed, with
being a vector of ones; see Diaz-Garcia et
al. [8] and Liu and Rubin [30].
Note that the shape parameter
is assumed to be the same
throughout the different log-responses and individuals, such
as in Rieck & Nedelman's univariate model. This assumption
could be restrictive, because the different responses might have
different units of measurement. Then, two aspects about this
assumption must be pointed out as follows:
(F1) Location and scale parameters have the same unit of measurement than the corresponding RV, facilitating their interpretation. However, meaning of shape parameters are
distribution-dependent. In the case of the BS distribution,
its shape parameter is dimensionless due to its genesis from
material fatigue. This is because the BS shape parameter
is expressed as a ratio between two parameters related to
another RV used to generate the RV with BS distribution,
causing it to be dimensionless; see Birnbaum and Saunders
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[5]. Thus, different units of measurement for the responses
should not affect the shape of their marginal distributions.
(F2) A distinct aspect to that pointed out in (F1) is that the BS
shape parameter changes with individuals, such as the median (in the original scale) or the mean (in the log-scale) to
be modeled in this paper. Empirical evidence has demonstrated that often the BS shape parameter does not change;
see the data analysis reported in our Section VI, Birnbaum
and Saunders [5], and Leiva et al. [25]. A test for homogeneity of the BS shape parameter in univariate BS regression models was derived by Xie and Wei [46]. However,
empirical evidence with real-world fatigue data used in that
work proved that the BS shape parameter does not change
with the specimens, which supports our assumption. To derive a test for homogeneity of shape parameters in multivariate BS regression models can be the subject of another
study, as it is beyond the scope of the present work. We
recall the multivariate regression model here proposed allows us to describe changes in the location, such as in Rieck
and Nedelman's univariate model.
Let
be a sample from a multivariate
log-GBS distribution with
(multivariate GBS
log-linear regression structure), and
their observations. Then, the log-likelihood function for
, with ‘vec’ and ‘svec’ denoting
the vectorization and vectorization of a symmetric matrix,
respectively, is given by

(19). Despite its mathematically complex form, the log-likelihood function given in (19) could be directly maximized with a
numerical procedure; see MacDonald [32]. The author pointed
out that, having excellent numerical optimizers now available
freely, one does have reasons to avoid, when it corresponds, the
direct maximization of a likelihood function. However, we decide to use, instead of this direct maximization, the EM algorithm due to the following. This algorithm comprises the expectation (E) and maximization (M) steps in each iteration. It has
several advantages associated with the proposed multivariate regression model, related to properties of the distribution given
in (16) and (E1)–(E4), which are shared by the log-BS- distribution, and transferred to the mentioned regression model.
These advantages are: 1) the EM algorithm can be easily implemented from a hierarchical structure based on the representation given in (16), allowing us to ﬁnd an estimation method for
both log-BS- and
cases simultaneously; 2) only by
its E-step (and not from the direct maximization), it is possible
to show the inherent robustness of the estimation method proposed for our models; and 3) under the multivariate BS- model,
its M-step is equivalent to the direct maximization of the likelihood function under the multivariate BS model (normal kernel).
These three points are described in detail below.
Again let
be a sample from the multivariate log-BS- distribution and
their observations. In addition, let
be the latent
vector and
their ﬁxed values, such that
..
being
. is the complete sample, with
the complete-data vector. Then, the complete-data log-likelihood function for is given by

(18)
where

, with
, and
, with
and
. From (18), with
kernel, the log-likelihood function for

(20)
, for
being the
is

-variate

is a constant independent of the parameter vector ,
where
and
are as given in (18), for
.
Now, from property (E1), we have
-

(19)
are given in
where is a constant independent of , and
(18). From (19), observe that it is not possible to ﬁnd a closed
form solution for the ML estimate of . Note that the parameter
does not involve the DFs of the multivariate log-BS- distribution, which must be ﬁxed. Thus, we work with a type proﬁle
log-likelihood function. As pointed by Lucas [31], the inﬂuence
function based on the distribution is bounded only when is
ﬁxed, producing robust parameter estimates. However, it is unbounded if is estimated by the ML method, indicating non-robustness. This unboundedness is also present in the estimation
of the corresponding standard error (SE); see Paula et al. [39]
for the case of the univariate BS- log-linear regression model.
For the multivariate BS log-linear regression model, the loglikelihood function for can be analogously constructed as in

and
(21)

, where
denotes that the components of the
for
denotes indepenrandom vector are independent, whereas
dent and identically distributed RVs. Thus, based on (21) and
properties (E2)–(E4), we have
(22)
Therefore, the expected value of
given from (20),
conditional on
, may be deﬁned as a function of by

(23)
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where
given in (22) acts as a weight
function, such as in the univariate case, allowing this estimation
procedure to be robust; see Paula et al. [39].
Algorithm 1 proposes an EM approach to estimate the parameters of the model given in (17) with kernel, maximizing the
expected value given in (23) with respect to . Because this expected value is function of , Algorithm 1 needs a starting value
to initiate the maximization. However, it reduces to ﬁnding
a starting value for
given in (23) as
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variants of the EM algorithm based on approximations of its
E-step or M-step, which preserve its convergence properties,
see Meng and Rubin [34]. In our case, in the M-step of Algorithm 1, an iterative method for solving non-linear optimization
problems is needed. For instance, the Broyden-Fletcher-Goldfarb-Shanno (BFGS) quasi-Newton method can be used; see
Lange [22], Leiva et al. [26], Mittelhammer et al. [35], Nocedal
and Wright [36], and Paula et al. [39]. The BFGS method is implemented in the R software by the functions optim and optimx; see www.R-project.org and R Core Team [40].
Algorithm 1: EM approach for estimating the multivariate
BS- regression model parameters

(24)
E-step. Given
, compute
, which reduces to computing
where

is a value of

to be ﬁxed and
has elements
, which must be evaluated
at initial values for and . Then, an initial value for can be
obtained as
, with
being computed
from the corresponding vector of the ordinary least square estimate
. In addition, from the ML method
for the univariate BS log-linear model, an initial value for may
be obtained as

, for
from (24);

M-step. Find

, for

, where
iterative procedure:

is given in (23), leading to the

(25)
Furthermore, to compute the weight function given in (24), we
need the matrix of starting values
. Based on
Property (D1), expressions in (13) and (25), and analogously to
Kundu et al. [20], we have

where

, with
, whose elements are
,

with
, and
with elements

Note that if
in Algorithm 1, that is, the RV used in the
representation given in (21) is degenerate, then this algorithm
also is useful for the multivariate BS regression model.
Because the EM algorithm is an iterative procedure, then the
function
given in (23) to be maximized must be evaluated
at a previous value to the th iteration of , inducting the nota. Algorithm 1 must be iterated until reaching
tion

, for
is a block diagonal matrix

.
V. SIMULATION STUDY

We evaluate the performance of the ML estimators with simulations based on the MC method. For this simulation study, we
consider the multivariate log-linear regression model

convergence, for example, when
, where
is the current ML estimate of and
its
previous estimate, with
being given in (20); see McLachlan
and Krishnan [33, pp. 21–23]. Note that, in some cases, the EM
algorithm does not admit an analytical solution in its E-step or
M-step. Then, it becomes necessary to use iterative methods for
the computation of the expectation or for the maximization. For

(26)
where
with

being the 3-variate normal or
, where
.

,
kernel. Note that
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(a)–(i) and log-BS- (j)–(r) PDFs with
Fig. 1. Contour plots of the
, (b)
, (c)
, (d)
, (e)
, (i)
, (j)
, (k)
, (o)
, (p)
(n)

IEEE TRANSACTIONS ON RELIABILITY, VOL. 65, NO. 2, JUNE 2016

and
, (f)
, (l)
, (q)

for the indicated values of parameters. (a)
, (g)
, (h)
, (m)
, (r)
.

,
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The true values assumed for the parameters are
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TABLE II
EMPIRICAL MEAN, RB, AND RMSE FOR THE INDICATED ESTIMATOR, , AND
MODEL WITH SIMULATED DATA

(27)
. The number of MC
whereas the sample size
replications is 5000. In each of these replications, we generate
the matrix of observations
, for
and
. Speciﬁcally, we use (26), (27), and the representations:
1)
given from (5)
for the normal case, with
being a value generated from
; or
2)
given from
(8) for the case, with
being a value generated from
and a value generated
from
, with
.
The values of the regressor
are obtained from a uniform
distribution in the interval (0, 1). Then, we ﬁt the model given
in (26) using Algorithm 1, which we have implemented in R
code. For each parameter and sample size, we report the empirical mean, relative bias (RB) in absolute value, and root of the
mean squared error (RMSE) of the ML estimators in Table II,
for
and BS- log-linear regression models. In this table,
observe that the ML estimators of the parameters
, and
present good statistical properties as increases, that is, the
RB and RMSE values decrease as the sample size increases,
as expected. In addition, note that the estimators of and are
more efﬁcient statistically under the BS- model for all sample
sizes considered, but the estimator of
is slightly more efﬁcient under the
model.
VI. DATA ANALYSIS
Die fracture is a typical metal fatigue caused by cyclic stress
in the course of the service life cycle of dies (die lifetime). Although this fatigue could be mainly determined by die lifetime,
other RVs can also be considered as responses to this fatigue.
The objective of the present data analysis is to model fatigue
in a metal forming process. We consider as responses to Von
Mises stress ( , in N/mm ), maximum deformation ( , dimensionless), manufacturing force ( , in Newton -N-), and die
lifetime ( , in number of cycles). The regressors that could affect these responses are friction coefﬁcient ( , dimensionless),
angle of die ( , in ), and work temperature ( , in C). We
illustrate our multivariate models with real-world fatigue data
associated with these variables taken from Lepadatu et al. [23].
The main advantage of a multivariate regression model over
marginal regressions is that it takes into account the correlation
between the responses. As mentioned, several responses related
to metal fatigue could be interacting in the process cycle. Then,
this interaction must be studied by means of a correlation statistical analysis. It must provide information about if correlation
must be considered in the modeling through a multivariate regression. Otherwise, several marginal models, one for each response, can be considered. However, analyzing these variables
individually, if statistical correlations between them exist, may

provide a wrong prediction. For more details about this issue,
see Lepadatu et al. [23].
First, we explore the data computing (linear) correlations
between each pair from the set
to justify the use of multivariate models, to discard any
collinearity among
, and to propose log-linear
regression models. Note that some log-linear relationships
are detected between the responses
and regressors
(scatter-plots are omitted due to space
restrictions). Therefore, linear relationships can be considered
between some log-responses
and
,
for
. Fig. 2 displays the scatter-plots for all the
log-responses and regressors, from which we detect that: 1) no
correlations exist between each pair from the set
,
discarding any possible collinearity problem in our model; 2)
large and reasonable correlations between each pair from the
set
, justifying the use of multivariate distributions; 3) large, reasonable and small correlations between
, and
, respectively;
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Fig. 2. Scatter-plots with their corresponding correlations for the indicated variables.

4) reasonable and small correlations between
and
, respectively; and 5) large and
small correlations between
and
, respectively, all which support the use of a multivariate multiple log-linear regression model. This should be
conﬁrmed by the inferential analysis.
Second, based on this exploratory data analysis, arguing the
fatigue principles of the BS distribution, and considering the robust estimation in BS- models, to describe
in
function of
(because
is discarded due to its small
correlations with the responses), we propose the multivariate
multiple log-linear regression model

where

, with
being the 4-variate normal or kernel.
We estimate the parameters of the multivariate BS and BSlog-linear regression models via the EM approach described in

Algorithm 1. Starting values,
procedure are

say, used in the maximization

whereas
. The interested reader is referred to Barros et
al. [3] and references therein for a justiﬁcation about this value.
We have veriﬁed that
corresponds to the value that
maximizes the log-likelihood function within a range of values
for .
As mentioned, in the iterations of M-step, we maximize
with the BFGS procedure, because a non-linear
optimization problem is presented. Note that, when comparing
the multivariate BS and BS- log-linear regression models,
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the maximized log-likelihood value is equivalent to using an
information criteria (such as Akaike or Schwartz), because the
value of is assumed to be known and, therefore, both models
(BS and BS- ) have the same amount of parameters. For the
data under analysis, the maximum values of the log-likelihood
function are 120.297 and 115.761 for the
and BSmodels, respectively, indicating, according this criterion, that
the
log-linear regression model is more appropriate to
describe these data.
log-linear regression model checking can be
conducted using the Mahalanobis distance, given by
, for
, where
is deﬁned in
(18). Based on property (D2), note that this distance follows
the
or
distribution if
is
the 4-variate normal or kernel, respectively. We substitute
in
, obtaining
, which has
the ML estimator
asymptotically the same distribution of
; see Lange et
al. [21]. We use the Wilson-Hilferty (WH) approximation for
transforming to normality this distance; see Ibacache-Pulgar et
al. [16] and references therein. Then, we check normality of
the transformed distances with the WH approximation using
goodness-of-ﬁt techniques.
Algorithm 2 details how to construct probability-probability
(PP) plots and compute their acceptance bands associated with
the Kolmogorov-Smirnov (KS) statistic for testing normality;
for more details, see Barros et al. [4] and Castro-Kuriss et al.
[7]. Fig. 3 shows PP plots with acceptance bands of a 10% signiﬁcance level for Mahalanobis distances transformed to normality with the WH approximation by using the fatigue data
under analysis. From this ﬁgure, we detect that the
model
provides a better ﬁt than the BS- model, which is corroborated
by the -values 0.2480 and 0.0736 of the KS test associated with
the PP plot, corresponding to both models, respectively. Note
that some points are outside the bands in the plot for the BSmodel. Therefore, we can conclude that the
log-linear regression model provides a better ﬁt to our data.
Algorithm 2: PP plots with acceptance bands for testing
normality.
1: Consider the data
and order them as
.
2: Estimate the mean and standard deviation (SD) of the
normal distribution by using
and
, respectively.
3: Compute
, for
,
where is the N(0, 1) CDF.
4: Draw the PP plot with points
versus
, for
.
5: Specify a signiﬁcance level
.
6: Construct acceptance bands according to
, where
is the
th percentile of the KS distribution and is a
continuous version of
.
7: Determine the -value of the KS statistic and reject the
null hypothesis of a normal distribution for the speciﬁed
signiﬁcance level based on this -value.
8: Corroborate coherence between steps 6 and 7.
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Fig. 3. PP plot with KS acceptance bands at 10% for transformed Mahalanobis
(left) and BS- (right)
distances obtained from metal fatigue data under
models.

TABLE III
ML ESTIMATE OF THE INDICATED PARAMETER AND MODEL WITH
ESTIMATED SE AND -VALUE FOR METAL FATIGUE DATA

ITS

Table III displays the model parameter estimates, the estimated SEs of the corresponding ML estimators for both models,
and -values of each -test. As usual, we employ the root of
the diagonal elements of the observed Fisher information inverse matrix to approximate the corresponding estimated SEs;
see Efron and Hinkley [10] and Paula et al. [39]. From this table,
and for a signiﬁcance level of 1%, we can obtain the following
conclusions for this application:
1) Most of the estimated correlations from the
and BSmodels result to be statistically signiﬁcant, corroborating
our conjectures from the exploratory analysis.
2) The coefﬁcients
and
must be discarded in the prediction of , but both of them must be considered for
, and . In addition,
must also be discarded
in the prediction of , but it must be considered for
, and . Thus, we can obtain a practical model to predict metal forming processes simultaneously describing
as a function of
.
3) We can use the estimated regression coefﬁcients to ﬁnd
the ML estimates of the scale parameters (medians)
of the BS distribution, which along with the ML estimate
of its shape parameter can be useful to determine the
reliability of the metal forming process or to evaluate its
failure rate.
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VII. CONCLUDING REMARKS
We have proposed new multivariate generalized BirnbaumSaunders regression models to describe fatigue data. Specifically, we have derived a new multivariate generalized logarithmic Birnbaum-Saunders distribution. Then, based on it, we
have formulated the log-linear regression models, which can be
useful for predicting metal forming processes in practice considering, for example, die lifetime, manufacturing force, deformation, and stress, as a function of the friction, angle die, and
work temperature. In addition, our models can be used for determining the reliability of the metal forming process, or its failure
rate. We have provided an estimation procedure of parameters
based on the maximum likelihood method with an efﬁcient computation expectation-maximization algorithm. We have evaluated this estimation procedure by simulations, which has shown
its good performance. The proposed models have been applied
to real-world multivariate metal fatigue data. Goodness-of-ﬁt
tests concluded that they are appropriate to describe these data.
It is noteworthy that, although we have obtained good results
using the proposed models, still some aspects can be improved
in future work, which are being studied by the authors. For example, it is possible to explore the effect of considering different
shape parameters in each response. In addition, heterogeneity
problems presented in the data might also be modeled. Furthermore, other estimation procedures and robustness aspects can
be investigated. Moreover, diagnostic measures can be developed for these regression models.
APPENDIX
Proof of Theorem 1: Let
be partitioned as in (14) and

-

, with
given in
, and
. In addition, consider some
(12),
properties of
distributions given in Fang et al. [11, pp.
43–46]. Then, (a)
..
, if
, with
,
.
and
..
, if
, with
.
; and (b)-(c) the PDF and CDF of
conditional on
are directly obtained from the PDF and CDF of
,
where

.
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