
Computers & Operations Research 69 (2016) 97–108
Contents lists available at ScienceDirect
Computers & Operations Research
http://d
0305-05

n Corr
E-m
URL
journal homepage: www.elsevier.com/locate/caor
Inventory management for new products with triangularly distributed
demand and lead-time

Peter Wanke a, Henrique Ewbank a, Víctor Leiva b,n, Fernando Rojas c

a COPPEAD Graduate School of Business, Universidade Federal de Rio de Janeiro, Brazil
b Faculty of Engineering and Sciences, Universidad Adolfo Ibáñez, Chile
c School of Nutrition and Dietetics, Universidad de Valparaíso, Chile
a r t i c l e i n f o

Available online 18 November 2015

Keywords:
Approximation of functions
Bisection method
Kernel method
Kullback–Leibler divergence
Monte Carlo method
(Q, r) model
R software
Statistical distributions
x.doi.org/10.1016/j.cor.2015.10.017
48/& 2015 Elsevier Ltd. All rights reserved.

esponding author.
ail address: victorleivasanchez@gmail.com (V.
: http://www.victorleiva.cl (V. Leiva).
a b s t r a c t

This paper proposes a computational methodology to deal with the inventory management of new
products by using the triangular distribution for both demand per unit time and lead-time. The dis-
tribution for demand during lead-time (or lead-time demand) corresponds to the sum of demands per
unit time, which is difficult to obtain. We consider the triangular distribution because it is useful when a
distribution is unknown due to data unavailability or problems to collect them. We provide an approach
to estimate the probability density function of the unknown lead-time demand distribution and use it to
establish the suitable inventory model for new products by optimizing the associated costs. We evaluate
the performance of the proposed methodology with simulated and real-world demand data. This
methodology may be a decision support tool for managers dealing with the measurement of demand
uncertainty in new products.

& 2015 Elsevier Ltd. All rights reserved.
1. Introduction

Studying uncertainty of demand during lead-time or lead-time
demand (LTD) is a key aspect not only for retailing and manu-
facturing, but also for supply chain planning [9]. This uncertainty is
present because demand per unit time (DPUT) and lead-time (LT)
usually occur in a stochastic fashion. Therefore, DPUT, LT and LTD
are random variables (RVs) following statistical distributions,
which can be characterized by their corresponding probability
density functions (PDFs).

We assume that the LTD is a random sum until the LT of
independent DPUTs, that is, the corresponding DPUT time series is
uncorrelated. The PDF of the LTD distribution is useful to deter-
mine the components of probabilistic inventory models. A model
that is often used for inventory supply planning is the (Q, r) model,
which is based on the order quantity or lot size (Q) and reorder
point (r). Note that Q corresponds to the quantity to be ordered
when the stock achieves a certain amount of products r. The
reorder point often includes a safety stock (SS) corresponding to a
buffer stock used to mitigate the risk of a stock-out. The model
components Q and r must be determined to minimize the total
cost of the inventory management. Such a cost is function of the
Leiva).
holding, ordering and shortage costs. When calculating the reor-
der point for a fixed service level, the LTD PDF is used. If the LTD
distribution is unknown, this PDF can be approximated by some
suitable approach. We simultaneously optimize Q and r as detailed
in Section 2.4; see also [33].

The Gaussian (or normal) distribution is often employed to
describe the RVs DPUT, LT and LTD due to its attractive properties.
However, assuming normality is not always suitable to model
these RVs [23,29,36]. When historical DPUT data for a single-
product are available, a pool of non-normal distributions can be
considered as candidates for modeling these data. To obtain the
inventory management model, the suitable DPUT distribution
must be selected by standard goodness-of-fit (GOF) methods [1].
Nevertheless, there are cases where the associated LTD distribu-
tion is difficult to obtain. Under such circumstances, empirical
distributions generated from raw data may be helpful for decision
making [35]. In the case of new products, modeling DPUT, LT and
LTD is difficult because historical data are unavailable, but business
decisions must be made prior to the availability of these data
[14,22]. Ref. [5] studied inventory models with a lognormal DPUT
distribution and indicated the LTD distribution under different
DPUT and LT distributions.

Demand uncertainty for new products has been handled by
learning-based and non-learning-based approaches [7]. Under
learning-based approaches, multiple production or purchasing
commitments are decided first in such a way that sales data
should be further obtained to update the demand forecasts and,
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then, to review these production/purchasing commitments
[3,6,28]. Under non-learning-based approaches, [8] used judg-
mental forecasts to establish demand uncertainty, whereas [36]
employed a uniform (UNI) distribution in that same case. Demand
uncertainty of new products could also benefit from other non-
learning-based approaches, such as approximations of untractable
LTD distributions by considering tractable DPUT and LT
distributions.

The triangular (TRI) distribution is tractable and known to be
useful when data are unavailable, difficult to obtain or expensive
to collect [10]. This distribution can be used for involving man-
agers in the analytical process by considering their subjective
estimates of the minimum, most likely (mode) and maximum
values. According to [15], the TRI distribution has the advantage of
being intuitively plausible to practitioners. However, despite its
long history dating back to [32], its recognition as a user-friendly
tool is more recent [19]. Assuming triangularity may help man-
agers in dealing with new products, which have no historical data,
and therefore, offer no possibility of establishing analogies with
similar products. Based on this assumption, managers may decide
the first lot size to be ordered and the reorder point.

The objective of the present paper is to propose a novel com-
putational methodology for inventory management of new pro-
ducts. Specifically, we consider TRI distributions for modeling both
DPUT and LT. In this case, the LTD distribution is unknown. Based
on the (Q, r) inventory model, we need the LTD PDF to determine
the components Q and r that minimize the expected inventory
total cost. We provide an approach to estimate the actual PDF of
the unknown LTD distribution obtained from triangularly dis-
tributed DPUT and LT by using polynomials and a mixture of
truncated exponentials (MTEs). We evaluate the quality of the
proposed approach with the Kullback–Leibler (KL) divergence [20]
using the kernel non-parametric method to estimate the unknown
LTD PDF such as [21]. Then, we employ the approach to the
unknown PDF for establishing a computational solution to the (Q,
r) inventory model for new products optimizing the associated
costs. Components Q and r are found by using the bisection
method on the partial derivatives of the total cost function with
expected shortages per cycle, which are studied under different
scenarios [13]. Managerial implications for inventory decision-
making are also addressed.

Section 2 proposes the novel methodology; Section 3 discusses
a computational framework for this methodology and conducts
simulations to evaluate its performance; Section 4 illustrates its
potential applications with real-world data; and Section 5 pro-
vides our conclusions and possible future works.
2. Methodology

In this section, we propose a methodology for inventory
management of new products. In Section 2.1, we present a back-
ground on the TRI distribution, which is helpful to model both
DPUT and LT, when their distributions are unknown due to data
unavailability or difficulties to collect them. In Section 2.2, we
provide some details on LTD distributions obtained from the sum
of independent RVs, which are useful for determining the LTD PDF.
In Section 2.4, we approximate the unknown LTD PDF resulting
from triangularly distributed DPUT and LT by using polynomials
and MTEs. The LTD PDF is needed to determine Q and r when
minimizing the inventory cost. In Section 2.5, we define the KL
divergence to evaluate the quality of the proposed approximations
in relation to an actual PDF, which is obtained with the kernel
method described in Section 2.3. At last, in Section 2.6, we com-
pute an analytical solution of the (Q, r) model considering the
polynomial approximation for the LTD PDF.
2.1. Triangular distribution

Let T be a continuous RV following a TRI distribution with
parameters a; b; cAR, where a and b are the minimum and max-
imum values of T, respectively, and c is the mode of the distribu-
tion. This is denoted by T � TRIða; b; cÞ. Then, the PDF, cumulative
distribution function (CDF) and quantile function (QF) of T are,
respectively, given by

f T ðtÞ ¼
dFT ðtÞ
dt

¼

2ðt�aÞ
ðb�aÞðc�aÞ if artrc;

2ðb�tÞ
ðb�aÞðb�cÞ if crtrb;

0 otherwise;

8>>>>><>>>>>:

FT ðtÞ ¼ PðTrtÞ ¼
Z t

�1
f T ðvÞdv¼

0 if toa;

ðc�aÞ
ðc�bÞ

ðt�aÞ2
ðc�aÞ2

; if artrc;

1�ðb�cÞ
ðb�aÞ

ðb�tÞ2
ðb�cÞ2

; if crtrb;

1 if t4b;

8>>>>>>>>><>>>>>>>>>:
tðqÞ ¼ F �1

T ðqÞ ¼
aþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
qðc�aÞðb�aÞ

p
if 0rqr ðc�aÞ=ðb�aÞ;

b�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1�qÞðb�cÞðb�aÞ

p
if ðc�aÞ=ðb�aÞrqr1:

(
ð1Þ

A random number generator for T � TRIða; b; cÞ is provided in
Algorithm 1 based on (1).

Algorithm 1. Random number generator for the TRI distribution.
Generate a uniform value u from U �UNIð0;1Þ.
Set values for a, b and c of T � TRIða;b; cÞ;
Compute a random number t ¼ t1 or t ¼ t2 from T � TRIða; b; cÞ
using (1), that is,

.1: If 0rur ðc�aÞ=ðb�aÞ, then t1 ¼ aþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
uðc�aÞðb�aÞ

p
;

.2: Else t2 ¼ b�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1�uÞðb�cÞðb�aÞ

p
;

Repeat Steps 1–3 until the required number of LTD obser-
vations has been generated.
The mean and variance of T � TRIða; b; cÞ are, respectively,

λ¼ EðTÞ ¼ aþbþc
3

; σ2 ¼ VarðTÞ ¼ ðb�aÞ2
18

1�ðc�aÞðb�cÞ
ðb�aÞ2

 !
: ð2Þ

2.2. Demand distribution during lead-time

Let X be a RV corresponding to the DPUT, which has mean EðXÞ
¼ λX and variance VarðXÞ ¼ σ2

X . In addition, let the RV L be the LT
between the ordering of a product and its delivery, which has
mean EðLÞ ¼ λL and variance VarðLÞ ¼ σ2

L . Furthermore, L is assumed
to be independent from each element of the sequence of inde-
pendent identically distributed RVs fX1;X2;…;XLg obtained from
the RV X. Moreover, assume that orders do not cross [12]. There-
fore, the LTD for a product is the random sum given by

Y ¼ X1þX2þ⋯þXL; ð3Þ
with PDF f Y ð�Þ defined on ½0;1Þ (non-negative support), CDF

FY ðyÞ ¼
Z y

0
f Y ðvÞ dv; ð4Þ

and QF yðqÞ ¼ F �1
Y ðqÞ, for 0oqo1. The expectation and variance of

Y are, respectively, expressed as

EðYÞ ¼ EðLÞEðXÞ ¼ λLλX ; ð5Þ

VarðYÞ ¼ VarðLÞðEðXÞÞ2þEðLÞVarðXÞ ¼ σ2
Lλ

2
XþλLσ2

X : ð6Þ
Note that, in general, the LT and DPUT can be modeled by any
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discrete or continuous distribution. However, since in this work
we assume that managers are planning to order the first lot size
and reorder point for a new product, we consider TRI distributions
for both LT and DPUT.

2.3. Kernel estimation

By fixing minimum, maximum and mode values for the RVs LT
and DPUT with TRI distributions, using Algorithm 1 to generate LT
and DPUT data, and the expression given in (3), we are able to
generate a sequence fy1;…; yng of n LTD observations (data). Then,
based on this sequence, we can define a kernel estimate of the
unknown PDF f Y ð�Þ by

bf Y ðyÞ ¼ 1
n h

Xn
i ¼ 1

K
yi�y
h

� �
; y40; ð7Þ

where Kð�Þ is a kernel function satisfying
R1
0 KðyÞ dy¼ 1, h a

smoothing parameter (or bandwidth) and y the point at which the
PDF is estimated. The Gaussian kernel with support in R is often
assumed for Kð�Þ given in (7). However, we are modeling demand
data with support in ½a; b�. Thus, instead of the Gaussian kernel, it
seems more natural to estimate the unknown PDF with a TRI
kernel by using

bf Y ðyÞ ¼ 1
n

Xn
i ¼ 1

Kh;yðyiÞ; ð8Þ

where Kh;y is a TRI kernel of parameters h (bandwidth) and y
(point at which the PDF is estimated) [31].

2.4. Density approximations

As mentioned, we consider TRI distributions to model both
DPUT and LT. Then, the LTD distribution of the new product is
unknown. We approximate the LTD PDF f Y ð�Þ with some suitable
functions by using the PDF estimated from the kernel method as
the actual LTD PDF. Consider real-valued basis functions given by

gkðyÞ ¼
Xk
i ¼ 0

αiΨ iðyÞ; ð9Þ

where αiAR are coefficients of the function Ψ ið�Þ, for i¼ 0;1;…; k.
Particular cases of Ψ ið�Þ defined in (9) correspond to polynomial
and exponential functions [21]. In order to approximate the PDF
f Y ð�Þ from (9), the polynomial function of order k given by

~f Y ðyÞ ¼
Xk
i ¼ 0

αiy
i ð10Þ

may be assumed. Thus, the LTD CDF given in (4) is approximated
from (10) by

~F Y ðyÞ ¼
Z y

0

Xk
i ¼ 0

αiv
i dv:

In addition, also from (9), a second approximation for the PDF f Y ð�Þ
can be established by a function of MTEs with k terms as

f Y ;jðyÞ ¼ α1jþ
Xk
i ¼ 1

α2i;jexpðα2iþ1;j yÞ; j¼ 1;…;m; ð11Þ

where j corresponds to each m-piece, k-term interval; readers are
referred to [30] for more details about approximation (11). Thus,
the LTD CDF is obtained from (11) by

F Y ;jðyÞ ¼
Z y

0
α1jþ

Xk
i ¼ 1

α2i;jexpðα2iþ1;j vÞ
 !

dv; j¼ 1;…;m:
2.5. Evaluation of the approximation

To evaluate the quality of the approximation provided in (10),
we use the KL divergence [4] given in general by

KL¼
Z 1

�1
log ðf ðyÞ=~f ðyÞÞf ðyÞ dy; ð12Þ

where f ð�Þ is an actual PDF and ~f ð�Þ its approximation.
Such as in [21], to compute the KL divergence given in (12) in

practice, we consider a kernel estimate as actual PDF obtaining

KL¼
Z b

a
log ðbf Y ðyÞ=~f Y ðyÞÞbf Y ðyÞ dy; ð13Þ

where bf Y ð�Þ is the TRI kernel estimate given in (8) and ~f Y ð�Þ the
approximation provided in (10) (or equivalently in (11)). We select
the approximation whose KL value given (13) is the smallest one.
We have empirically detected that the computational burden to
calculate (13) is negligible, which is less than one second.

2.6. Inventory management models

The expected annual total cost of inventory assuming shortage
is expressed as a sum of (i) the holding cost per product unit per
year, denoted by Ch, multiplied by the expected quantity in stock
of product units; (ii) the ordering cost, denoted by Co, multiplied
by the number of orders per year, and (iii) the penalty cost
whenever there are stock-outs, denoted by Cp, that is, the penalty
cost per shortage product unit per year multiplied by the number
of orders per year and by the expected quantity of shortage pro-
duct units per year. We are assuming a business has demand 365
days a year. Thus, for the (Q, r) model, the expected total cost per
year is

CT ¼ GðQ ; rÞ ¼ Q
2
þr�EðYÞ

� �
Chþ

365 λX
Q

CoþSðrÞ365 λX
Q

Cp; ð14Þ

where λX and EðYÞ are defined as in (2) and (5), respectively
[11,16,33]. On the one hand, note that λX is multiplied by 365,
because the total cost given in (14) is defined on an annual basis
and λX on a daily basis. On the other hand, EðYÞ is not altered,
because its scope is verified within each safety inventory cycle. For
the inventory total cost given in (14), r�EðYÞ ¼ SS¼ kq

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
VarðYÞ

p
,

with the standard deviation (SD) of the LTD
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
VarðYÞ

p
being given

from (6) and kq the amount of SDs of the LTD or safety factor (SF)
associated with a service level of q� 100%, for 0oqo1. Note that
kq corresponds to the q� 100 th standardized quantile, often fixed
at the 95th position for assuring a service level of 95%. In addition,
in (14), S(r) is the expected shortage per cycle given by

SðrÞ ¼
Z ymax

r
ðy�rÞf Y ðyÞ dy; ð15Þ

where ymax is the maximum value of the LTD, r the already men-
tioned reorder point and, as also mentioned, f Y ð�Þ the LTD PDF.
From (10), expression in (15) can be approximated by

~SðrÞ ¼
Z ymax

r
ðy�rÞ

Xk
i ¼ 0

αiyi dy: ð16Þ

Hence, by following the well-known sum rule in integration –

where summation and integral can be reversed, (16) is given by

~SðrÞ ¼
Xk
i ¼ 0

αi

Z ymax

r
ðy�rÞyi dy¼

Xk
i ¼ 0

αi
yiþ2
max�riþ2

iþ2
�rðyiþ1

max�riþ1Þ
iþ1

� �
:

ð17Þ
Note in (17) that we integrate first, expressing this approximate
expected shortage per cycle by a polynomial summation in r (the
reorder point – still a decision variable) and ymax (the maximum
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value of the LTD). To minimize the expected total cost given in
(14), we insert (17) into it, take derivatives of GðQ ; rÞ with respect
to Q and r, equate both derivatives to zero and obtain the optimal
values of Q and r of the inventory model with shortages from the
solutions in Q to these two equations given by

Q1 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 � 365λX

Ch
CoþCp

Xk
i ¼ 0

αiðyiþ2
max�riþ2Þ
iþ2

�
Xk
i ¼ 0

αiðyiþ1
max�riþ1Þ
iþ1

 ! !vuut ;

ð18Þ

Q2 ¼
365λXCp

Ch

Xk
i ¼ 0

αiðyiþ1
max�riþ1Þ
iþ1

: ð19Þ

Therefore, to find the optimal values of Q and r of the inventory
model, we consider the equation

Q1�Q2 ¼ 0: ð20Þ

The equation given in (20) can be solved in r by applying the
bisection method. Substituting r into (18) or (19), we obtain the
optimal value of Q. A similar treatment may be applied to equa-
tions obtained in (16)–(19) when the MTE approximation given in
(11) is used. We recall the approximation (10) or (11) can be
selected from the KL value given (13) to be the smallest one. We
use the bisection method because it is the simplest and most
robust algorithm for finding the root of an one-dimensional con-
tinuous function within a closed interval. One of its properties is
that it always converges. Also, it is preferable to the Newton–
Raphson method when the function coefficients are unknown. In
our case, it is not simple to find coefficients from Eqs. (18) and (19).
For details about the bisection method, see [26].
3. Computational framework

In this section, we detail the steps of the methodology proposed in
Section 2 with four algorithms. Then, we discuss a computational
framework developed for implementing the four algorithms and study
the performance of this methodology by means of a simulation study.

3.1. Algorithms for the methodology

The sequence of algorithms below shows how inventory
management of new products can be planned by companies using
the methodology proposed in Section 2.

Algorithm 2. Simulation of LTD data.
1:
2:

3:

4:

5:

1:
2:
Fix values a2, b2 and c2 of the RV LT L� TRIða2; b2; c2Þ.
Generate one LT value l from L� TRIða2; b2; c2Þ by using
Algorithm 1.
Set values for the minimum (a1), maximum (b1) and mode
(c1) of the RV DPUT X � TRIða1; b1; c1Þ.
Simulate a number l of DPUT data x1;…; xl from X � TRIða1;
b1; c1Þ by using Algorithm 1.
Compute one LTD value y summing DPUT data x1;…; xl such
as in expression (3).
Repeat Steps 1–5 to complete a number n of LTD data.
6:

Algorithm 3. Kernel estimation of the LTD PDF.
Generate n LTD data y1;…; yn by using Algorithm 2.
Estimate the LTD PDF with a TRI kernel by using expression
(8) and the data y¼ ðy1;…; ynÞ> by means of the R code
density(y, kernel¼‘‘triangular’’).
Algorithm 4. Approximation of the unknown LTD PDF.
Generate n LTD data y1;…; yn with Algorithm 2.
Estimate the unknown LTD PDF with the kernel method by
using Algorithm 3.
Approximate the unknown LTD PDF estimated with the kernel
method by the polynomial function defined in (10) as follows:
3.1: For k¼2 to k¼20 by 2, fit a polynomial function to the
actual PDF and calculate the KL divergence value between it
and the kernel estimate;
3.2: Choose the value of k with the smallest KL divergence
by using as stopping criteria a difference of less than 0.01%
in the KL value of the fit between two consecutive values
of k.
Use the polynomial of order k obtained in Step 3 as an approx-
imation for the unknown LTD PDF.
Algorithm 5. Optimization of the total cost for the (Q, r) model.
Replace the polynomial coefficients of order k obtained by
Algorithm 4 in derivatives (18) and (19).
Estimate λX and λL defined in (2) and (5) with DPUT and LT
data sets, respectively, and then replace them in derivatives
(18) and (19).
Fix holding (per unit) –Ch–, ordering –Co– and penalty (per
unit) –Cp– costs.
Insert the cost values fixed in Step 3 into derivatives (18) and
(19).
Find optimal values of Q and r that minimize the total cost
using (20), Steps 1–4 and the bisection method.
3.2. Computational implementation

R is a non-commercial and open source software for statistics
and graphs, which can be obtained at no cost from http://www.r-
project.org. The statistical software R is currently very popular in
the international scientific community. For use of this software in
inventory models, see [29] and [37]. We implement the metho-
dology introduced in this paper in the R software by using
Algorithms 1–5. A computational framework for analyzing data
utilizing this approach is being developed by the authors in an R
package whose “in progress” version is available upon request. Its
more important functions are detailed in Table 1, whereas analo-
gous functions can be considered for the MTE approximation.
Some R packages related to statistical distributions that may be
useful in inventory models are available at http://CRAN.R-project.
org and [24,34].

3.3. Simulation results

First, we use Algorithm 2 (command: datao�LTD

ð10000;tD;tLTÞ) and the Monte Carlo method to simulate data in
nine different scenarios for the RVs DPUT X � TRIða1; b1; c1Þ and LT
L� TRIða2; b2; c2Þ. Each of these nine scenarios is a combination of
a1; a2Af0:25;0:5;0:75g and b1; b2Af1:25;1:5;1:75g, which both are
multiples of c1 ¼ λX and c2 ¼ λL. Table 2 summarizes each TRI
distribution parameter and the corresponding scenario position
presented in Fig. 1. In this figure, first row represents scenarios
with negative skewness for DPUT distribution; second row sket-
ches scenarios with no skewness for the DPUT distribution;
whereas third row displays scenarios with positive skewness for
the DPUT distribution.

Second, with the n¼10,000 LTD data generated with Algo-
rithm 2, we now use Algorithm 3 (command: kernelTRI(data
$(LTD)) to estimate the unknown LTD PDF with the kernel

http://www.r-project.org
http://www.r-project.org
http://www.CRAN.R-project.org
http://www.CRAN.R-project.org


Table 1
Basic functions of an R package for the proposed methodology.

Function usage Arguments Description

LTD(Nsim,tD,tLT) Nsim: number of simulated data It simulates LTD data from TRI distributions.
tD: TRI(a1,b1,c1) DPUT distribution
tLT: TRI(a2,b2,c2) LT distribution

kernelTRI(d) d: LTD data obtained from the function LTD() It returns the kernel estimate of the PDF.
appPoly(d) d: LTD data obtained from the function LTD() It approximates the LTD PDF by a polynomial.
appMTE(d) d: LTD data obtained from the function LTD() It approximates the LTD PDF by an MTE.
KL(f,g) f: the PDF estimated by TRI kernel It calculates the KL divergence of g compared to f.

g: the approximate PDF
optimTC(kPOL,De,Ch,Co,Cp) kPOL: vector obtained from the function appPoly() It calculates the inventory total cost.

De: annual demand rate for a new product
Ch: holding cost
Co: ordering cost
Cp: penalty cost

printReport(Report, ltd) Report: an environment containing all the information of an evaluated scenario It prints report for a given scenario.
ltd: LTD

Table 2
Summary of TRI distribution parameters for simulation scenarios.

Scenario Row Column a1 b1 c1 a2 b2 c2

1 1 1 2.5 12.5 10 2.5 12.5 10
2 1 2 5.0 15.0 10 2.5 12.5 10
3 1 3 7.5 17.5 10 2.5 12.5 10
4 2 1 2.5 12.5 10 5.0 15.0 10
5 2 2 5.0 15.0 10 5.0 15.0 10
6 2 3 7.5 17.5 10 5.0 15.0 10
7 3 1 2.5 12.5 10 7.5 17.5 10
8 3 2 5.0 15.0 10 7.5 17.5 10
9 3 3 7.5 17.5 10 7.5 17.5 10
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method for each scenario. Then, by using Algorithm 4, we
approximate the estimated PDF with the best polynomial func-
tion (command: appPoly(data$LTD)) determined by the KL
divergence (command: KL(f,g)); see Fig. 2. From Fig. 1, note
that an excellent agreement exists between the kernel method
and the approximation based on TRI distributions, but the
quality of the approximation decreases as the order of the
polynomial decreases, as expected. Although the polynomial
adjustment for k¼2 does not present the smallest KL values, the
real roots of the second order polynomial function are con-
sidered as proxies for the integration limits of the respective
polynomial function. We also perform a robustness analysis on
these results, by comparing the polynomial fit with the MTE
approximation (command: appMTE(data$LTD)). The MTE
approximation provides an average KL value of 0.0419 and a
maximum KL value of 0.1400 for scenario 1; see Table 3. These
values reflect the approximation method of [5] with four inter-
vals; see Fig. 4. Detailed results for the MTE approximation are
omitted here due to restrictions of space, but they are available
under request. Comparing the achieved KL results for both
polynomial and MTE approximations, the provided approach
presents better results for the polynomial approximation.
Therefore, we decide to adopt it for our empirical illustration.

Third, we replace the polynomials of order k obtained with
Algorithm 4 in the expressions of the inventory total cost deriva-
tives with shortages given in (18) and (19). In addition, we con-
sider (i) a capital cost of 24% per year and a cost of one product
unit of $47; (ii) an opportunity (holding) cost per product unit per
year of Ch ¼ 0:24� $47¼ $11:28; (iii) an ordering cost (for placing
each order) of Co ¼ $25; and (iv) a penalty cost per shortage
product unit per year of Cp ¼ $10. With this, we have the total cost
function to be optimized. Now, we use Algorithm 5 (command:
optimalo�optimTCðkPOL;De;Ch;Co;CpÞ) to obtain optimal
values of the (Q ; r) model by applying the bisection method for
each of the nine scenarios, which allows us to find the roots of the
equation given in (20) after inserting the respective polynomial
coefficients.

The optimal r values are depicted in Fig. 3 (command:
printReport(optimal,ltd)). The final results for each of the
nine scenarios considered are presented in Table 3. As expected,
the skewness of the resulting LTD distribution significantly
impacts the optimal Q and r values, although none of the poly-
nomial fits provides KL values above 0.04. The tested scenarios
show that this computational solution is robust enough to handle
with strong asymmetries in both DPUT and LT distributions.
4. A real-world empirical illustration

In this section, we illustrate potential applications of the
approach provided in Section 2 by using a real-world problem and
the computational framework discussed in Section 3. First, we deal
with the inventory management of new products by employing
the proposed methodology considering DPUT and LT following TRI
distributions. Second, we consider the inventory management of
new products with (i) standard and (ii) equivalent product
methodologies, both analyzing real-world demand data. Standard
methodology consists of a known demand data analysis of a new
product, with data collected one year after its launching. Equiva-
lent methodology consists of a known demand data analysis for an
equivalent product, with data collected one year before its
launching.

4.1. Description of the problem

The drug supply in pharmacy units of Chilean primary health
centers is channeled through their central warehouse, which acts
as an intermediary between suppliers and output units (OU). The
OUs receive the demand for drugs, including its own pharmacy,
which performs dispensing of prescriptions to patients. This
warehouse needs the storage, conservation and distribution of
such drugs. Supply of warehouse is carried out by different sup-
pliers, each of them with different delivery periods. The suppliers
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Fig. 1. Histogram, kernel estimate and polynomial fit for the LTD PDF in the indicated scenario. (a) Scenario 1. (b) Scenario 2. (c) Scenario 3. (d) Scenario 4. (e) Scenario 5.
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are selected according to technical criteria or direct negotiation,
based on the needs for that time [27], which produces LT uncer-
tainty. The warehouse delivers products on a weekly basis to all
OUs by using aggregated demand requirements for each of them
in the same period. When introducing a new product to the
therapeutic arsenal, a problem is generated because the behavior
of demand in OUs is unknown, making the determination of the
lot sizes to be ordered difficult for an adequate supply. Empirically,
comparisons of the behavior of aggregated demand of OUs are
done based on products of similar therapeutic characteristics
(equivalent) in previous periods, in order to determine the rate of
demand and lot sizes that satisfy the requirements. For details
illustrating the supply system, see Fig. 5. We consider the weekly
actual demand of two pharmaceutical products. One of them is an
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innovative product named Losartan Potassium, whose unit of
measurement per coated tablet is 50 mg. This pharmaceutical
product replaces a similar therapeutic use product named Acetyl
Salicylic Acid, whose unit of measurement per tablet is 100 mg.
We consider a family health center located at the city of Concon,
Chile, whose data were collected for a study of supply policy
conducted by Fernando Rojas in the University of Valparaíso, Chile,
during 52 weeks of the year 2012 (from January 1 to December
31). The products are shipped from the warehouse to this family
health center.

4.2. The proposed methodology

By using an expert judgment for the new product Losartan
Potassium, we consider the TRI DPUT parameters to be a1 ¼ 0; b1
¼ 45;000 and c1 ¼ 10;000, and the TRI LT parameters to be a2 ¼ 1,
b2 ¼ 4 and c2 ¼ 2. Therefore, the mean DPUT of the new product is
λX ¼ 18;333:33 units and the mean LT of the new product is λL ¼
2:33 weeks. In addition, we consider Ch ¼ $0:22 per product unit
per year, Co ¼ $138;603:84 per order and Cp ¼ $9:44 per shortage
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Fig. 2. KL analysis for the polynomial fit in the indicated scenario.

Table 3
Summary of the best fit degree, polynomial coefficients, KL, Q and r for the indicated sc

Scenario 1 2 3 4 5
Degree 11 11 10 8 1

Polynomial coefficients

α0 0.0723 �0.4400 0.5177 0.4435 �
α1 �0.0194 0.0975 �0.0801 �0.0547 0
α2 0.0022 �0.0093 0.0053 0.0029 �
α3 �0.0001 0.0005 �0.0002 �8.35E–05 0
α4 6.03E–06 �1.72E–05 4.66E–06 1.47E–06 �
α5 �1.63E–07 3.94E–07 �7.17E–08 �1.60E–08 1
α6 2.94E–09 �6.15E–09 7.32E–10 1.03E–10 �
α7 �3.55E–11 6.59E–11 �4.92E–12 �3.67E–13 9
α8 2.81E–13 �4.75E–13 2.08E–14 5.47E–16 �
α9 �1.40E–15 2.20E–15 �5.02E–17 – 8
α10 4.00E–18 �5.91E–18 5.27E–20 – �
α11 �4.94E–21 6.99E–21 – – –

α12 – – – – –

Q 260.4 281.1 284.8 278.2 3
r 94.7 108.7 112.0 105.8 1

Polynomial approximation

KL 0.0232 0.0314 0.0282 0.0202 0

MTE approximation

KL 0.1400 0.0509 0.0127 0.0375 0
product unit per year. All of these values were provided by the
manager of pharmacy unit of the primary health care center. Thus,
based on the proposed methodology, the optimal values for the (Q,
r) model of the new product obtained from the expected total cost
per year given in (14) are Q⋆ ¼ 885;187 units and r⋆ ¼ 66;917
units, whereas the optimum total cost is $189,343.90.

4.3. The standard methodology

Now, assume a data set for the weekly actual demand of the
pharmaceutical new product (Losartan Potassium in units of
50 mg), which was collected one year after its launching and is
presented in Table 4. Table 5 provides some descriptive statistics of
the DPUT data for the new product, such as the sample size (n),
minimum and maximum values, median, mean (x), SD and the
coefficients of variation (CV), skewness or asymmetry (CS) and
kurtosis (CK). Note that the DPUT distribution of the new product,
with data collected one year before its launching, has positive
skewness and moderate kurtosis. Fig. 6(a) shows the histogram of
these data with estimated gamma PDF; see details about the
selection of this distribution in Section 4.5. From this figure, note
that the gamma distribution reproduces the shape of the empirical
distribution of the DPUT very well and it is consistent with results
presented in Table 6. Thus, for the standard methodology, we use a
gamma DPUT distribution and a TRI LT distribution, and then we
approximate the LTD distribution according to the procedure
proposed by [33]. In addition, by considering the costs Ch;Co and
Cp, the optimal values for the ðQ ; rÞ model of the product, obtained
from the expected total cost per year given in (14), are Q⋆ ¼ 983;
435 units and r⋆ ¼ 138;608 units, whereas the optimum total cost
is $247,091.80.

4.4. The equivalent product methodology

As usual in practice when data for new products are unavailable,
data from an equivalent product can be assumed. We use data of
weekly actual demand of Acetyl Salicylic Acid (in units of 100 mg),
which were collected one year before the launching of the new
product and are presented in Table 4. Table 5 provides some
enario.

6 7 8 9
0 10 12 12 9

0.7338 2.4653 37.8632 90.4228 �41.8525
.1460 �0.2226 �4.7841 �9.4490 2.8471
0.0106 0.0087 0.2674 0.4382 �0.0842
.0004 �0.0002 �0.00871 �0.0119 0.0014
9.51E–06 2.61E–06 0.0002 0.0002 �1.51E–05
.42E–07 �2.31E–08 �2.63E–06 �2.53E–06 1.04E–07
1.41E–09 1.32E–10 2.60E–08 2.11E–08 �4.73E–10
.10E–12 �4.75E–13 �1.77E–10 �1.22E–10 1.36E–12
3.71E–14 9.78E–16 8.04E–13 4.73E–13 �2.23E–15
.68E–17 �9.03E–19 �2.26E–15 �1.14E–15 1.60E–18
8.85E–20 6.81E–23 3.16E–18 1.37E–18 –

– 0 0 –

– �3.94E–24 �1.28E–24 –

04.6 284.8 283.4 285.0 403.6
21.8 112.1 110.7 112.4 170.0

.0237 0.0217 0.0293 0.0281 0.0366

.0231 0.0203 0.0323 0.0475 0.0132
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descriptive statistics of the DPUT data for the equivalent product. Note
that the DPUT distribution of the equivalent product is also positively
skewed and has a high kurtosis. Fig. 6(b) shows the histogram of the
equivalent product DPUT data with estimated gamma PDF. From this
figure, note that the gamma distribution reproduces the shape of the
empirical distribution of the DPUT fairly and it has the best fit to
DPUT data; see details about the selection of this distribution in
Section 4.5. For the equivalent product methodology, we proceed
analogously as in the standard methodology, obtaining the optimal
values for the (Q, r) model to be Q⋆ ¼ 1;064;812 units, r⋆ ¼ 205;733
units and an optimum total cost of $279,537.70.

4.5. Fitting DPUT distributions and summary of results

For the standard and equivalent methodologies, Birnbaum–

Saunders [25], exponential, gamma, Gaussian, inverse Gaussian,
lognormal and Weibull distributions [29] are fitted to DPUT data;
see [17] and [18] for more details about these distributions. Based
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Fig. 5. Supply system in pharmacy units of primary health care centers in Chile,
where Si ¼ supplier i, LTi ¼ LT of Si for i¼ 1;2;3, and OUj ¼ output unit j, for
j¼ 1;…;5.

P. Wanke et al. / Computers & Operations Research 69 (2016) 97–108 105
on the GOF Kolmogorov–Smirnov (KS) test, results presented in

Table 6 suggest that the gamma distribution fits better the data in

both standard and equivalent methodologies. We ratify visually

this good fit of the gamma distribution to DPUT data from the

histograms with estimated gamma PDF in Fig. 6 and probability–

probability (PP) plots with 95% acceptance bands in Fig. 7; for

more details about these graphical plots, see [2].
Based on each methodology, it is possible to calculate values for

KL divergence, weeks on hand, turnover, lot size, expected short-
age, fill rate and inventory annual total cost, as shown in Table 7.
From this table, note that the TRI methodology produces values of
the total cost, lot size and KL divergence that are closer to the
standard methodology than to the equivalent methodology.



Table 4
DPUT data from new (used with the standard methodology) and equivalent products.

Week DPUT Week DPUT Week DPUT Week DPUT

Standard Equiv Standard Equiv Standard Equiv Standard Equiv

1 10,000 10,000 14 20,000 14,000 27 0 14,000 40 15,300 10,000
2 20,000 45,000 15 15,000 21,000 28 3000 7000 41 39,000 20,000
3 0 0 16 0 10,000 29 10,000 7000 42 7000 0
4 10,000 0 17 15,000 10,000 30 5000 1200 43 30,000 35,000
5 0 0 18 0 11,000 31 0 15,000 44 10,000 0
6 8000 0 19 46,000 14,000 32 24,000 14,000 45 24,000 0
7 15,000 15,000 20 0 14,000 33 12,000 10,000 46 25,000 20,000
8 0 0 21 0 14,000 34 19,000 14,000 47 10,000 10,000
9 30,000 9000 22 20,000 11,000 35 6000 7000 48 20,000 10,000
10 20,000 20,000 23 25,000 21,000 36 0 24,000 49 10,000 10,000
11 12,000 12,000 24 9000 14,000 37 0 10,000 50 20,000 10,000
12 15,000 14,000 25 23,000 14,000 38 0 6000 51 15,000 10,000
13 14,000 11,000 26 0 10,000 39 24,000 16,000 52 10,000 19,000

Table 6
KS p-values for the indicated methodology and distribution with DPUT data.

Distribution KS p-value (standard) KS p-value (equivalent)

Birnbaum–Saunders 0.649 0.006
Exponential 0.003 o0:001
Gamma 0.753 0.113
Gaussian 0.424 0.024
Inverse Gaussian 0.609 0.005
Lognormal 0.694 0.036
TRI 0.150 o0:001
Weibull 0.823 0.086

Table 5
Descriptive statistics for the indicated DPUT data set.

Data set Zeros n Minimum Median x SD CV CS CK Maximum

Standard Yes 52 0 11,000 12,794.23 10,846.60 0.85 0.70 3.26 46,000
Equivalent Yes 52 0 10,500 11,792.31 8490.36 0.72 1.25 6.40 45,000
Standard No 39 3000 15,000 17,058.97 9123.07 0.53 1.03 4.15 46,000
Equivalent No 44 1200 13,000 13,936.36 7410.963 0.53 2.09 8.96 45,000
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Fig. 6. Histograms with estimated PDFs from the gamma distribution and kernel method for standard (left) and equivalent (right) product DPUT data.
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However, the value of fill rate for the TRI methodology is similar to
the value of the standard and equivalent methodologies.
5. Conclusions and future research

We proposed a methodology to deal with the inventory man-
agement of new products by using triangular distributions for both
demand per unit time and lead-time. Inventory shortage and total
cost expressions for the ðQ ; rÞ model were provided and compu-
tationally implemented for triangularly distributed demand per
unit time and lead-time, based on polynomial and mixture of
truncated exponential approximations for the probability density
function of the demand during lead-time. We evaluated our
methodology under nine different scenarios in order to assess the
robustness of the computational procedure. Managers, however,
can easily alter the parameters of the original demand and lead-
time distributions to assess any other particular case. New product
inventory management represents an appropriate situation for
applying the results derived in this paper, because demand data
tend to be difficult or expensive to collect. The main advantage of
assuming a triangular distribution is its ease of involving managers
in the analytical process by capturing their subjective estimates in
terms of the minimum, most likely and maximum values. This is
particularly important when decisions regarding the first lot size
and reorder point must be made. The idea is to build a consensus
basis regarding minimal, most likely and maximal demand fore-
cast for a given new product and to deploy its impacts on the
inventory replenishment model. This non-learning based
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Table 7
Summary of results for the indicated methodology.

Methodology DPUT distribution KL Weeks on hand Turnover (per year) Lot size Expected shortage Fill rate Total cost

Proposed TRI 0.0288 88.5 0.59 885,187 23,726.1 0.9732 $189343.90
Standard Gamma 0.1225 76.9 0.68 983,435 2213.2 0.9977 $247091.80
Equivalent Gamma 0.1302 88.9 0.58 1,064,812 6866.5 0.9935 $279537.70
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approach could be used as a first decision round on lot sizes and
reorder points, whereas the learning process related to the dis-
tribution is still ongoing. The polynomial approximation to the
triangularity assumption proved to be fairly robust, with extre-
mely small Kullback–Leibler divergence values.

Future research should expand and generalize the solutions to
the (Q, r) model, thus making their assumptions more flexible for
handling other situations, such as different cycle service level mea-
sures. More generic solutions for triangularly distributed demand
and lead-time could be used to support managerial initiatives to
supply chain planning at other stages of the product life cycle.
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