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In this article, the main properties of a model of supersolid in the frame of a Gross–Pitaevskii
equation is reviewed. It was developed mainly by the author with Pomeau, Josserand and
Sepúlveda. Emphasis is placed on the numerical details and tools that are absent in our previ-
ous publications and maybe useful for authors who are eventually interested in the model. The
model exhibits superfluid properties like nonclassical moment of inertia at T = 0K, quantized
vortices and persistent currents without the presence of defects, moreover, only a transient flow
is allowed by defects, akin to plastic flow in ordinary solids.
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1. Introduction

Penrose and Onsager [1995] proposed to consider
the Bose–Einstein condensation in solids and the
impossibility of such a “supersolid”. Later work of
Andreev and Lifshitz [1969], Reatto [1969], Chester
[1970] have suggested that supersolids maybe a kind
of Bose–Einstein condensation of defects, vacancies,
intersitials, etc. that display a coherent state and
can realize a matter flow through the crystal. After
the theory [Andreev and Lifshitz, 1969] in the pos-
sibility of such a superflow was expected under an
external force or pressure. The very first exper-
iment by Andreev and collaborators in [Andreev
et al., 1969] did not show such an expected super-
flow. They put a small sphere inside a bucket filled
with solid helium, expecting that the sphere may
flow down because of its own weight under gravity.
Similarly, solid Helium submitted to pressure gra-
dient did not flow either [Greywall, 1977; Bonfait,
1989].

Superfluid liquid helium presents a nonclassical
rotational inertia (NCRI) which is an anomalous
drop of the effective (and measurable) moment of
inertia of a substance in a container of various
geometry, like annular, cylindrical, cubic or porous
vycor. A NCRI experiment allows to determine
via a torsional resonator the effective moment of
inertia (which is always lower than the rigid body
rotation) for different temperatures, after some
considerations on the geometry the superfluid den-
sity appears as a universal property of superfluid
helium. The property of nonclassical rotational iner-
tia became a fundamental characteristic of a super-
fluid and it was first suggested by Leggett [1970], in
the probably most important theoretical paper on
supersolids, that a NCRI experiment maybe a test
for supersolids. However, experiments by Reppy and
collaborators [Bishop, 1981] in the early 80’s failed
to put in evidence a NCRI in solid helium.

Although, in the last 40 years, a more or less
constant research on the supersolid state fails to
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put forward evidence of this state of matter [Meisel,
1992], recent experiments by Kim and Chan [2004a,
2004b, 2006, 2007] have observed a nonclassical
rotational inertia below 0.2 K and have given new
life to the subject. Contrary to superfluid helium,
and superfluids in general, the zero temperature
limit gives a “superfluid fraction” or “supersolid
fraction” about only a 2%, while in superfluids the
superfluid fraction is always 100%. In his seminal
paper Leggett [1970] indicates that the crystalline
structure provides a natural lower value for the
superfluid fraction at T = 0K.

More recently, the experimental situation
became puzzling: although a NCRI has been con-
firmed, crystal annealing was shown to lower dra-
matically the superfluid fraction [Rittner & Reppy,
2006, 2007]. Moreover, the responses of solid 4He
to a localized pressure jump presented no evidence
of superflow in the solid [Day et al., 2005, 2006].
The experimental context thus presents apparent
contradictions between NCRI measurements and
pressure driven flows with the role of disorder
(through vacancies, grain boundaries. . . ) to be elu-
cidated [Sasaki et al., 2006]. The climax arose
last year with two important observations: it has
been observed, via thermodynamic measurements,
a probable anomaly by an excess of heat capacity
at temperature lower than 0.2K [Lin et al., 2007]
and the mechanical response shows an increase of
the shear modulus of solid helium with the same
dependence of the observed NCRI [Day & Beamish,
2007].

Briefly, according to the actual experimental
context it will be interesting for a theorist to try
an answer to the following questions:

— Why supersolid helium behaves like a coher-
ent superfluid in a nonclassical rotational inertia
experiment but its behavior is of an ordinary
solid in pressure/external force driven experi-
ments?

— Why the NCRI or supersolid fraction is so
small?

— Why is there an anomaly of the heat capacity?
— Are superfluid (or supersolid) fraction and heat

capacity dependence on temperature related?
— Why is there an anomaly of shear modulus?

Why has this anomaly a close dependence with
the NCRI fraction?

The theoretical framework for describing super-
solids presents also some fundamental puzzles.

Beside Penrose and Onsager argument [Penrose &
Onsager, 1956], Prokof’ev and Svistunov [2005]
claimed that a free-defect supersolid cannot arise
in nature. This claim is not based upon any for-
mal calculation, moreover it is mainly a quali-
tative argument that the winding number must
(not proven and hard to see in the limit T →
0 and in space dimensions higher than one) be
negligible in a perfect solid and becomes possible
only in the presence of vacancies or interstitials.
On the numerical side, based on path integral
montecarlo, Ceperley and Bernu [2004] claim the
absence of superfluid density while Cozorla and
Boronat [2006] predict a finite superfluid fraction
or NCRI. More, recently Clark and Ceperley [2006]
and Boniensegui et al. [2006] predict that a perfect
crystal cannot exhibit off diagonal long range order,
while Reatto and collaborators [Galli et al., 2005]
answer positively that a perfect crystal do exhibit
ODLRO.

It is necessary to have caution with such esti-
mations: path integral Montecarlo estimations are
difficult in the limit T → 0, and based on the wind-
ing number that seems to be valid only in one (or
quasi one) dimensional multiconnected system, on
the other hand, variational approaches depend on
the shape of the class of trial function used.

Extensive reviews, with emphasis on the roll of
disorder, on the subject are available in [Prokof’ev,
2007; Balibar & Caupin, 2008].

From now on, I will focus on a model of super-
solid that cannot be applied straight-forward to the
physics of solid helium from a microscopic point of
view, but has some advantages: the first is that the
model is supersolid in the Leggett’s sense [Leggett,
1970], i.e. it presents NCRI, however non super-
flow is possible under an external force; second, it
maybe easily implemented in numerical simulations
where superfluids as well as ordinary solid behav-
ior maybe tested; finally, it makes some predictions
that maybe considered in experiments.

After the works by Kirzhnits and Nepom-
nyashchii [1970, 1971], Schneider and Enz [1971] in
the early seventies solid helium has been regarded
as a manifestation of an instability as the roton
minimum touches the zero energy line. Although
this idea has been circulating for many years,
in [Pomeau & Rica, 1994] we have proposed a
model consisting of the Gross–Pitaevskii equation
[Gross, 1963; Pitaevskii, 1961] with a roton mini-
mum in the dispersion relation, already introduced
in 1993 [Pomeau & Rica, 1993], that present a
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first order phase transition to a crystalline state
as the roton minimun decreases. The difference
with the usual Gross–Pitaevskii commonly used for
dilute gases where the Gross–Pitaevskii equation is
a good approximation, is in the potential of inter-
action between atoms that includes now a nontriv-
ial dependence on their distance. A fundamental
difference with previous Schneider and Enz [1971]
is that as a consequence of the symmetries of the
crystalline order, crystallization happens for a finite
energy roton gap.

In [Josserand et al., 2007a, 2007b] we have
developed a theory for the long wave perturba-
tions of this model of supersolid. A new propagat-
ing mode appears besides the usual longitudinal and
transverse phonons in regular crystals. This mode is
partly a modulation of the coherent quantum phase,
like the phonons in superfluids at zero tempera-
ture. Moreover, we discussed the role of boundary
conditions and how to handle steady rotation and
pressure driven flow in this model. The mechanical
equilibrium was studied under external constrains
as steady rotation or external stress and the model
displays a paradoxical behavior:

The existence of a nonclassical rotational
inertia fraction in the limit of small rota-
tion speed that do not require defects nor
vacancies and no superflow under small (but
finite) stress nor external force. The only
matter flow for finite stress is due to plastic-
ity being facilitated by the eventual presence
of defects.

Our numerical simulations [Josserand, 2007a]
clearly show that, within the same model a nonclas-
sical rotational inertia is observed as well a regular
elastic response to external stress or forces without
any flow of matter, as in experiments [Kim & Chan,
2006, 2007; Day et al., 2005, 2006].

The aim of the present article is to review the
main properties of a fully explicit model of super-
solid which displays either solid-like behavior or
superflow depending on the external constrain and
on the boundary conditions on the reservoir wall
and to provide the necessary tools to widely use
the model in numerical simulation in different situ-
ations, geometries, external stresses, etc.

In Sec. 2 the nonlocal Gross–Pitaevskii equa-
tion and its fundamental properties are presented.
Section 3 describes the space periodic ground state
in various regimes and space dimensions. In Sec. 4 a
macroscopical theory is presented. Finally, in Sec. 5,

few superfluid properties are treated: the existence
of a NCRI, four sound modes instead of the usual
three in solids, quantized vortex and persistent
currents.

2. The Gross–Pitaevskii Like Model
of Supersolid

Our model is based upon the original form of
the Gross–Pitaevskii (G–P) equation for the wave-
function of a weakly interacting Bose–Einstein
condensate. This is an equation for a complex val-
ued function ψ(r, t) (this is a complex field, not an
operator) that reads:

i�
∂ψ

∂t
= − �

2

2m
∇2ψ + ψ(r)

∫
U(|r − r′|)|ψ(r′)|2dr′.

(1)

This equation can be derived from the full
Schrödinger equation of many interacting bosons in
the limit where the interaction potential is weak
and the condensate wave function is highly pop-
ulated. The two-body interaction potential, that
depends on the relative distance, should satisfy that∫
U(|r|) dr is finite and positive constant. Moreover,

we shall also require that the Fourier transform

Ûk =
∫
U(|r|) eik·rdr (2)

has to be bounded for all k, and, as we will see later,
Ûk should become negative in some bandwidth in k
space.

The difference with the most commonly used
form of the G–P equation is that the potential
of interaction between atoms includes a nontriv-
ial dependence on the distance although usually
this interaction is taken as a δ-function in such a
way that the cubic term in Eq. (1) becomes sim-
ply gψ(r)|ψ(r)|2 . For dilute vapors at low temper-
ature, the latter model is a fair approximation of
the dynamics, g being proportional to the scatter-
ing length for s-waves. The author does not know an
experimental realization where this nonlocal Gross–
Pitaevskii equation may be applied.

2.1. Basic properties, invariances
and conserved quantities

Equation (1) possesses the following properties:

• translation invariance: if ψ(r, t) is a solution,
ψ(r + d, t) is as well, with d any real constant.
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• phase invariance: similarly ψ(r, t)eiα with α a real
constant, is a solution.

• galilean invariance: the “boost solution” ψ(r −
vt, t) ei(mv·r/�+ 1

2
mv2t/�) with v any constant vec-

tor is also a solution.
• Equation (1) follows a hamiltonian dynamics:

i�
∂ψ

∂t
=
δH

δψ∗ ,

where

H[ψ,ψ∗] =
�

2

2m

∫
|∇ψ(r)|2dr

+
1
2

∫
U(|r− r′|)|ψ(r)|2|ψ(r′)|2 dr dr′,

(3)

is positive if U(s) ≥ 0 for all s.
• The Hamiltonian H, the number of particles
N =

∫ |ψ(r)|2 dr and the linear momentum P =
−(i�/2)

∫
(ψ∗∇ψ − ψ∇ψ∗)dx are conserved by

the dynamics with adequate boundary condi-
tions.1

• The Hamiltonian is convex for real values of ψ,
that is, if one defines E[ψ2] ≡ H[ψ,ψ] for a real
wavefunction ψ, then [Benguria et al., 1981]

E[ψ2 = λψ2
1 +(1−λ)ψ2

2] ≤ λE[ψ2
1 ]+(1−λ)E[ψ2

2 ].

• The change of variables: ψ =
√
ρeiφ with ρ and φ

as two real fields, then the Gross–Pitaevskii equa-
tion (1) is transformed into a perfect compressible
fluid like a set of equations, that are the continu-
ity equation for the conservation of matter:

∂ρ

∂t
+

�

m
∇ · (ρ∇φ) = 0, (4)

and a Bernoulli-like equation:

�
∂φ

∂t
+

�
2

2m
(∇φ)2 +

∫
U(|r − r′|)|ρ(r)|2 dr′

+
�

2

4m

(
(∇ρ)2

2ρ2
− ∇2ρ

ρ

)
= 0. (5)

Finally, the hamiltonian takes the form:

H[ρ, φ]

=
�

2

2m

∫ (
1

4ρ(r)
|∇ρ(r)|2 + ρ(r)|∇φ(r)|2

)
dr

+
1
2

∫
U(|r − r′|)ρ(r)ρ(r′) drdr′. (6)

Remark. According to the energy (6), the ground-
state solution is real (up to a constant phase) and
any nonuniform phase increases the ground state
energy. A physical consequence is that the ground
state has zero momentum P. Moreover, in general
the ground state is strictly positive. If, however, the
ground state vanishes at some point x∗ as ρ0(r) ∼
|r− r∗|α with α > 0 therefore α > 2 −D. Indeed a
ground state with 0 < α ≤ 2−D requires an infinite
energy, since the energy in (6) diverges as:∫

1
4ρ(r)

|∇ρ(r)|2dr ≈ finite term

+α2

∫
V (r∗)ε

|r− r∗|α−2dr ≈ finite term

+O(εα+D−2),

when ε→ 0.

2.2. Bogoliubov spectrum with rotons

Given n the mean density defined as the number
of particles per unit length, surface or volume in
one, two or three space dimensions respectively,
the homogenous and stationary (up to a phase fre-
quency) function ψ0 =

√
ne−i

E0
�

t, where E0 = nÛ0,
is a solution of (1). As discussed in the next section,
one can show that this solution is stable and can
also be the ground state for small enough n. Indeed,
small perturbations around this uniform solution
are dispersive waves:

ψ(r, t) = ψ0 + (uke
i(k·r−ωkt) + vke

−i(k·r−ωkt))e−i
E0
�

t

where k and ωk satisfy the Bogoliubov dispersion
relation or spectrum [Bogoliubov, 1947]

�ωk =

√(
�2k2

2m

)2

+
�2k2

m
nÛk. (7)

We shall assume that the potential scales as
U0 and possesses a single length scale a. As dis-
cussed in [Pomeau & Rica, 1994], the spectrum
depends then only on a single dimensionless param-
eter: Λ ∼ naD(ma2/�2)U0 that is the product of a
de Boer kind of parameter (that measures the ratio
between the particle interaction and a zero point

1Note that a Galilean boost with a speed v changes the energy H ′ = H+P·v+(1/2)mNv2 and the momentum P′ = P+mNv
as usually in classical mechanics.
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energy) and the gaseous parameter naD. More pre-
cisely we define

Λ =
ma2

�2
nÛ0, (8)

where, according to (2), Û0 =
∫
U(r)dr. Notice

that the existence of a single dimensionless num-
ber in the problem does not take account of the
complete nature of real solids where it exists, at
least, two independent dimensionless number naD

and (ma2/�2)U0.
The dimensionless Bogoliubov dispersion rela-

tions becomes

�ωk =
�

2

ma2
ω̃Λ(k a), with

(9)

ω̃Λ(s) =

√
s4

4
+ Λs2uD(s),

where uD(s) = Ûs/a/Û0 depends only on the inter-
particle potential and the space dimension.

For some analytical results and for the numer-
ics we will choose a soft core interaction [Pomeau &
Rica, 1994]

U(|r − r′|) = U0θ(a− |r− r′|) (10)

with θ(·) the Heaviside function: θ(s) = 1 if s > 0
and θ(s) = 0 if s < 0. The Fourier transform of this
special interaction potential leads to

Ûk = Û0uD(ka) (11)

with

Û0 =




2aU0 1 −D;

πa2U0 2 −D;

4π
3
a3U0 3 −D;

and

uD(s) =




sin s
s

1 −D;

2
J1(s)
s

2 −D;

3
s2

(
sin s
s

− cos s
)

3 −D;

where J1(x) is a Bessel function.
The spectrum represents well a phonon part

together with a roton one (see Fig. 1). The long
wave regime are phonons that propagate with
a speed of sound cs = (�/ma)

√
Λ. The short

wave regime, the roton part, has the following

Fig. 1. Various spectrum shapes for different values of Λ =
12, 23.43, 60 and 90.95 in three space dimensions.

characteristics (see Fig. 1):

(i) if 0 < Λ < Λs the spectrum ωk grows mono-
tonically with k; therefore there is no roton
minimum.

(ii) for Λ = Λs an inflexion point appears at ks and
the energy is given by �ωs = (�2/ma2)ω̃s.

(iii) If Λs < Λ < Λc the spectrum exhibits a roton
minimum kr a = sr which is an implicit func-
tion of Λ:

Λ = − s3r
2sruD(sr) + s2ru

′
D(sr)

. (12)

(iv) For Λ = Λc, the spectrum reaches the axis for
kc as at the edge of the phonon branch in solids.
This picture suggests that the existence of a
roton minimum in HeII is, probably, a rem-
iniscence or a ghost of the solid state as we
suggested earlier [Pomeau & Rica, 1994].

(v) If Λ > Λc the spectrum becomes pure imagi-
nary in a finite bandwidth in k, implying the
appearance of a linear instability, leading to a
periodic pattern of density modulation.

The parameters considered Λs,Λc,∆s,∆c, ks &
kc depend explicitly on the space dimensions. In the
following table those are given the values of listed
above for different space dimensions:

1D 2D 3D

Λs 9.47 . . . 15.81 . . . 23.43 . . .
ksa 2.89 . . . 3.33 . . . 3.72 . . .
ω̃s 4.92 . . . 7.26 . . . 9.82 . . .
Λc 21.05 . . . 46.30 . . . 90.95 . . .
kca 4.08 . . . 4.78 . . . 5.45 . . .

Remark. Notice that this phono-roton spectrum
implies only a linear dispersion relation around a
uniform solution.
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3. Ground-State

With a convenient value of Λ we obtain a Lan-
dau spectrum with rotons. As explained previously,
if we increase Λ we expect that there is a criti-
cal value Λs < Λc1 < Λc for which the system
crystallizes. The increase of Λ maybe realized, for
instance, by keeping constant the range a and the
magnitude U0, and increasing the density n. A den-
sity increase might be achieved in a physical sys-
tem by increasing the pressure and/or by cooling.
Crystallization due to the roton minimum can be
expected near the real solid phase since solid helium
exists only for high pressures. The transition occurs
when the roton minimum is near the k-axis for
zero frequency. If we use the Landau’s notation for
rotons: �ωk = ∆ + (�2/2µr)(|k| − kr)2 for k ≈ kr.
In our picture ∆, kr and µr are nontrivial func-
tions of Λ. However, ∆ decreases and the roton
minimum kr increases, as Λ increases. Anyway for
our purpose, the functions ∆(Λ), kr(Λ) & µr(Λ) are
known, and ultimately, they must be determined
experimentally.

We shall see next via an energy argument that
a uniform ground state cannot be stable for any
Λ. As discussed above, from (6) the phase of the
ground state is always uniform in space, even when
this state shows modulations of density.

For low Λ the ground state is a homogeneous
solution, a superfluid (without positional order).
The uniform ground state (ψ =

√
n), however,

cannot be stable for any Λ, this fact follows after
an argument by Nepomnyashchii and collaborators
[1970, 1971] and Enz and Schneider [1971]. Con-
sider a small perturbation around a uniform solu-
tion ρ(r) = ρ0 + ρ̃(r) and φ(r) = n + φ̃(r), this
allows us to write the Hamiltonian in Fourier (6) in
a simple quadratic form:

H2 =
1
2

∫ [(
�

2k2

4mn
+ Uk

)
|ρ̃k|2 +

�
2k2

m
n|φ̃k|2

]
dk,

one sees that if

�
2k2

4mn
+ Uk < 0,

then, the uniform solution is not more linearly
stable. Therefore, a periodic structure is expected
at least as the roton minimum reaches the k-
axis (that is Λ > Λc). However in [Schneider &
Enz, 1971], the possibility of a linear instability

was considered, although the transition is subcrit-
ical (first-order) in two and three space dimen-
sions [Nepomnyashchii & Nepomnyashchii, 1971;
Pomeau & Rica, 1994]. Indeed, by decreasing the
roton minimum ∆ there is a critical value ∆c1

2 such
that, if ∆ < ∆c1, then, the ground state shows a
periodic modulation of density in space.

From now on we shall consider the dimension-
less nonlocal Gross–Pitaevskii equation, being Λ,
defined by (8), the only parameter. In short, the
length scale in the problem will be a, the wave
function ψ being normalized by the total density
ψ ∼ √

n, and the interaction U(s) will be such
that

∫
U(|r|) dr ≡ 1. In this scale, one has then

the Hamiltonian (3) H/V ol = (�2/ma2)n E with:

E =
1
Ω

[∫
Ω

1
2
|∇ψ(r)|2dr

+
Λ
2

∫
Ω

∫
Ω
Ũ(|r − r′|)|ψ(r)|2|ψ(r′)|2 drdr′

]
,

(13)

1 =
1
Ω

∫
Ω
|ψ(r, t)|2dDr. (14)

Here Ω is the total volume of the system in D-
space dimension. If the system Ω → RD the total
energy (3) diverges but the energy density E con-
verges because one of the double integrals is within
a compact support (or very localized shape) of the
nonlocal interaction Ũ(|r − r′|).

In the following, we shall estimate the modu-
lation of periodic solutions in one, two and three
space dimensions based on a variational approach.

3.1. Weak amplitude periodic
modulation in 1D

In one space dimensions the minimization of the
energy leads to a supercritical (that is continuous
second order transition) from a homogeneous (liq-
uid phase) solution to a periodic (solid phase) solu-
tion. The analysis that we follow is the standard
perturbation near threshold in the study of pattern
formation of lamellar structures. If Λ � Λc a weak
amplitude development with a single wavenumber
selection is possible, then we consider the wave
function that is normalized in a period λ = 2π/k
according to the normalization condition (14)

ψ(x) =
1√

1 + 2|A|2 (1 +Aeikx +A∗e−ikx) (15)

2Similarly, we may say by increasing Λ there is a critical value, Λc1 . . .
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Introducing this trial function into (13) one gets
that the energy per unit length is

E =
1
2

2k2|A|2
(1 + 2|A|2)

+
Λ
2

(
1 +

8|A|2Ûk

(1 + 2|A|2)2 +
2|A|4Û2k

(1 + 2|A|2)2
)
.

The minimum energy gives the value for the mod-
ulus of the complex amplitude A:

|A|2 = − k2 + 4ΛÛk

2(k2 + Λ(Û2k − 4Ûk))
(16)

The structure displays a periodic modulation with
a wavenumber kc = 4.078 . . .. Therefore, setting
k = kc into (16) one may calculate this amplitude
as a function of Λ:

|Ac|2 =
−8 sin(kc)

k3
c (8 − cos(kc))

(Λ − Λc) ≈ 0.011(Λ − Λc)

3.2. First order transition in two
and three space dimensions

The ground state can be determined by minimiz-
ing the energy functional (13). We sketch the solu-
tion in the case of two spatial dimensions. We find
an approximate solution ψ0 as a modulation of
the uniform solution, the unity in the dimension-
less units, i.e. ψ2

0(x) = 1 + (
∑3

j=1Aje
ikj ·x + c.c.),

with the three complex amplitudes Aj such that
|Aj | 	 1, and the vectors kj form an equilateral tri-
angle (k1 +k2 +k3 = 0) with a magnitude |kj | = kr

(in this case the critical wavenumber will be simply
the roton minimum, actually something realistic in
solid helium ≈ 2π/kr ≈ 3Å). If we put ψ0(x) in (13)
and expand it in powers of Aj , since |Aj | 	 1, we
obtain:

E
V ol

= n
k2

r

2


2
(
ω̃Λ(kr)
k2

r

)2 3∑
i=1

|Ai|2 − 3
4
(A1A2A3

+A∗
1A

∗
2A

∗
3) +

1
2

3∑
i=1

|Ai|4

+ 2
∑
i<j

|Ai|2|Aj |2 + · · · ,

. (17)

The ground state is given by the minimum of
the energy, i.e. δE/δAi = 0. The hexagonal crystal

solution is (Aj = Rje
iϕj ) such that each of the three

amplitudes is equal to:

Rj =
3
40


1 ±

√
1 − 640

9

(
ω̃Λ(kr)
k2

r

)2

 ,

j = 1, 2, 3, (18)

and the phases satisfy ϕ1 + ϕ2 + ϕ3 = 0 (mod 2π).
The positive sign in (18) gives the stable solution
and the negative sign gives the unstable solution.
The existence of this kind of solution is given by
the condition (ω̃Λ(kr)/k2

r )2 < 9/640; or better as
represented in Fig. 2:

ω̃Λc1
(kr)
k2

r

=
3

8
√

10

has a double root in kr. This gives a critical
wavenumber kra = 4.55 . . . and a subcritical value
Λc1 = 37.36 . . .

In physical terms the roton minimum is a
more natural parameter than Λ. In physical units,
∆c1 = (3/

√
40)(�2k2

r/4m). For superfluid liquid
helium (kr = 1.95Å−1) this condition gives the
value3): ∆c1 = 5.4K and the corresponding energy
by particle is about E/N ≈ 10−3 K. We note that
this energy is reduced, probably by hybridization,
by three orders of magnitude with respect to all
of the energies in the theory. ∆c1 is bigger in the
three-dimensional case, since there are more pos-
sible stable crystalline configurations, such as bcc

Fig. 2. Various spectrum shapes for different values of Λ =
37.36, and Λ = 39 in two space dimensions. The parabola
is the critical curve (3/8

√
10)k2, when it touches the roton

spectrum at Λc1 = 37.36 . . . subcritical transition towards an
hexagonal pattern is possible.

3All the estimations concern Helium, the energies will be in Kelvin (K). It is useful to note that �
2/m = 12KÅ

2
, the quantum

of circulation is �/m = 158 m/s Å and a = 2.57 Å.
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or hcp. In [Pomeau & Rica, 1994] we studied the
bcc configuration, in this case we have six ampli-
tudes and the wave vectors form an octahedron [de
Wit et al., 1992], each vector participates in two
equilateral triangles, which produces a stable con-
figuration. In fact, a bcc lattice is stable if ∆ <
∆c1 = (3/

√
22)(�2k2

r/4m), which gives ∆c1 = 7.3K
and we have the energy by a particle at about
E/N ≈ 5 × 10−3 K. We suggest that the supersolid
phase occurs by increasing the density, therefore
an estimate of the critical density nc1 is possible,
in principle, using an empirical law, ∆(Λ ∼ n),
together with the critical gap ∆c1. Unfortunately
we do not have adequate experimental data (∆ as
a function of n). However, from [Sudraud & Varo-
quaux, 1976] we can fit ∆ as a function of the pres-
sure (p). The fit gives us ∆ = ∆(0)(1 − p/p0), with
∆(0) = 8.74K and p0 = 157bar. The critical pres-
sure for a bcc lattice is then pc = 26bar in agreement
with the known value.

In three space dimensions the most stable con-
figuration is the hcp crystalline structure. In this
case the critical wave vectors belong to an tetrahe-
dron, as in the bcc structure, each vector partici-
pates in two resonant equilateral triangle.

3.3. Ground-state in the large Λ limit

Previous weakly nonlinear crystalline structures are
valid for moderate values of Λ, say Λ � Λc1. How-
ever, the ground state as a minimum of the energy
functional (13) exists and it is unique, because of
the convexity, for any Λ. For larger values of Λ this
weakly nonlinear approach is no longer valid.

For large Λ, the potential energy in (13)
requires small ψ while the mass normalization (14)
forbids ψ to be small everywhere. Therefore the
energy minimization leads to a periodic structure
with zones with ψ ≈ 0 balancing zones with ψ 
 1.
Recently it has been proven by Aftalion et al. [2007]
a remarkable (in the opinion of the author), theo-
rem: that in the limit Λ → ∞, the minimization of
(13) with the restriction (14) is equivalent to a close
packing arrangement of rods, disk and spheres in
one, two and three space dimensions, respectively.

In the particular case of one space dimensions it
is shown, in [Aftalion et al., 2007], that in the large
Λ limit ψ �= 0 only in a small zone: x ∈ (−δ, δ) of
the whole period: (−λ/2, λ/2). The Euler–Lagrange

condition deduced from (13) together with (14)
leads to the Hemholtz equation in the domain
(−δ, δ): −ψ′′(x) = Kψ. Finally the minimization
of the energy gives δ and the wavenumber λ of the
periodic structure.

Following this approach, with Sepúlveda and
Josserand [Sepúlveda, 2008] we have estimated such
a ground state for finite Λ 
 1 (the extension to
higher dimensions seems natural but the computa-
tions are harder). We consider the energy and nor-
malization (13), (14) in a single period with the trial
function in the unit cell4

ψ(x) =




0 x ∈
[
−λ

2
,−δ

]
√
λ

δ
cos
(πx

2δ

)
x ∈ [−δ, δ]

0 x ∈
[
δ,
λ

2

]
(19)

The integrals may be computed with some diffi-
culties because of the interaction term, and the
minimization leads to a relation between δ, the
wavelength λ and the dimensionless Λ:

1 + 2δ − λ = 2
(

15
π2

) 1
5 δ

(λ(λ− 1)2 Λ)
1
5

. (20)

This variational result is in complete agreement
with the numerics, a more complete discussion on
this problem may be found in [Sepulveda, 2008].

3.4. The question on the
commensurability

The question of number of “atoms” N versus num-
ber of sites Ns and how are they related, if they are,
needs some discussion in the context of the present
model. The problem of the solid being commensu-
rable or incommensurable, that is, if Ns/N ≡ 1 or
Ns/N �= 1 is, in the context of this model, rather
different from a commensurability problem in a clas-
sical solid. More precisely, let us consider an initial
wavefunction with initial number of atoms (or mass)∫ |ψ|2dr = N , being an integer in a periodic box of
size L, L × L, L × L × L in one, two and three
space dimensions respectively. The number density
is, therefore, N/LD.

In the present model the crystal appears as a
spontaneous spatial symmetric breaking of the uni-
form state. The sites nor the peaks (or “atoms”?)

4A different trial function that does not satisfy the equation −ψ′′(x) = (π/2δ)2ψ could be used: ψ(x) =
p

15λ/16δ(1− (x/δ)2)
in x ∈ [−δ, δ] and zero elsewhere. It provides, however, similar asymptotic results.
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were there before, moreover at each spontaneous
symmetry breaking the appearance of the struc-
ture is a dynamical process governed by transient
of defects, vacancies, interstitials, grain boundaries,
etc. In infinite space, it is expected that these
defects, vacancies, interstitials, grain boundaries,
etc. move away from the system leading to a free
defect crystal. This process may, however, take a
very long time. In finite system, which is the par-
ticular case of numerical simulations, the formation
of a periodic structure needs to match the bound-
ary conditions that makes the realization of a free
defect system difficult.

As an example, the “pattern formation” process
in one space dimension is such that the wavelength
cannot be selected via the most unstable mode λc =
2π/kc because the wavelength should match the
boundary conditions, something that becomes more
or less irrelevant as the system size L 
 λc. The
number of sites is related to the selected wavelength
via λNs = L. So in practice the ratio of number of

sites and number of “atoms” (the initial normal-
ization) N are not the unity N/Ns = Nλ/L = nλ
except in very specific cases. In higher dimensions
the mismatch of the crystal structure and boundary
conditions becomes more complex.

I have performed two space dimension numer-
ical simulations of Eq. (1) in a 64 × 64 periodic
box. The interaction range is chosen for a = 8
units, the mesh size is dx = 1 unit. The normaliza-
tion condition is for

∫ |ψ|2dr = N = 36 “atoms”.
Although the simulations of the original Gross–
Pitaevskii equation (1) are formally reversible, an
irreversible behavior appears naturally that takes
the energy from long scales to the smallest ones
≈ dx driving the system finally to a macroscopi-
cal state that minimizes the energy [Rica, 2007]. It
is important that the relevant structures are much
larger than this size. Indeed in the present case the
roton minimum is placed at kr ≈ 4.55/8 = 0.57
which is smaller than the wavenumber associated
to the mesh size: π.

(a) (b)

(c) (d)

Fig. 3. Various density plots for long-time (1000 time units) numerical simulation of (1) with a = 8 in a 64 system size with
periodic boundary conditions. In all simulations the initial conditions are identical and N = 36. The values of the interaction
parameter U0 are: (a) U0 = 0.5 and Λ = 56.55; (b) U0 = 0.7 and Λ = 79.17; (c) U0 = 0.75 and Λ = 84.82 and (d) U0 = 0.85
and Λ = 96.13. The number of sites are, respectively, (a) Ns = 34; (b) Ns = 36; (c) Ns = 36 and (d) Ns = 40.
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One sees that despite the same initial condition,
for the four cases presented in Fig. 3, the system
reaches different commensurability fraction N/Ns

both larger and smaller than the unit depending
on Λ. In fact, for larger Λ (that is larger density
because Λ ∼ n) the system creates on average more
sites of lower mass each. And conversely for small Λ
(small density) the system creates a smaller number
of sites.

We may conclude that in the present model
the commensurability is not a relevant parameter,
indeed despite from the different commensurability,
Figs. (a)–(d) are qualitatively the same.

4. Macroscopical Description of a
Supersolid at T = 0

This section describes the longwave (macroscopi-
cal) description of the supersolid in the frame of
the model. We conjecture that, because the effective
Lagrangian written below (24) satisfies the symme-
tries imposed by the underlying physics and because
it includes a priori all terms with the right order
of magnitude with respect to the derivatives, the
general Lagrangian of any supersolid at zero tem-
perature has the same structure. In a recent paper,
Son [2005] derives a Galilean invariant Lagrangian
such that (24) is a subclass but with well defined
macroscopical coefficients.

4.1. Homogenization technique for
the long-wave effective
Lagrangian

The full Lagrangian for the Gross–Pitaevskii equa-
tion reads:

L = −
∫ [

�ρ
∂φ

∂t
+

�
2

2m

(
ρ(∇φ)2 +

1
4ρ

(∇ρ)2
)]

dr

− 1
2

∫
U(|r − r′|)ρ(r)ρ(r′)dr dr′. (21)

The ground state described above in Sec. 3 is the
solution of a nonlinear integro-differential equation
for ρ derived by variation of the action, whose
integrand is the Lagrangian (21), keeping a uni-
form phase and together with the normalization
condition:

n =
1
Ω

∫
Ω
ρ(r)dr, (22)

where n is the average number density over the total
volume Ω. Let us write this ground state as ρ0(r|n),

here n denotes its explicit dependence on the num-
ber density (22).

As said, the number density could (and
generally it does) vary slowly in space and time
(these slow variations are easily visible in Fig. 3,
notice that the peaks maxima change slowly in
space). The ground state admits two other symme-
tries: a constant global phase Φ and constant dis-
placement u. The system admits, therefore, three
Goldstone modes that may vary slowly in space and
time: the density, the lattice deformation and the
global phase: (n(r, t), u(r, t) and Φ(r, t)).

The main objective of this section is to derive
equations for these three fields. I will skip here all
the details and calculations, the reader may fol-
low a careful discussion in [Josserand et al., 2007b].
We followed the general method called homogeniza-
tion [Bensoussan et al., 1978]. In short, this method
splits cleanly the long-wave behavior of the vari-
ous parameters and the short range periodic depen-
dence upon the lattice parameters.

The displacement enters into the modulated
density ground state via a dependence on the form
ρ0(r−u(r, t)|n(r, t)), therefore, let us write the fol-
lowing Ansatz for density and phase:

ρ(r, t) = ρ0(r − u(r, t)|n(r, t)) + ρ̃(r− u, n, t) + · · ·
φ(r, t) = Φ(r, t) + φ̃(r − u, n, t) + · · ·

(23)

where Φ, u and n are slow varying fields and φ̃ and
ρ̃ are small and fast varying periodic functions, that
are of the order of magnitude of the gradients and
time derivatives of u and Φ(r).

Taking gradients and time derivatives of vari-
ous expressions and after integration over the fast
variables that remove zero average terms and pro-
vide effective nonzero averages parameters, one gets
an effective Lagrangian for the long wave perturba-
tions of the displacement, of the average density and
of the phase:

Leff = −�n
∂Φ
∂t

− �
2

2m

[
n(∇Φ)2

− ik(n)
(

∇Φ − m

�

Du
Dt

)
i

(
∇Φ − m

�

Du
Dt

)
k

]

−E(n) − 1
2
λiklmεikεlm − µnεll (24)

where
Du
Dt

=
∂u
∂t

+
�

m
∇Φ · ∇u
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and

εik = −1
2

(
∂ui

∂xk
+
∂ui

∂xk

)

is the usual linear strain in the theory of elasticity.
The macroscopical (or averaged) quantities E(n),
λiklm(n), µ(n) and ik(n) are an internal energy of
the solid, the elastic constant of a crystal, a chem-
ical potential needed to impose the constant num-
ber of particles in the ground state and, last but
not least, an effective density matrix that appears
naturally from the theory of homogenization, which
is closely related to the “superfluid” density. These
expression are, in principle, fully explicit for a given
ground state of the GP model. Finally, one can
check this Lagrangian is Galilean invariant and
write the Hamiltonian of the system:

H = Φt
δL
δΦt

+ ut · δL
δut

− L,

=
�

2

2m
(nδik − ik(n))∂iΦ∂kΦ +

mik

2
Dui

Dt
Duk

Dt

+ E(n) +
1
2
λiklmεikεlm + µnεll. (25)

4.2. Supersolid dynamics at T = 0

The dynamical equations are derived by variation
of the action S =

∫ L dt taken as a functional
of n, Φ and u. The final result is a set of cou-
pled partial differential equations for those fields
[Josserand et al., 2007a, 2007b]. The variation with
respect to u, n and Φ yields respectively (we write
′ik(n) = dik/dn, etc.):

m
∂

∂t

[
ik

(
Duk

Dt
− �

m

∂Φ
∂xk

)]

+ �
∂

∂xk

[
il

(
Dul

Dt
− �

m

∂Φ
∂xl

)
∂Φ
∂xk

]

+
∂

∂xk
(λiklmεlm) +

∂(µn)
∂xi

= 0 (26)

�
∂Φ
∂t

+
�

2

2m

[
(∇Φ)2 − ′ik(n)

(
∂iΦ − m

�

Dui

Dt

)

×
(
∂kΦ − m

�

Duk

Dt

)]
+ E ′(n)

+
1
2
λ′iklmεikεlm + (µn)′εll = 0 (27)

∂n

∂t
+

�

m
∇ · (n∇Φ) − �

m

∂

∂xl

(
ik(n)(δlk − ∂luk)

×
(
∂iΦ − m

�

Dui

Dt

))
= 0 (28)

Equation (26) is the usual equation for the
elastic response of the system, if the system does
not have a phase, one recovers the usual equa-
tion for elastic dynamics, µn being a pressure.
Equation (27) is a Bernoulli-like equation for the
superfluid velocity vs = (�/m)∇Φ that gives the
usual Landau equation for the superfluid compo-
nent ∂tvs = −∇Ψ, Ψ being a potential defined
directly from (27). Finally, Eq. (28) reduces to the
familiar equation of mass conservation for potential
flows whenever ik(n) = 0, namely in the absence
of modulation of the ground state.

To these equations the least action or Hamilton
principle provides also the boundary conditions. In
the stationary case for both free surface (FS) or
rigid boundaries (RB) one has:

FS :
[
�il

(
Dul

Dt
− �

m

∂Φ
∂xl

)
∂Φ
∂xk

+ λiklmεlm

]
êk = 0

or RB: ui = 0 on ∂Ω
(29)[

n∂lΦ − ik(n)(δlk − ∂luk)
(
∂iΦ − m

�

Dui

Dt

)]
êl = 0

on ∂Ω,
(30)

where êk is a normal vector to the surface.
The free surface (FS) boundary condition of

(29) states that the normal stress must be equal
to a kinetic (superfluid) pressure. One recovers the
zero normal stress situation for a noncoherent state
whenever there is no phase. The rigid boundary
(RB) condition of (29) states that there is no dis-
placement at the boundary, naturally if the bound-
ary moves together with the crystal. The boundary
condition for phase (30) claims that no flux of mat-
ter is allowed through a rigid boundary, as before in
the case of moving boundary it is easily extended.

4.3. Superfluid density

The mass conservation equation (28) defines a cur-
rent, this mass current takes a form reminiscent
to Landau’s “two-fluid” expression, at least up to
linear order

ji = (nδik − ik)vs
k + iku̇k (31)
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with vs = (�m/∇)Φ. As previously said, it seems
reasonable to talk about a “superfluid density” by
the definition:

ss
ik ≡ nδik − ik. (32)

Indeed this quantity plays an important role in the
NCRI that we shall describe below. Being a fun-
damental quantity in the experimental observation,
we shall consider more in detail how it is possible to
compute it in detail starting from the microscopic
model. We hope that such an analysis maybe useful
in the case of real solid helium.

Although our equations of motion (26)–(28)
and the one of Andreev–Lifshitz are almost iden-
tical in the zero temperature limit (see Eq. (16) in
[Andreev & Lifshitz, 1969]), our model has signif-
icant differences with theirs. Our solid cannot be
considered as the normal component of a two “flu-
ids” system, because it is on the same footing (phase
coherent) as the superfluid part at T = 0K. There-
fore, at small finite temperatures, our model has a
normal component that is a fluid of vanishing den-
sity at T = 0K, besides the coherent superfluid
and the solid parity will change the superfluid den-
sity fraction. Following Landau’s ideas, this normal
fluid is a gas of quasi-particles with the mixed spec-
trum able to carry momentum whilst the coherent
part (superfluid plus solid) stays at rest.

A natural extension à la Landau two-fluid
model is when the current becomes

ji = ss
ikv

s
k + (nδik − ss

ik)u̇k + n
ik(T )(vn

k − vs
k)

+ ̃n
ik(T )(vn

k − u̇k)

= (ss
ik − n

ik(T ))vs
k + (nδik − ss

ik − ̃n
ik(T ))u̇k

+ (n
ik(T ) + ̃n

ik(T ))vn
k

(33)

where n
ik(T ) & ̃n

ik(T ) are two normal densities that
vanish at T = 0K. Until today, a consistent theory
of the two-fluid model for supersolid helium is not
yet clear to me.

4.3.1. Homogenization technique for the
superfluid density

Ansatz (23) gives the phase dependent term of the
Lagrangian that can be rewritten as:

Lphase = −
∫
ρ0(r)

[
� ∂tΦ +

�
2

2m
((∇Φ)2

+ 2A · ∇φ̃+ (∇φ̃)2)
]
dr,

where A = (∇Φ − (∇Φ · ∇)u − (m/�)∂tu) is con-
sidered a constant in the unit cell.

Terms mixing the slow varying phase field
Φ(r, t) and ρ0(r) can be averaged directly leading to

LΦ = −
∫
n(r, t)

(
�∂tΦ +

�
2

2m
(∇Φ)2

)
dr, (34)

where

n(r, t) =
1
V

∫
V
ρ(r)dr, (35)

is the local (it depends on r) average number den-
sity over cell volume V .

The Euler–Lagrange condition for φ̃ in the
Lagrangian Lphase reads

A · ∇ρ0 + ∇ · (ρ0∇φ̃) = 0.

This Poisson-like equation is to be solved within
the unit cell of the lattice, for a function φ̃ that is
periodic with the same period as ρ0. The result is
naturally linear in A (being constant as said) so it
can be written as

φ̃ = KiAi

where K(r) is a vector-valued function of r that is
periodic in the cell and satisfies

∇iρ0 + ∇ · (ρ0∇Ki) = 0. (36)

Putting the result into the Lagrangian Lphase

one obtains the relevant contribution for the slowly
varying part of the phase:

Lphase = −
∫
n(r, t)

(
�∂tΦ +

�
2

2m
(∇Φ)2

)
dr

+
�

2

2m

∫
ijAiAj dr (37)

with the positive defined matrix

ij = − 1
V

∫
V
ρ0(r) (2∂iKj + ∇Ki · ∇Kj) dr

= − 1
V

∫
V
ρ0(r) ∂iKj dr

=
1
V

∫
V
ρ0(r)∇Ki · ∇Kj dr. (38)

If one takes the definition as (32), then the
“superfluid” density matrix is:

ss
ik = nδik − ik

≡ 1
V

∫
V
ρ0(r) (δik − ∇Ki · ∇Kk) dr. (39)

If the crystal modulation is absent then,
the superfluid density ss

ik → nδik, where n =
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(1/V )
∫
V ρ0(r) dr is the mean density. In the same

vein, the superfluid density would be very small for
very dilute (Λ 	 1) Bose–Einstein condensate with
a nonlocal interaction term.

In general, there is no exact solution to the
problem (36) for an arbitrary ρ0(x) in any dimen-
sion (the only exception is the one-dimensional case,
see below). However, it is easy to show that the sym-
metric matrix ss

ik is bounded in the following way:
let be ξi any vector in D space dimensions, then(

1
V

∫
V

1
ρ0(r)

dr
)−1

|ξ|2

≤ ss
ikξiξk

≤
(

1
V

∫
V
ρ0(r) dr

)
|ξ|2. (40)

The upper bound follows directly from (39).
The lower bound needs a few steps. Consider the
identity

ss
ik =

1
V

∫
V
ρ0(r) (δli + ∂lKi)(δlk + ∂lKk) dr

so that, if one defines the periodic function χ(r) =
ξiKi(r) then one has:

ss
ikξiξk =

1
V

∫
V
ρ0(r) (ξl + ∂lχ)2 dr.

Finally, from the Schwartz inequality(
1
V

∫
V
ρ0(r) |ξ + ∇χ|2 dr

)(
1
V

∫
V

1
ρ0(r)

|ξ|2 dr
)

≥
(

1
V

∫
V

ξ · (ξ + ∇χ) dr
)2

= |ξ|4

the lower bound is proved. This lower bound is of
fundamental relevance, indeed if ρ0(r) is strictly
positive (see Remark in Sec. 2.1) which is the case
for the ground state of a system of bosons, the
“superfluid” fraction always exist.

Although the inequality (40) is of fundamental
importance, it is in general useless to estimate the
superfluid fraction, because for real solids the lower
and upper bounds are widely separate. No other
general inequality is known by the author, many
applications of homogenization theory have been
carried out by the applied mathematics commu-
nity in mechanics. Some specific improvements give
better bounds, one example of this is the Hashin–
Strikman estimates [Hashin & Shtrikman, 1962].

There exist different rigorous bounds for the
effective parameters in higher dimensions [Murat &

Tartar, 1985] as well as methods involving the eigen-
values of the linear operator with periodic coef-
ficients of the kind A ξ = −∇ · (ρ0(r)∇ ξ), see
[Conca & Vanninathan, 1997], but no exact formula.

As said, it seems, for the author, that the only
exact result for the superfluid density (39) arises in
the one-space dimension. Indeed the periodic func-
tion K(x) (I discard a subindex x for Kx and double
indexes xx for ss

xx) solution of (36) in the interval
[0, λ] maybe be integrated directly:

∂xK(x) = −1 +
c

ρ0(x)

where c is an integration constant and should
be taken such that K(0) = K(λ), thus
c
∫ λ
0 (1/ρ0(x))dx = λ. Finally one gets

1
ss

=
1
c

=
1
λ

∫ λ

0

1
ρ0(x)

dx,

that is a kind of harmonic average.
This formula is by Leggett [1998] for a one-

dimensional system. The NCRIF at low speed is

NCRIF0

=
ss

ρ
=

1(
1
λ

∫ λ

0
ρ0(x)dx

)(
1
λ

∫ λ

0

1
ρ0(x)

dx

) ,
(41)

a value that has been verified in numerical sim-
ulations of the model in one-space dimensions
[Sepúlveda, 2008].

5. Superfluid Properties: Sound
Waves, Nonclassical Rotation of
Inertia, Persistent Current and
Topological Vortices

In this section, I will describe the main properties
of the macroscopic equations derived in Sec. 4.

5.1. Sound waves

Let us look at small perturbations around a non-
deformed (u = 0) and steady (∇Φ = 0) state of
average density n. The linearized version of (26)–
(28) in terms of the small perturbations u, Φ and
δn reads (from now on we shall take an isotropic
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density ik(n) = (n)δik):

m(n)
∂

∂t

[(
∂ui

∂t
− �

m

∂Φ
∂xi

)]

− ∂

∂xk

(
λiklm

∂ul

∂xm

)
+ (µn)′

∂δn

∂xi
= 0 (42)

�
∂Φ
∂t

+ E ′′(n)δn − (µn)′∇ · u = 0 (43)

∂δn

∂t
+

�

m
n∇2Φ − �

m
(n)

×
(
∇2Φ − m

�
∂t(∇ · u)

)
= 0. (44)

We shall assume an isotropic solid so that the elastic
term in (42) becomes

∂

∂xk

(
λiklm

∂ul

∂xm

)
= (λ+ µs)∂ikuk + µs∇2ui,

where λ = K − (2/3)µs is the second Lamé coef-
ficient, and K and µs are the compressibility and
the shear stress of solid helium. The shear waves
are decoupled from the compression and phase
(Bogoliubov-like) waves and propagate at a speed
cshear =

√
µs/m(n).

The dispersion relation for plane waves of the
form ei(k·x−ωt) for the coupled compression and
phase waves leads to a simple algebraic equation.
We see easily that the dispersion is linear, so ω =
vk, where v are the roots of quadratic equation.

In the limit (n) → n, that is, whenever the
supersolid behaves as a regular solid state, the two
propagation speeds are

v1 =

√
c2K + c2 + 2(µn)′

m

and

v2 =

√√√√√√√
c2Kc

2 −
(
µn′

m

)2

c2K + c2 + 2
µn′

m

√
n− (n)
(n)

,

where cK =
√

(K + 4µs/3)/mn is the longitudinal
elastic wave speed [Landau & Lifshitz, 1980] and
c =

√
nE ′′(n)/m is the usual Bogoliubov speed. The

second speed v2 (that is the phase mode) disappears
at the transition supersolid–solid.

On the other hand, the limit (n) → 0 the
crystal structure disappears and the phase mode
propagates at the usual speed of sound as found by
Bogoliubov c =

√
nE ′′(n)/m.

5.2. Nonclassical rotational of
inertia

As suggested by Leggett [1970] an Andronikashvili
kind of experiment could manifest a nonclassical
rotational inertia (NCRI). Indeed, let us suppose
that the wall of a container of volume Ω rotates with
a uniform angular speed ω. Then for low angular
speed the crystal moves rigidly with the container
u̇ = ω×r without any elastic deformation. The den-
sities n and (n) being constant in space, Eq. (28)
simplifies into

∇2Φ = 0 in Ω with ∇Φ · ê =
(m

�

)
(ω × r)

· ê on ∂Ω. (45)

This problem describes an inviscid and incompres-
sible perfect fluid inside a rotating container and it
has a unique solution. See [Milne-Thomson, 1996]
for exact solutions of various geometries in 2D. In
the context of superfluid this problem has been con-
sidered by Fetter [1974].

The effective or measurable moment of inertia
comes directly from the energy per unit volume of
the system (25). In the rotating case u̇ = ω× r one
has that the energy (25) could be written as

E =
1
2
Issω2

where Iss is the zz component of the inertia
moment:

Iss = m(n− (n))Ipf +m(n)Irb

with

Ipf =
∫

Ω
(∇Φ)2dr,

with Φ solution of

∇2Φ = 0 in Ω with ∇Φ · ê = (ẑ × r) · ê on ∂Ω.

This number depends on the geometry only [Milne-
Thomson, 1996; Fetter, 1974]. The constant Irb

is also a geometrical factor corresponding to rigid
body rotational inertia (x & y orthogonal to the
axis of rotation)

Irb =
∫

Ω
(x2 + y2)dr.

The relative change of the moment of inertia when-
ever the supersolid phase appears is (here Irb =
mn Irb)

Iss − Irb

Irb
= −

(
1 − (n)

n

)(
1 − Ipf

Irb

)
(46)

Because Ipf < Irb, one has (Iss − Irb)/Irb ≤ 0
as expected and observed experimentally [Kim &
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Chan, 2004a, 2004b, 2006, 2007]. The NCRI frac-
tion (NCRIF) disappears, as well as the phase mode
sound speed, when the supersolid phase recovers
the ordinary solid phase ((n) → n). In [Josserand
et al., 2007a] we have measured the NCRIF as a
function of the angular speed of rotation ω, for
different values of Λ. Moreover, we have observed
a nonzero NCRIF in the limit ω → 0. In this
limit, NCRIF0 is a function of the dimensionless
compression Λ only (and seems to decrease in an
exponential way as Λ → ∞). Those measure-
ments are in a qualitative agreement with the recent
experiments by [Kim & Chan, 2004a, 2004b, 2006,
2007]. More recently, in [Sepúlveda et al., 2008],
we showed that the NRCI scales as ss ∼ e−

√
ΛS0 ,

with S0 a constant. So the superfluid density is
only a tiny fraction because of the exponentially
small dependence of the profile of the ground state
density on Λ.

5.3. Quantized vortices and
persistent currents

In [Pomeau & Rica, 1994], with Pomeau, we con-
jectured the existence of topological vortices in a
supersolid because of the existence of a coherent
long range order phase in the system. As in super-
fluids, “supersolid vortices” are stationary solution
of Eq. (1) with a ±2π phase jump around the vor-
tex core, as we can see in Fig. 4. Vortices cannot be

removed by any infinitesimal perturbation of the
wave function, since there are topological defects.

Considering an initial condition with simple
zero of the wave function at some position in a
two-space dimensions box with Neumann boundary
conditions. It is possible to look for the minimum
nonlocal Gross–Pitaevskii energy (3), the minimiza-
tion process selects the crystal structure and places
the vortex center at a minimum of ρ0(x, y). This is
easy to see, indeed the speed of the vortex core in
the relaxation dynamics reads vv ∼ −∇ log ρ0(r).
A numerical simulation is represented in Fig. 4.

Vortices maybe generated in the following way.
Imagine a number of superfluid vortex in a HeII liq-
uid created by a rotation for instance at low tem-
perature, say less than 0.1K as claimed by Chan
and collaborators. Then one solidifies the system by
increasing the pressure. If this phase is normal solid
He, the vortex must disappear. However if it is a
supersolid, the vortex cannot disappear in the crys-
tallization process and one of following two things
must happen: (1) the vortex in the fluid is pushed
by interaction with the crystal boundary and driven
to the container boundary; or, (2) the crystal phase
grows inside the vortex first then the crystal grows
around the vortex to form a “supersolid vortex”
(numerical simulations of (1) seem to confirm the
second possibility). Finally to see experimentally
the existence of a supersolid vortex, we again melt
the supersolid. The vortex cannot disappear and

(a) (b)

Fig. 4. Numerical finding of an energy minimum with a topological vortex in the middle of the system in the frame of
the energy (3) with a constant total number of particles N = 121, the range of interaction is a = 8 and the size system is
112× 112 with Neumann boundary conditions, that is ψ(x, y) ≡ 0 if (x, y) are outside the domain. The interaction parameter
is U0 = 0.75, that is Λ = 82.94. The right-hand side (a) represents the density of the crystal, that is |ψ|2 with Ns = 110 sites,
while the left-hand side (b) represents the phase of the complex wave function ψ. A phase jump is clearly visible on the left
side of the vortex which is located at the center of the system at the end of phase jump. It is interesting to note that the
phase maybe split in two parts, a slowly varying part that changes over the system size and a periodic perturbation with a
well-defined relief of the crystalline pattern as guessed in the homogenization theory.
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(a) (b)

Fig. 5. Numerical finding of an energy minimum with a persistent current in the frame of the nonlocal Gross–Pitaevskii
energy (3) with a constant total number of particles N = 96 the size system is a multiconnected domain composed of a
112 × 112 square box with a circular hole of radii of 15 units in the middle, and we use Neumann boundary conditions, that
is ψ(x, y) ≡ 0 if (x, y) is outside the domain. The range of interaction is a = 8 and the interaction strength is U0 = 0.75, that
is Λ = 82.94. The right-hand side (a) represents the density of the crystal that is |ψ|2 with Ns = 106 sites, while the left-hand
side (b) represents the phase of the wave function. A phase jump is clearly visible on the left side of the hole.

thus we obtain a vortex in liquid HeII which could
be detected by the usual methods in superfluids.
If this vortex survives the freezing–melting process,
we have proof of the existence of a supersolid phase.

However, the first possibility might happen and
direct measurements of a nonuniform phase could
fail. A way to avoid this problem could be freezing a
circulating superfluid in a multiconnected domain.5

Similar Gedanken experiment could be consid-
ered using persistent currents. A persistent current
maybe easily obtained in a supersolid if it is in
a multiconnected domain. Indeed, by imposing a
phase jump of 2π as one turns around the hole in
the multiconnected domain, we assure the existence
of a nonuniform phase as in the case of a vortex.

Vortices and persistent currents are a nonam-
biguous property that would confirm the existence
of a supersolid as a coherent state. Up to date there
is no experimental evidence of such properties.

6. Conclusions and Perspectives

Despite the fact that the Gross–Pitaevskii equa-
tion does not apply for the real situation of helium
atoms, the macroscopical theory described Sec. 4
seems to be more or less universal, is independent
of the microscopical details of the solid even if there
is no disorder, and seems to explain the apparent
contradiction that a supersolid displays NCRI but
cannot flow under external stress. Moreover few

essential superfluid properties, not yet observed,
are discussed like supersolid vortices, persistent
currents and an extra superfluid mode that may
explain the observed increase of the heat capacity
[Lin et al., 2007]. Indeed, the contribution of this
superfluid sound mode gives an extra specific heat
greater than

Cpeak = 1.8
J

K mol

(
T

K

)3

,

but this specific heat is at T ≈ 70mK of the order
of Cpeak = 600 (µJ/K mol) that is least a factor 20
higher than that observed [Lin et al., 2007].

It should be noted that the macroscopic model
equations (27)–(28) are valid at T = 0 and the
superfluid density, that enters into this excess of
specific heat, should be understood as ss(T = 0)
while heuristically one may assume the same equa-
tions but changing ss(T = 0) by ss(T ) = ss −
n(T ) as in Eq. (33). This is not evident. It seems
fundamental to develop a consistent macroscopical
theory at small finite temperature introducing, fol-
lowing Landau’s ideas, a normal component that is
a fluid of vanishing density at T = 0, in addition to
the coherent superfluid and the solid part (33). We
are working in that direction right now.
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