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ABSTRACT

ARTICLE HISTORY

Birnbaum–Saunders (BS) models are receiving considerable attention in the literature. Multivariate regression models are a useful tool
of the multivariate analysis, which takes into account the correlation between variables. Diagnostic analysis is an important aspect to
be considered in the statistical modeling. In this paper, we formulate multivariate generalized BS regression models and carry out a
diagnostic analysis for these models. We consider the Mahalanobis
distance as a global influence measure to detect multivariate outliers
and use it for evaluating the adequacy of the distributional assumption. We also consider the local influence approach and study how
a perturbation may impact on the estimation of model parameters.
We implement the obtained results in the R software, which are
illustrated with real-world multivariate data to show their potential
applications.
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1. Introduction
The Birnbaum–Saunders (BS) distribution originates from the cumulative damage law
related to fatigue and strength of materials; see [6]. This origin allows the BS distribution to be interpreted as a life distribution, because it describes the time elapsed until that
the extension of a crack exceeds a threshold conducting to a failure. The BS distribution
has been studied and applied in different areas; see [29,30,32]. From its origin, every random variable following a BS distribution can be considered as a transformation of another
random variable following a standard normal distribution; see [21, pp. 651–663]. Then,
because the cumulative damage is assumed to be normally distributed in the BS model, its
parameter estimates obtained from the maximum likelihood (ML) method are sensitive to
atypical observations. In order to attenuate this sensitivity, and using the relation between
the normal and BS distributions, one can obtain a BS distribution based on the Student-t
(called t hereafter) distribution. Thus, ML estimates of the parameters of the BS-t distribution attribute smaller weights to atypical observations than the BS distribution, producing
robust parameter estimates; see [41] and references therein. BS and BS-t distributions are
members of a wider family of distributions generated from elliptically contoured (EC)
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distributions, known as generalized BS (GBS) distributions; see, for example, [15,47] for
EC distributions. Multivariate GBS distributions were proposed by Caro-Lopera et al. [7],
Kundu et al. [26] and Vilca et al. [51]. Other related works are attributed to Jamalizadeh and
Kundu [20], Khosravi et al. [22,23], Kundu [24,25], Lemonte et al. [36], and Garcia-Papani
et al. [18].
Rieck and Nedelman [46] were the pioneers in proposing BS regression models and
Galea et al. [17] in deriving diagnostic analyses for these models. BS regression models
are often based on the logarithmic BS (log-BS) distribution; see [29,46,48]. Marchant et
al. [41] developed multivariate logarithmic GBS (log-GBS) distributions, which are generated from EC kernels, such as normal and t, being the last one more general than the
normal kernel and widely flexible to deal with data following heavy-tailed distributions.
Then, similarly to the univariate case, the ML estimation procedure based on the multivariate log-BS-t distribution is non-sensitive to atypical observations; see [44]. Multivariate
regressions are a useful tool of the multivariate analysis. The main advantage of a multivariate regression model over marginal regressions is that it takes into account the correlation
between the response variables (called responses hereafter). Several responses could be
correlated and then this correlation should be considered in the modeling through a multivariate regression. If no correlation exists, several marginal models, one for each response,
can be considered. However, analyzing responses individually, if correlations between them
exist, may yield wrong prediction.
Diagnostics should be addressed in all statistical modeling to assess its suitability
and stability. Diagnostics can be conducted by goodness-of-fit (GOF) techniques and
global/local influence methods. GOF allows us to assess the adequacy of a model to a data
set; see [4]. Global influence eliminates cases and evaluates their effect on the fitted model;
see [9]. Local influence allows us to detect the effect of perturbations on the estimates of
parameters; see [8]. For the use of GOF and diagnostic methods in non-normal models,
see [1–3,5,12,31,33–35,38,43,49,52].
The main objective of this paper is to carry out diagnostics in multivariate GBS loglinear regression models by (i) GOF techniques; (ii) global and local influence methods;
and (iii) applying them to real-world data. To meet these objectives, we estimate the parameters of multivariate BS and BS-t models with the ML method. Then, we derive fitting and
diagnostic tools to evaluate the adequacy and stability of these multivariate models from
three perspectives. First, we use the Mahalanobis distance (MD) to test GOF in the distributional assumption employed for the proposed multivariate models. Second, we consider
the MD as a global influence method to identify multivariate outliers. Third, we derive
the total local influence method assuming perturbations of (i) case-weight, (ii) correlation
matrix, (iii) response, and (iv) a continuous explanatory variable (called covariate hereafter). We implement the obtained results by a computational routine in the R statistical
software; see www.R-project.org and [45]. We use this routine for carrying out an illustration with real-world multivariate data collected by the authors. Specifically, we consider
multivariate data useful for regression models based on computed tomography (CT) to
study the bone quality as discussed in the application section. Note that the BS distribution is appropriate for modeling physical properties of bone, such as its densities extracted
from CT data; see [53]. These properties are related to mechanical properties, as strength,
which plays a role as human bone ages affecting its fatigue properties that can be described
by the BS distribution.
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This paper is organized as follows. In Section 2, we formulate the multivariate GBS loglinear regression models. In this section, we also discuss the ML method for estimating
the corresponding parameters, the MD, the score vector, robustness aspects, the Hessian
matrix, the observed information matrix and asymptotic inference. In Section 3, we derive
diagnostics for multivariate GBS log-linear regression models considering local influence,
as well as global influence by the MD. In Section 4, we apply these tools to real-world
multivariate data. Finally, in Section 5, we discuss some conclusions and future studies
related to the topic of this paper.

2. Modeling
In this section, we introduce the regression model, associated MD, score vector and
information matrix, as well as estimation and robustness aspects, and asymptotic inference.
2.1. Formulation
Consider the multivariate GBS log-linear regression model given by
Y = Xβ + E,

(1)

where Y = (Yij ) ∈ Rn×m is the log-response matrix, and X = (xis ) ∈ Rn×p the design
matrix of rank p containing the values of p covariates. Note that X and Y are connected by
the regression coefficient matrix β = (βsj ) = (β 1 , . . . , β m ) ∈ Rp×m to be estimated, and
E = (εij ) ∈ Rn×m is the matrix of random errors. In the model given in Equation (1), let


Y
i , xi and ε i be the ith rows of Y, X and E, respectively. Then, we can write
Y i = μi + ε i = β  xi + ε i ,

i = 1, . . . , n,

(2)

where ε 1 , . . . , ε n are independently and identically log-GBSm (α1m×1 , 0m×1 , , g (m) ) distributed, with 1m×1 being a vector of ones, 0m×1 a vector of zeros,  = (rs ) ∈ Rm×m the
correlation matrix, and g (m) the multivariate EC kernel. For details about the m-variate
log-GBS distribution, see Appendix. Note that the shape parameter α is assumed to be the
same throughout the different log-responses and individuals. For a detailed justification
about this assumption, the interested reader is referred to Marchant et al. [41].
Let Y 1 , . . . , Y n be a sample from the multivariate log-GBS distribution with E(Y i ) =
β  xi , for i = 1, . . . , n, and y = (y1 , . . . , yn ) be their observed values. Then, the loglikelihood function for θ = (α, vec(β) , svec() ) , with ‘vec’ and ‘svec’ denoting the
vectorization and vectorization of a symmetric matrix, respectively, is given by
(θ ; y) =

n

i=1

i (θ) =

n

i=1

⎛
⎝log(fECm (φ i ; , g (m) )) +

m

j=1

⎞

yij − μij
1
⎠,
cosh
log
α
2




(3)
where fECm is the probability density function (PDF) of an m-variate EC distribution defined in the appendix, μij = βj xi and φ i = (φi1 , . . . , φim ) , with elements φij =
(2/α) sinh((yij − μij )/2), for i = 1, . . . , n and j = 1, . . . , m. From Equation (3), if g (m) is
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the multivariate normal or t kernel, then the log-likelihood functions for θ are as given in
(3) with

1
1
−1
log(||) − φ 
log(ξij ),
i  φi +
2
2
j=1
m

i (θ) = c1 −

1
i (θ) = c2 − log(||) −
2




m

ν+m
−1
log(ν + φ 

φ
)
+
log(ξij ),
i
i
2
j=1

(4)

respectively, where ξij = (2/α) cosh((yij − μij )/2) and φ i is defined in Equation (3),
whereas c1 , c2 are constants that do not depend on the parameter θ.
2.2. Mahalanobis distance
From property (P1) of the m-variate log-GBS distribution (see Appendix), we can obtain
the MD given by
−1
MDi = φ 
i  φi,

i = 1, . . . , n,

(5)

which is useful, as mentioned, for detecting outliers in multivariate regression models and
testing GOF in these models. Based on [27,28]: (i) MDi ∼ χ 2 (m), that is, the MD follows
the central χ 2 distribution with m degrees of freedom, when g (m) is the multivariate normal
kernel, and (ii) MDi /m ∼ Fm,ν , that is, it is related to the central F distribution with m
degrees of freedom in the numerator and ν in the denominator, if g (m) is the multivariate t
kernel, for i = 1, . . . , n. Note that MDi for the multivariate t kernel is known as modified
or generalized MD. Multivariate log-GBS distributions are generated from EC kernels, say
g (m) ; see Appendix. In this context, a result of interest is


ζ (u) =

g (m) (u)
,
g (m) (u)

u > 0,

(6)



where g (m) (u) is the derivative of g (m) (u) with respect to u. If g (m) is continuous and
decreasing, its maximum ug exists and is finite and positive. Moreover, if g (m) is continuous and differentiable, then ug is the solution to ζ (u) + m/(2u) = 0, where ζ (u) is given
in Equation (6). In several of the EC distributions, the kernel g (m) depends on an additional shape parameter, which we denote by ν and allows us to control the kurtosis of the
distribution. It is known that ug = m for both normal and t kernels. Therefore, we have,
respectively,
1
ζ (u) = − , ζ  (u) = 0 (normal kernel),
2
ν+m
ν+m
, ζ  (u) =
(t kernel).
ζ (u) = −
2(ν + u)
2(ν + u)2
2.3. Score vector and robustness
Consider the log-likelihood function for θ given in Equation (3) and  = (ρ), where
ρ = svec() = (ρ1 , . . . , ρl ) , with l = m(m − 1)/2. By taking the derivative of (θ ; y)
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with respect to α, β, ρ, we obtain the score vector for θ given by ˙ = (˙α , ˙ β , ˙ ρ ) , where

2
˙α = −
α
˙ β = −

n

i=1

n


ζi MDi −

m
,
α



D(X) ζi D(ξ i )

i=1

−1


1
−1
(ρ) + D(ξ i ) φ i ,
2

˙ ρ = (ρ1 , . . . , ˙ρl ) ,

with ζi = ζ (MDi ), ζ given in Equation (6),

 
n
∂(ρ) −1
−1
˙ρ = − n tr  −1 (ρ) ∂(ρ) −
ζi φ 
 (ρ)φ i ,
i  (ρ)
k
2
∂ρk
∂ρk
i=1

(7)

k = 1, . . . , l,

φ i as given in Equation (3), D(ξ i ) = diag(ξi1 , . . . , ξim ), ξij given in Equation (4), D(ξ −1
i )=
−1
) and D(X) being a block diagonal matrix with elements x
.
diag(ξi1−1 , . . . , ξim
i
To determine the ML estimates of the model parameters formulated in Equation (2),
we must equate the elements of the score vector given in Equation (7) to zero. To
maximize the log-likelihood function given in Equation (3), the corresponding likelihood equations must be solved by an iterative procedure for nonlinear optimization
problems. For instance, the Broyden–Fletcher–Goldfarb–Shanno (BFGS) quasi-Newton
method can be used; see [35,42]. The BFGS method is implemented in the R software by the functions optim and optimx. Initial values for the iterative procedure can be obtained from (i) the ordinary least square estimate β̂
(ii) α̂ (0) =

m
j=1 (4

n
2
i=1 sinh ((yij

= (X  X)−1 X  Y;
(0)

(0)
1/2
− μ̂(0)
ij )/2)/n) /m, where μ̂ij = β̂ j

being computed from (i); and (iii) (ρ)(0) = D( ˆ
(0)

(0)

(0) −1/2
)

(0)

xi , with β̂ j

ˆ (0) D( ˆ (0) )−1/2 , where ˆ (0) =

(0) (0)
(0)
(0)
( ni=1 φ i (φ i ) )/n, with φ̂ i having elements φ̂ij = (2/α̂ (0) ) sinh((yij − μ̂ij /2)), for
i = 1, . . . , n and j = 1, . . . , m.
Note that, for the log-BS-t distribution, as ν approaches ∞, one has −2ζi approaching
to 1, for all i = 1, . . . , n. Therefore, in this case the scores given in Equation (7) reduce
to the BS case, as expected; see [44] for the univariate case. Thus, the quantity ζi may be
interpreted as a kind of weight in the multivariate BS-t log-linear regression model. Hence,
since this weight is inversely proportional to MDi , if the case i has a large value for its MD,
then it should have a small weight in the ML estimation procedure. Thus, this procedure
assigns less weight to outlying observations in the sense of the MD given in Equation (5). In
addition, note that the parameter ν of the multivariate log-BS-t distribution can be assumed
to be fixed or known from the data due to a statistical robustness aspect; see [39] for the t
distribution, and [44] for the univariate BS-t case.

2.4. Information matrix and asymptotic inference
¨ where ¨ is the Hessian matrix
The observed information matrix is defined by I(θ ) = −,
given by
⎛
⎞
¨αα ¨ αβ ¨ αρ
2
∂
¨ =
=⎝
(8)
¨ ββ ¨ βρ ⎠ .
∂θ ∂θ 
¨ ρρ
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The Hessian matrix is obtained from the log-likelihood function given in Equation (3) with
elements
n
1 
¨
((6ζi − 2ζi MDi )MDi + m),
αα = 2
α i=1
n
2
(ζi + ζi MDi )D(X)D(ξ i ) −1 (ρ)φ i ,
¨ αβ =
α
i=1

¨ αρ = (¨αρ1 , . . . , ¨αρl ) ,

¨ βρ = (¨βρ1 , . . . , ¨βρl ) ,

¨ ρρ = (¨ρk ρs ) ∈ Rl×l ,

1
−1

D(X)D(ξ i ) −1 (ρ)(ζi φ i φ 
¨ ββ =
i  (ρ) + ζi )D(ξ i )D(X )
2 i=1
n

1
2

D(X)(2ζi D(φ i )D( −1 (ρ)φ i ) − D(ξ −2
i )D(φ i ) + I m )D(X ),
4 i=1
n

+

where, for k = 1, . . . , l,
n
2
∂(ρ) −1
−1
(ζi + ζi MDi )φ 
 (ρ)φ i ,
¨αρk =
i  (ρ)
α i=1
∂ρk

¨βρk =

n


−1
D(X)D(ξ i ) −1 (ρ)(ζi + ζi φ i φ 
i  (ρ))

i=1

∂(ρ) −1
 (ρ)φ i ,
∂ρk


 
n
n
∂(ρ) −1
∂(ρ)
−1
−1
 (ρ)
φ
+
¨ρk ρs = − tr − −1 (ρ)
i  (ρ)(ρ)ρk ρs (ρ) φ i ,
2
∂ρk
∂ρs
i=1

with (ρ)ρk ρs being used to denote the expression
ζi

∂(ρ)
∂(ρ)
∂(ρ) −1
∂(ρ)
(ρ)−1
+ ζi
 (ρ)
∂ρs
∂ρk
∂ρk
∂ρs
∂(ρ)
−1 ∂(ρ)
+ ζi
(ρ)−1 φ i φ 
,
i (ρ)
∂ρs
∂ρk

if k = s; but in the case k = s it is used to denote the expression
2ζi

∂(ρ)
∂(ρ)
∂(ρ)
−1 ∂(ρ)
(ρ)−1
+ ζi
(ρ)−1 φ i φ 
,
i (ρ)
∂ρk
∂ρk
∂ρk
∂ρk

−2
−2
whereas ζi = ζ  (MDi ), D(φ i ) = diag(φi1 , . . . , φim ), D(ξ −2
i ) = diag(ξi1 , . . . , ξim ), and
2 , . . . , φ 2 ), whose elements are obtained from φ = (2/α) sinh((y −
D(φ 2i ) = diag(φi1
ij
ij
im
μij )/2).
Under regularity conditions (see [10]), the estimators α̂, β̂ and ρ̂ are consistent and
have a multivariate normal joint asymptotic distribution with asymptotic means α, β and
ρ, respectively, and an asymptotic covariance matrix θ̂ that can be obtained from the
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corresponding expected Fisher information matrix. Thus, we have that, as n → ∞,
√
n(θ̂ − θ )

D

→

Np∗ (0p∗ ×1 ,

θ̂

= J (θ )−1 ),

(9)

D

where → means ‘convergence in distribution to’, p∗ = p m + l + 1, with l = m(m − 1)/2,
and J (θ ) = limn→∞ (1/n)I (θ ), with I (θ ) being the corresponding expected Fisher information matrix. Note that Î (θ)−1 is a consistent estimator of the asymptotic variancecovariance matrix of θ̂ . In practice, one may approximate the expected Fisher information
matrix by its observed version obtained from Equation (8), whereas the diagonal elements
of its inverse matrix can be used to approximate the corresponding standard errors (SEs);
see [14] for details about the use of observed versus expected Fisher information matrices. Asymptotic inference for the parameters of the proposed multivariate GBS regression
models can be conducted by the asymptotic normality defined in Equation (9).

3. Diagnostics
In this section, we consider the local influence method to produce a diagnostic analysis for
multivariate GBS log-linear regression models. Fitting and global influence can be assessed
by the MD presented in Section 2.
3.1. The local influence method
Let (θ) be the log-likelihood function for the parameter θ of the model defined in
Equation (2), which we call the non-perturbed model. Consider a perturbation vector
w ∈  ⊂ Rq for the model, with  being a set of perturbations. Then, (θ | w) is the
log-likelihood function of the perturbed model, with θ̂ w being the ML estimate of θ
obtained from (θ | w). Furthermore, let w0 ∈  ⊂ Rq be a non-perturbation vector with

w0 = 0
q×1 , or w0 = 1q×1 , or a possible third choice, so that (θ ) = (θ | w0 ). Assuming
that (θ | w) is a twice continuously differentiable function in a neighborhood of (θ̂ , w0 ),
we compare the ML estimates θ̂ and θ̂ w by the local influence method to investigate how
inference is affected by the corresponding perturbation. The likelihood displacement (LD)
is given by
LD(w) = 2((θ̂ ) − (θ̂ w )),

(10)

which is used to detect the influence of w. Large values of LD(w) in Equation (10) indicate that θ̂ and θ̂ w differ considerably in relation to the contours of the non-perturbed
log-likelihood function (θ ). We study the local behavior of the influence plot a(w) =
(w , LD(w)) around w0 . The direction in which the LD locally changes most rapidly
is evaluated, that is, the maximum curvature of the surface a(w). For LD(w) given in
Equation (10), the maximum curvature is read to be
Cmax = max Cd ,
d =1

(11)

where Cd = 2|d Fd|, with the matrix F ∈ Rn×n and d being the unit-length direction
vector. To compute Cmax given in Equation (11) and the corresponding direction vector
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dmax , we must calculate
¨ θ̂ )−1 (θ̂ , w0 ),
F = − (θ̂ , w0 ) (

(12)

p∗ ×n

is a matrix partitioned accordingly for the perturbed model
where (θ, w) ∈ R
obtained from Equation (2), called perturbation matrix. Note that the elements of the
perturbation matrix are given by
ij =

∂ 2 (θ | w)
,
∂θ i ∂wj

j = 1, . . . , p∗ ,

i = 1, . . . , n,

which must be evaluated at θ = θ̂ and w = w0 , where, as mentioned, p∗ = pm + l + 1,
¨ θ̂ ) ∈ Rp∗ ×p∗ is the observed information matrix for
with l = m(m − 1)/2. We recall −(
the non-perturbed model. Then, dmax is a unit-length eigenvector associated with the
largest absolute eigenvalue Cmax given in Equation (11). If the absolute value of dmaxi is
large, it indicates that the case i is potentially influential. However, if the interest is in the
 
subset θ 1 of θ = (θ 
1 , θ 2 ) , the normal curvature in the direction d for θ 1 is given by
¨ θ̂ )−1 − B22 ) (θ̂, w0 )d|, where
Cd (θ̂ 1 ) = 2|d (θ̂, w0 ) ((
B22 =

0
0

0

−1
¨ θ 2 θ 2

.

We may reveal cases influential on θ̂ 1 by using the index plot of the largest eigenvector of
¨ θ̂ )−1 − B22 ) (θ̂ , w0 ).
− (θ̂, w0 ) ((
3.2. The total local influence method
In addition to dmaxi , another direction of interest is di = ein , which is related to the direction of the case i, where ein ∈ Rn is a vector of zeros and a one at the ith position. Thus,
the normal curvature is Ci (θ) = 2|fii |, for i = 1, . . . , n, with fii being the ith diagonal element of F given in Equation (12), evaluated at θ = θ̂ . The case i is considered as potentially
influential if Ci (θ̂ ) > 2C̄(θ̂ ), for i = 1, . . . , n, where
1
Ci (θ̂ ).
n i=1
n

C̄(θ̂ ) =

(13)

The diagnostic method defined in Equation (13) is called total local influence; see [37,50].
Note that is possible to compute the normal curvature for the parameters α, β and ρ
denoted Ci (α), Ci (β) and Ci (ρ), respectively.
3.3. Normal curvatures
By using the model formulated in Equation (2) and its perturbed version, we determine normal curvatures for local influence. We compute the observed information matrix
¨ θ̂), derive the perturbation matrix (θ̂ , w0 ) and then obtain the eigenvector associ−(
ated with the largest absolute eigenvalue of F given in Equation (12) as a local influence
measure. Next, we detail the perturbation matrices for different schemes.

JOURNAL OF APPLIED STATISTICS

2837

Case-weight perturbation (ca). For this scheme, let w = (w1 , . . . , wn ) ∈ Rn be the
perturbation vector, where the wi s are positive values denoting the weight corresponding to the case i, and ca (θ | w) is the corresponding perturbed log-likelihood function.
Let w0 = 1
1×n be the non-perturbation vector such that ca (θ | w0 ) = (θ ). Then, the
log-likelihood function for the perturbed model under this scheme is
ca (θ | w) =

n


wi i (θ ),

(14)

i=1

with i (θ) defined from Equation (3). Hence, we establish the matrix ca (θ , w) by taking
the derivatives of ca (θ | w) given in Equation (14) with respect to θ and w, evaluating them
at θ = θ̂ and w = w0 . Thus,
∂ 2 ca (θ | w)
∂α∂wi
| w)
∂β∂wi

w=w0

∂ 2 ca (θ

| w)
∂ρk ∂wi

w=w0

∂ 2 ca (θ

w=w0

1
= − (2ζi MDi + m),
α


1
−1
−1
= −D(X) ζi D(ξ i ) (ρ) + D(ξ i ) φ i ,
2


1
∂(ρ)
∂(ρ) −1
−1
= − tr  −1 (ρ)
 (ρ)φ i ,
− ζi φ 
i  (ρ)
2
∂ρk
∂ρk

for k = 1, . . . , l and i = 1, . . . , n, where ζi = ζ (MDi ) is specified as ζ (MDi ) = −1/2 and
ζ (MDi ) = −(ν + m)/(2(ν + MDi )), for the multivariate normal and t kernels, respectively, based on expressions given in Equations (5) and (6).
Perturbation of the correlation matrix (cm). For this scheme, let w = (w1 , . . . , wn ) ∈
n
R − {0} be the perturbation vector and cm (θ | w) the corresponding perturbed loglikelihood function. Let w0 = 1
1×n be the non-perturbation vector such that cm (θ | w0 ) =
(θ). Then, the log-likelihood function for the perturbed model under this scheme is
⎛
⎞
n
m


⎝log(fECm (φ i ; w−1 (ρ), g (m) )) +
cm (θ | w) =
log(ξij )⎠ .
(15)
i
i=1

j=1

Now we establish the matrix cm (θ , w) by taking the derivatives now of cm (θ | w) given
in Equation (15) with respect to θ, and then with respect to w, evaluating them at θ = θ̂
and w = w0 . Thus,
∂ 2 cm (θ | w)
∂α∂wi

w=w0

∂ 2

cm (θ

| w)
∂β∂wi

∂ 2 cm (θ | w)
∂ρk ∂wi

w=w0

w=w0

2
= − (ζi MDi + ζi )MDi ,
α
= −(ζi MDi + ζi )D(X)D(ξ i ) −1 (ρ)φ i ,
= −(ζi MDi + ζi )φi  −1 (ρ)

∂(ρ) −1
 (ρ)φ i ,
∂ρk

for k = 1, . . . , l, and i = 1, . . . , n, where ζi = ζ  (MDi ), with ζ  (MDi ) = 0 and ζ  (MDi ) =
(ν + m)/(2(ν + MDi )2 ), for the multivariate normal and t kernels, respectively.
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Perturbation of a covariate (co). In this scheme, we perturb a continuous covariate xil by
xil + wi , where xil ∈ Rn is the lth column of xi and w = (w1 , . . . , wn ) ∈ Rn is the perturbation vector. Here, w can be expressed as a proportional value to the standard deviation
(SD) of the perturbed covariate and w0 = 0
1×n is the non-perturbation vector such that
ca (θ | w0 ) = (θ ). Then, the log-likelihood function for the perturbed model under this
scheme is
co (θ | w) =

n


⎛
⎝log(fECm (φ i (w); (ρ), g (m) )) +

m


i=1

⎞
log(ξij (w))⎠ .

(16)

j=1

Here, we establish co (θ, w) by taking the derivatives of co (θ | w) given in Equation (16)
with respect to θ and w, evaluating them at θ = θ̂ and w = w0 . Thus, for k = 1, . . . , l and
i = 1, . . . , n,
∂ 2 co (θ | w)
∂α∂wi
∂ 2

| w)
∂β∂wi

=
w=w0

co (θ

∂ 2 co (θ | w)
∂ρk ∂wi

w=w0

w=w0

2 
ξ D(β l )(ζi MDi + ζi ) −1 (ρ)φ i ,
α i

1
−1
−1
= ζi (ξ 
i D(β l ) (ρ)φ i )D(X)D(ξ i ) (ρ)φ i
2


1
1
+ D(X) ζi D(φ i )D(β l ) −1 (ρ) − D(ξ −2
)D(φ
)D(β
)
φi
i
l
i
2
2


1
1
+ D(X) ζi D(ξ i ) −1 (ρ) + D(ξ −1
)
D(β l )ξ i
i
2
2
 −1

−1
= ξ
i D(β l )(ζi  (ρ)φ i φ i + ζi ) (ρ)

∂(ρ) −1
 (ρ)φ i .
∂ρk

Here, D(β l ) is a diagonal matrix with elements βlj , for j = 1, . . . , m.
Perturbation of the response variable (re). In this scheme, we replace Y i by Y i + wi , where
wi = (wi1 , . . . , wim ) ∈ Rm denoting the corresponding perturbation to the case i. Here
wi can be expressed as a proportional value to the SD of the response and w0 = 0
1×m is the
non-perturbation vector such that re (θ | w0 ) = (θ ). Then, the log-likelihood function for
the perturbed model under this scheme is

re (θ|w) =

n

i=1

⎛
⎝log(fECm (φ i (w); (ρ), g (m) )) +

m


⎞
log(ξij (w))⎠ .

(17)

j=1

Now, re (θ, w) is obtained by taking the derivatives of re (θ |w) given in Equation (17)
with respect to θ and w, for k = 1, . . . , l, and i = 1, . . . , n, and evaluating them at θ = θ̂
and w = w0 . Thus,
∂ 2 re (θ | w)
∂α∂w
i

w=w0

2
= − (ζi MDi + ζi )D(ξ i ) −1 (ρ)φ i ,
α
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∂β∂w
i

w=w0
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1
−1
−1
= D(ξ i )(ζi  −1 (ρ)φ i φ 
i  (ρ)D(ξ i ) − ζi  (ρ)D(ξ i )
2
1

− D(ξ −1
i ))D(X )
4


1
1
−2
−1
2
ζi D(φ i )D( (ρ)φ i ) − D(ξ i )D(φ i ) D(X  ),
×
2
4

∂ 2 re (θ | w)
∂ρk ∂w
i

−1
= −D(ξ i )(ζi  −1 (ρ)φ i φ 
i + ζi ) (ρ)
w=w0

∂(ρ) −1
 (ρ)φ i .
∂ρk

4. Application
In this section, we apply the multivariate GBS log-linear regression model and the developed fitting and diagnostic tools implemented by a computational routine in R code to
real-world data collected by the authors. We consider multivariate data useful for regression models based on clinical CT to study the bone quality. As mentioned, note that the
multivariate BS distribution is appropriate for modeling strength, which is a mechanical
property of bone related to physical properties, as its densities extracted from CT data.
4.1. Description of the problem
CT is an important tool in the study of bone quality and a basis for finite element analysis of bone. It provides 3D-images of X-ray attenuation allowing not only the analysis of a
3D geometry but also the measurement of volumetric mineral content. These characteristics allow us to relate mineral density derived from CT to mechanical properties of bone.
Thus, one can assess the mechanical properties for fracture risk evaluation or modeling
by subject-specific finite element. Several researchers have related CT to elastic modulus
(or strength) and bone density for subsequent estimation of mechanical properties; see, for
example, [13,53]. We investigate four types of densities: (i) bulk density, which considers
the mass of the intact core, including fat and water; (ii) dry density, which excludes fat and
water; (iii) mineral density, which is related to the mineral content; and (iv) clinical CT,
which is obtained from a calibration equation that is derived from known mineral content phantoms. Clinical CT scans are used to assess their application in inferring physical
properties of human trabecular bone. The prediction of apparent density from ash density
allows for estimation of mechanical properties of bone, which can subsequently be used
in a finite element model. For example, to determine the utility of clinical CT scans in the
prediction of physical properties of human trabecular bone; see [53].
4.2. Regression analysis
We consider as responses: (i) bulk density (T1 , in mg/cm3 ) and (ii) dry density (T2 , in
mg/cm3 ). The covariates that could affect these responses are: (i) CT density (X1 , in
mg/cm3 ) and (ii) ash density (X2 , in mg/cm3 ). We illustrate the proposed multivariate
models with real-world density data associated with these variables. We work with the
log-responses Yj = log(Tj ), for j = 1,2.
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First, we make an exploratory data analysis computing correlations for Y1 , Y2 , X1 , X2 .
Figure 1 displays the scatter-plots for these variables and their corresponding correlations.
From this figure we detect that exist: (i) large correlations between (Y1 , Y2 ), justifying the
use of multivariate distributions; (ii) large correlations between X1 , X2 , indicating a possible collinearity problem; and (iii) medium correlations between (X1 , Y1 ), and (X1 , Y2 ),
and large correlations between (X2 , Y1 ) and (X2 , Y2 ), which supports the elimination of
X1 . This must be confirmed by the inferential analysis.
Second, we consider the previous exploratory data analysis, the adequacy of the BS
distribution for this problem, and the robustness estimation in BS-t models to propose
a multivariate regression model for describing (Y1 , Y2 ) in function of X2 (because X1 is
discarded due to collinearity). Therefore, the proposed multivariate log-linear regression
model is given by
Y i = β  xi + ε i ,

i = 1, . . . , 74,

Figure 1. Scatter-plots with their corresponding correlations for the indicated variable with bone density data.
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where εi = (εi1 , εi2 ) ∼ log-GBS2 (α12×1 , 02×1 , (ρ)2×2 , g (2) ). We estimate the parameters of the multivariate BS and BS-t regression models via the ML method, which we have
implemented in R code. Starting values, θ̂
α̂

(0)

= 0.077963, β̂

(0)



6.677099
=
0.001157

(0)

say, used in the maximization procedure are:



4.682944
1.000000
(0)
ˆ
, (ρ) =
0.004538
0.378761


0.378761
.
1.0000

In addition, we use the value ν = 4. We have verified that ν = 4 corresponds to the value
that maximizes the log-likelihood function within a range of values for ν; see Figure 2.
Table 1 displays the parameter estimates and the maximized log-likelihood value, estimated asymptotic SEs of the corresponding ML estimators for both models, and p-values
of each t-test. From this table, and for a 5% significance level, we obtain the following conclusions: (i) estimated correlation from the BS2 and BS-t2 log-linear models results to be
statistically significant, corroborating our conjecture from the exploratory analysis; and
(ii) the regression coefficients β0 (constant term of the model) and β1 (slope) must be
considered in the prediction of T1 and T2 . We can also see the value that maximizes the
log-likelihood is greater for BS-t2 model, indicating a better fit.

Figure 2. Profiled maximized log-likelihood in function of ν for ν = 1, . . . , 20 by 1 with bone density
data.
Table 1. ML estimate of the indicated parameter and model with its corresponding estimated SE,
p-value and log-likelihood function.
BS2 model

BS-t2 model

Parameter

Estimate

SE

p-value

Estimate

SE

p-value

ρ
β01
β02
β11
β12
α
Log-likelihood

0.377034
6.676328
4.679009
0.001159
0.004550
0.072004
165.3831

0.050354
0.025193
0.025101
0.000097
0.000097
0.003628
–

< 0.001
< 0.001
< 0.001
< 0.001
< 0.001
< 0.001
–

0.373313
6.678921
4.687253
0.001151
0.004526
0.071836
169.3681

0.059365
0.029402
0.032067
0.000110
0.000120
0.004840
–

< 0.001
< 0.001
< 0.001
< 0.001
< 0.001
< 0.001
–
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4.3. Model checking and global influence analysis
As mentioned, m-variate log-GBS model checking can be conducted by using the MD.
Here, this distance follows the χ 2 (m = 2) or 2F (m = 2, ν = 4) distribution if g (2) is the
bivariate normal or t2 kernel, respectively. We substitute the ML estimator of θ in MDi (θ̂ ),
which has asymptotically the same distribution of MDi (θ ); see [27]. We use the Wilson–Hilferty (WH) approximation for transforming this distance, which should follow
now a normal distribution; see [19] and references therein. Then, we check normality of
the transformed distances with the WH approximation using GOF techniques. Figure 3(a)
and 3(b) shows the corresponding probability versus probability (PP) plots with acceptance
bands for a significance level of 5%. From this figure, we detect that the BS-t2 log-linear
regression model provides a better fit than the BS2 model, which is corroborated by the
p-values 0.0227 and 0.4068, respectively, of the Kolmogorov–Smirnov (KS) test associated
with these PP plots; see [4]. Therefore, we can conclude that the bivariate BS-t2 log-linear
regression model fits better to the bone density data. As also mentioned, the MD is a
global influence measure to detect multivariate outliers. Figure 3(c) and 3(d) displays the
index plots of this distance for BS2 and BS-t2 log-linear regression models. In addition,
Figure 3(e) presents the plot of estimated weights, say ζi , versus MDi for the BS-t2 loglinear regression model, with i = 1, . . . , 74. From Figure 3(c) and 3(d), note that the cases
{20, 48, 55, 69, 70} appear as possible multivariate outliers in the BS2 model, but not in the
BS-t2 log-linear regression model. In Figure 3(e), observe that these cases have smaller
weight in the BS-t2 log-linear regression model that in the BS2 log-linear regression model,
which confirms the inherent robustness of the ML procedure against possible outlying
observations.
4.4. Local influence analysis
In order to identify possible influential cases under the fitted models, we present some
diagnostic graphs for total local influence (Ci ). Plots for local influence (dmax ) are omitted
here, but they are similar to total local influence graphs.
Figure 4 shows the index plots of Ci under the case-weight perturbation scheme for θ̂
(a,b), α̂ (c,d), β̂ (e,f) and ρ̂ (g,h). From this figure, note that cases {20, 48, 55, 69, 70} appear
with a large influence under the BS2 log-linear regression model, but not under the BS-t2
model. These cases have different degrees of influence on α̂ and β̂ and coincide with those

Figure 3. PP plots with KS acceptance regions at 5% for transformed MDs with BS2 (a) and BS-t2 (b)
models; index plots of MDs for the BS2 (c) and BS-t2 (d) models; and plot of estimated weights versus
MDs for the BS-t2 model (e) and BS2 model – straight line at a value equal to one –.
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detected by the MD. Note that there is practically no influence of these cases on ρ̂ for both
models according to Figure 4(g) and 4(h).
Figure 5 displays the index plots of Ci under the correlation perturbation scheme for
Ci (θ) (a,b) Ci (α) (c,d), Ci (β) (d,e) and Ci (ρ) (f,g). From this figure, note that again cases
{20, 48, 55, 69, 70} appear with a large influence under the BS2 model, but not under the
BS-t2 model. In addition, observe that cases {20, 48, 55, 69, 70} have different degrees of

Figure 4. Total local influence index plots of case-weight perturbation for θ̂ (a,b), α̂ (c, d), β̂ (e, f) and ρ̂
(g, h) in the indicated model.

Figure 5. Total local influence index plots of correlation perturbation for θ̂ (a,b), α̂ (c, d), β̂ (e, f) and ρ̂
(g, h) in the indicated model.
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influence on α̂ and β̂. Again note that there is practically no influence of these cases on ρ̂
for both models according to Figure 5(g) and 5 (h).
Figure 6 presents the index plots of Ci (θ) (a,b), Ci (α) (c,d), Ci (β) (e,f) and Ci (ρ)
(g,h) under the covariate perturbation scheme. From this figure, note that now cases
{48, 55, 69, 70, 74} appear with a large influence under the BS2 model, but not under the
BS-t2 model. In addition, observe that cases {69, 70}, {48, 55, 74} and {48, 55, 69, 70} appear
as influential on α̂, β̂ and ρ̂, respectively.
Figure 7 shows the index plots of Ci (θ ) (a,b), Ci (α) (c,d), Ci (β) (e,f) and Ci (ρ)
(g,h) under the response variable perturbation scheme. From this figure, note that cases
{20, 48, 55} appear with a large influence under the BS2 model for variable Y1 , but not

Figure 6. Total local influence index plots of covariate perturbation for θ̂ (a, b), α̂ (c, d), β̂ (e, f) and ρ̂ (g,
h) in the indicated model.

Figure 7. Total local influence index plots of response perturbation for θ̂ (a, b), α̂ (c, d), β̂ (e, f) and ρ̂ (g,
h) in the indicated model.
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under the BS-t2 model. In addition, cases {20}, {48, 55} and {20, 48, 55, 70} have different
degrees of influence on α̂, β̂ and ρ̂, for the variable Y1 . Furthermore, Figure 7 shows that
cases {20, 48, 55, 70} appear with a large influence under the BS2 model, but not under the
BS-t2 model for variable Y2 . Moreover, observe that cases {20, 48, 55, 70}, {48, 55} and {20}
appear as influential on α̂, β̂ and ρ̂, respectively, for Y2 .

5. Conclusions and future works
We have derived new multivariate GBS log-linear regression models and carried out a diagnostic analysis for these models. We have considered the MD for evaluating the suitability
of the distributional assumption by transforming this distance with the WH approximation and then by using GOF techniques. In addition, the MD has been employed as a
global influence measure to detect multivariate outliers. Furthermore, we have obtained
appropriate matrices for assessing local influence under perturbation schemes of caseweight, correlation matrix, response variable and a continuous explanatory variable. We
have implemented the obtained results in the R software. These results have been applied
to real-world multivariate data to illustrate its good performance. We have considered multivariate data useful for regression models based on CT to study the bone quality. The
BS distribution is appropriate for modeling physical properties of bone and its densities
extracted from CT data, which are related to mechanical properties, as strength, which
plays a role as human bone ages affecting its fatigue properties that can be well described
by this distribution. GOF tests have concluded that BS-t2 log-linear regression model was
quite appropriate to describe these type of data.
The authors are considering to study some new aspects related to this paper in a future
work. For example, it is possible to explore the effect of considering different shape parameters in each response. In addition, heterogeneity problems presented in the data could
also be modeled. Furthermore, other estimation procedures can be investigated. Moreover,
a residual analysis may be derived for these regression models, whose appropriateness is
often assessed by residuals. This topic is somewhat complex in multivariate regression,
still more for asymmetrical distributions; see [11,40] for some ideas on residual analysis
in multivariate elliptical models. Thus, we have evaluated the distributional assumption by
GOF methods and leave the residual analysis for a future study. Also, random effects can
be added in the models proposed in this work, which provides to us challenging aspects to
be considered.
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Appendix. Multivariate log-GBS distributions
Let V = (V1 , . . . , Vm ) ∈ Rm be a random vector with m-variate EC distribution, location vector
equal to zero, scale matrix = (σrs ) ∈ Rm×m (rk( ) = m), kernel g (m) , and all its moments exit.
In this case, the notation V ∼ ECm (0m×1 , , g (m) ) is used. The matrix allows us to obtain the
variance-covariance matrix of V by 0 = c0 , where c0 = E(V 2 ), with V 2 ∼ Gχ 2 (m, g (m) ), that
is, the generalized χ 2 distribution with m degrees of freedom and multivariate kernel g (m) ; see [15].
Thus, the correlation matrix  = (ψrs ) ∈ Rm×m (with rk() = m) of V is given by
 = D(

−1/2
)
0

0 D(

−1/2

−1/2
)
0

= D(

−1/2

) D(

−1/2

),

(A1)

where 0 = (c0 σrs ) ∈ Rm×m , D( 0 ) = diag((c0 σ11 )−1/2 , . . . , (c0 σmm )−1/2 ), and D( −1/2 ) =
−1/2
−1/2
diag(σ11 , . . . , σmm ). The cumulative distribution function (CDF) of V is denoted by FECm
and its PDF with normalizing constant c(m) > 0 and kernel g (m) > 0 is fECm (v; , g (m) ) =
c(m) | |−1/2 g (m) (v −1 v), for v = (v1 , . . . , vm ) ∈ Rm ; see [16].
Let T = (T1 , . . . , Tm ) ∈ Rm
+ be a random vector with m-variate GBS distribution of paramm

(m) and scale and correlaeters α = (α1 , . . . , αm ) ∈ Rm
+ , λ = (λ1 , . . . , λm ) ∈ R+ , EC kernel g
m×m
m×m
and  ∈ R
, respectively. Note that, for the case of GBS distribution matrices ∈ R
tions, σkk = 1, for all k = 1, . . . , m. Then, from Equation (18), =  and the notation T ∼
GBSm (α, λ, , g (m) ) is used. Constants and kernels of the m-variate normal and t distributions are
c(m) = (2π )−(m/2) , g (m) (u) = exp(−u/2) and c(m) = ((ν + m)/2)/((νπ )m/2 (ν/2)), g (m) (u) =
(1 + u/ν)−(ν+m)/2 , respectively, with u > 0, where  is the gamma function. For more details of
multivariate GBS distributions, see [26].
Let T = (T1 , . . . , Tm ) ∼ GBSm (α, λ, , g (m) ). Then, Y = (log(T1 ), . . . , log(Tm )) follows an
m-variate log-GBS distribution with shape vector α = (α1 , . . . , αm ) , location vector μ = E(Y) =
(E(Y1 ), . . . , E(Ym )) = (log(λ1 ), . . . , log(λm )) ∈ Rm , EC kernel g (m) and correlation matrix
 ∈ Rm×m . This is denoted by Y ∼ log-GBSm (α, μ, , g (m) ), whose CDF is FY (y; α, μ, , g (m) ) =
FECm (B; , g (m) ), for y = (y1 , . . . , ym ) ∈ Rm , where FECm is the CDF of an EC distribution and





2
2
y 1 − μ1
y m − μm
,...,
B = B(y; α, μ) =
sinh
sinh
.
α1
2
αm
2

m
The PDF of Y is fY (y; α, μ, , g (m) ) = fECm (B; , g (m) ) m
j=1 cosh((yj − μj )/2)/αj , for y ∈ R .
−1
(m)

2
(m)
If Y ∼ log-GBSm (α, μ, , g ), then: (P1) B (y; α, μ) B(y; α, μ) ∼ Gχ (m, g ), and (P2)
D(α)B(Y; α, μ) ∼ ECm (0m , D(α)D(α), g (m) ), where D(α) = diag(α1 , . . . , αm ).
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Figure A1. Contour plots of the log-BS2 (a–h) and log-BS-t2 (i–p) PDFs with ψ = 0.0 and μ = (0, 0)
for the indicated value of the parameter vector α.
Figure A1 shows PDF contours for bivariate log-BS and log-BS-t distributions, denoted by logBS2 and log-BS-t2 , respectively, for α = (α1 , α2 ) , with α1 ∈ {0.75, 1.0}, α2 ∈ {0.75, 1.0, 2.0, 3.0},
μ = (0, 0) , ψ = 0.0, and ν = 4. From these figures, note that the log-BS-t2 distribution has heavier
tails than the log-BS2 distribution and that values for α1 and/or α2 greater than two provide bimodality in bivariate log-GBS distributions. However, a number of studies have reported that these values
are unusual when fatigue data are analyzed; see [6,41,46].

