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Abstract In a previous article, we presented a genetic algorithm (GA), which finds solu-
tions to problems of robust design in multivariate systems. Based on that GA, we developed
a new GA that uses a new desirability function, based on the aggregation of the observed
variance of the responses and the squared deviation between the mean of each response and
its corresponding target value. Additionally, we also changed the crossover operator from a
one-point to a uniform one. We used three different case studies to evaluate the performance
of the new GA and also to compare it with the original one. The first case study involved using
data from a univariate real system, and the other two employed data obtained from multivar-
iate process simulators. In each of the case studies, the new GA delivered good solutions,
which simultaneously adjusted the mean of each response to its corresponding target value.
This performance was similar to the one of the original GA. Regarding variability reduction,
the new GA worked much better than the original one. In all the case studies, the new GA
delivered solutions that simultaneously decreased the standard deviation of each response
to almost the minimum possible value. Thus, we conclude that the new GA performs better
than the original one, especially regarding variance reduction, which was the main problem
exhibited by the original GA.
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1 Introduction

One of the most important, yet controversial contributions of Taguchi’s methods to process
and quality improvement has been robust design (Allende et al. 2005; De Mast 2004; Leon
et al. 1987; Kackar and Shoemaker 1986). Robust design tries to adjust controllable input
variables of a system (control factors), so that system’s outputs stay as close as possible to
their corresponding target values and with minimum variability, even in the presence of noise
factors, which cannot be controlled. To simultaneously achieve those two objectives, robust
design determines dispersion factors, which mainly affect the variability of the responses,
and adjustment factors, which can be used to adjust the means of the responses to their cor-
responding target values. This is a two-stage process, in which one first finds the dispersion
factors and sets their values to minimize variability of the outputs. Then, the process deter-
mines the values of the adjustment factors, which locate the mean of the outputs as close
as possible to the corresponding target values. However, as the number of outputs of the
system increases, the objectives of robust design become harder to achieve (Maghsoodloo
and Chang 2001). The same happens when the number of control and noise factors is large
(Allende et al. 2005; Kackar and Shoemaker 1986).

To overcome the difficulties of applying robust design to multivariate systems with many
control and noise factors, we proposed the use of a Genetic Algorithm (GA) (Allende et al.
2008). Figure 1 shows a simple diagram of this GA and gives an idea about its application
in robust design.

Using the data collected in a typical robust design experiment, the GA searches for the
combinations of levels of control factors, which tend to minimize variability of the responses
of the system and achieve a good fit between the value of each response and its corresponding
target value. The performance of the GA was good for getting the responses close to their
target values, but the reduction in variability was only partially met. For univariate systems,
the decrease in variability attained was acceptable, but for multivariate systems, it was modest
(Allende et al. 2008). Thus, the current article presents some changes to the original GA to
improve variability reduction.

The rest of the article is organized as follows: section two presents some details of the
original GA and the changes made to it. Then, section three shows the results obtained
with the new algorithm, both for univariate as well as multivariate systems. Addition-
ally, section three compares the performance of the original GA with the new GA for
univariate and multivariate systems. The article ends with a summary of the results and
their implications for the use of the GA in robust design and for future developments
of it.

2 Changes to the original algorithm

In this study we use our original GA, as described in Allende et al. (2008), except (a) we use a
new fitness function and corresponding desirability limits, and (b) we apply a new crossover
operator, which corresponds to a uniform crossover. We will present a brief description of
the original GA and explain those two changes.

The original GA (Allende et al. 2008) represents the combinations of k control factors
that may take s different levels (values) of a robust design experiment using an integer cod-
ification. One chromosome will be composed of a combination of different levels of each
factor, which corresponds to a particular treatment of the experiment.
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START

• Design of the robust design experiment 
• Execution of the experiment in the real system 

SETTING UP OF INITIAL PARAMETERS OF GA

GENERATION OF INITIAL POPULATION

CALCULATION OF FITNESS FUNCTION 

Stopping condition reached? 

SELECTION STAGE

No

CROSSOVER STAGE

MUTATION STAGE

FINAL ADJUSTMENTS

EXECUTION OF CONFIRMATORY
EXPERIMENT

SELECTION OF SOLUTION TO 
BE IMPLEMENTED IN THE SYSTEM

STOP

Yes

• Setting up of Crossover probability 
• Setting up of Mutation probability

• Calculation of fitness function for each chromosome

• Calculation of Selection probability for each 
chromosome

• Probabilistic selection of N best chromosomes

• Match parents
• Generate N descendants using uniform crossover

• Bit by bit Mutation of genes 
• Generate 2N mutated chromosomes

• Estimate missing values corresponding to non-tried 
experimental treatments using the mean of responses

Fig. 1 Application of the genetic algorithm to robust design in multivariate systems (modified from Allende
et al. 2008)

Let fl j be the factor j of chromosome l, with j = 1, 2, . . ., k and l = 1, 2, . . ., N . Each
fl j can take the value of a given level of the factor j , that is 1,2, …, s. One chromosome (or
solution) is expressed as a row vector (see Eq. 1). The matrix representing the total population
of solutions X will be composed of N chromosomes (see Eq. 2).
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xl = [ fl1, fl2, ..., flk] (1)

X = [x1, x2, ..., xN ]T (2)

To assess the fitness of each of the chromosomes, the original GA used a fitness function based
on the mean square deviation (MSD) or the signal to noise ratio (SNR) for the nominal the
better quality characteristic (NTB) (Taguchi 1991). However, Pignatiello (1988) concluded
that for the NTB quality characteristic in robust design, a more reasonable performance
statistic would be the one presented in Eq. 3, and thus we apply it in the new GA:

Fitness f unction = φ (xl) = − {
s2 (xl) + [T − y (xl) ] 2} (3)

where: T , target value for NTB quality characteristic; y (xl) = 1
n

∑
i=1 y(xl), mean of the

response y(xl) of chromosome xl ; s2 (xl) = 1
n

∑
i=1 [yli −y (xl)]2, variance of the response

y(xl) of chromosome xl

In a multivariate system, we will have more than one response (in general, R responses)
and hence, one fitness function for each of them. Following the work of Ortiz et al. (2004) and
Del Castillo et al. (1996), the total fitness function for multivariate systems will be expression
(4), which consists of a desirability function D(φ(xl)) and a penalty function Pl((y(xl)):

Dl (xl) = Dl (φr (xl)) − Pl (y (xl)) (4)

where y (xl) is the generic form of designating all the responses of the treatment combination
xl . Thus, the penalty function will depend on all the replications of all the responses of the
system.

Each element of expression (4) can be decomposed into expressions (5) and (6) according
to Ortiz et al. (2004):

Dl (φ (xl)) = (d1l (φ1 (xl)) × d2l (φ2 (xl)) × . . . × dRl (φR (xl)))
1
R (5)

Pl (y (xl)) =
[
(pl1 (yl (xl)) × p2 (y2 (xl)) × . . . × pR (yR (xl)))

1
R − c

]2
(6)

where y (xl) is the generic form of designating all the responses of the treatment combination
xl (for an explanation of constant c, see below).

Moreover, each element of the penalty function (6) can be expressed as (Ortiz et al. 2004):

pr1 (yl (xl)) =

⎧
⎪⎪⎨

⎪⎪⎩

c +
(

Lr −yr (xl )

Hr −Lr

)
, yr (xl) ≤ Lr

c, Lr ≤ yr (xl) ≤ Hr

c +
(

yr (xl )−Hr
Hr −Lr

)
, yr (xl) ≥ Hr

(7)

Each response yr has a target value Tr and a lower and upper limit given by Lr and Hr respec-
tively, in which Lr < Tr < Hr ∀r, r = 1, 2, · · · , R. For chromosome xl to be feasible,
the corresponding response must be within those limits (Lr ≤ yr (xl) ≤ Hr ). The constant
c avoids the penalty function from becoming zero if infeasible cases arise and is assigned
a value of 0.0001, which does not influence the value of the final solution (see Ortiz et al.
2004).

The desirability function must also have a lower and upper limit for each of the elements
drl(φr (xl)) (see expression (5)), called the desirability limits (Ortiz et al. 2004). Expression
(8) presents the desirability function, where br corresponds to the most desirable case and
ar to the least desirable case:
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drl (φr (xl)) =
⎧
⎨

⎩

0, φr (xl) ≤ ar
φr (xl )−ar

br −ar
, ar ≤ φr (xl) ≤ br

1, φr (xl) ≥ br

(8)

For the new fitness function (3), parameter br may be expressed by Eq. 9, using the minimum
variability attained in the treatment combination of the initial experiment performed:

br = −s2
min (xl), ∀r, l (9)

The value of ar corresponds to the least desirable case, where the variance of the response
is a maximum and the mean of it is at any of the two limits (Hr or Lr ). Thus, parameter ar

may be calculated using expression (10):

ar = − (
s2

max (xl) + (max {(Hr − Tr ) , (Tr − Lr )})2) , ∀r, l (10)

As noted in Allende et al. (2008), in the calculation of the fitness value for each chromo-
some, we need to know the response corresponding to the experimental treatment, which each
chromosome represents. However, some of those treatments might not have been part of the
experiment that we conducted to gather the data. Thus, we need to estimate those responses.
For estimating the variance of the response for a chromosome (treatment) not tried, we will
continue using the method presented in Allende et al. (2008), which consists of calculating
the variance considering all the replications of all the treatments tried in the original experi-
ment. In the case of the mean, we will use the mean of the observations corresponding to the
experiment that was carried out (Yuan 2006), since the results show that we obtained a good
performance when employing it (Allende et al. 2008; Droop 2008; Bravo 2005).

As in any GA, after the algorithm computes the fitness value of the chromosomes of a
generation, it must build a new generation. To do so, we need to use the genetic operators of
selection, crossover and mutation (Holland 1974). Regarding selection and mutation, we kept
the same operators used in the original GA, which correspond to a roulette or probabilistic
selection and a bit by bit (factor by factor) mutation (see Allende et al. 2008 for details). In
the case of crossover, we changed it from a one-point crossover to a uniform one, since it has
been shown that this type of crossover can be more effective than others (Syswerda 1989).
This crossover works as follows:

• Generate a vector C of N 0’s and 1’s random numbers sampled from a uniform distribution,
where N equals the number of genes of the chromosome.

• When the number ci in vector C is 0, the gene fi from parent 1 passes to child 1 and the
corresponding gene from parent 2 passes to child 2.

• When the number ci in vector C is 1, the gene fi from parent 1 passes to child 2 and the
corresponding gene from parent 2 passes to child 1.

• Store both children and parents for use in the next generation.
• Repeat the above steps for all the selected couples of parents.

To be able to compare the performance of the original GA with the new one, we kept the
stopping criterion of reaching between 3000 and 4000 chromosomes in the population. For
the same reason, we continued using a crossover probability of 0.3 and a mutation probability
of 0.05.

3 Application of the new algorithm

To evaluate the performance of the new GA and also compare it to the original one, we used
three case studies. The first one corresponds to a real application of robust design to adjust the
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automatic body paint process in a car manufacturing plant (Vandenbrande 2000). The second
case study uses a multivariate process simulator with four responses, ten control factors and
five noise factors. This simulator is described in Allende et al. (2008) and was used to test
the original GA. Since these two case studies were used to evaluate the original GA, we
also employ them to compare the original GA with the new one. Finally, we implemented a
second multivariate process simulator with the same number of responses, control and noise
factors, but having interactions between control and noise factors. This change increases
the similarity of the simulator to a real system, since real systems generally exhibit those
interactions (Gunter 1987).

3.1 Results obtained for the univariate real system

In this case, a robust design was carried out to adjust the width of the painted strip of a car
painting system to a nominal width of 40.0 cm. The design of the experiment consisted of an
orthogonal array L9(34) for the four control factors and a L4(23) for the three noise factors.
More details and the data may be found in Vandenbrande (2000). Given the small size of the
experiment, one can manually compute the best solution, which corresponds to the treatment
(combination of control factors) A = 2, B = 3, C = 1 and D = 2 (chromosome x = [2312]).
For that combination, the width of the painted strip is 41.025 cm with a standard deviation
of 1.439 cm. Both the new and original GA found that solution under the same conditions
and settings of the GA’s (for details see Allende et al. 2008). The main variation observed
between both GA’s was the difference in execution time. Using a Dell Notebook 1410, Intel
Centrino processor at 1.66 GHz, 1.24 GB RAM memory and running Windows XP Profes-
sional SP2 and Matlab ver. 6.5.0.180913, the original GA took a mean time of 80.1 seconds
to reach the stopping condition, whereas it took only 41.47 seconds to the new GA. This
is a 48% decrease in mean execution time. For this case we stopped both GA’s when they
reached nine iterations, so that we could precisely measure the stopping time. The decrease
in execution time is due to the change in crossover operator (from a one-point crossover to
a uniform one), since it has been shown that a uniform crossover tends to run faster than a
uniform one (Syswerda 1989).

3.2 Results obtained for the univariate complex systems, original simulator

To test both GA’s under a more complex situation, we built a simulator which is described in
detail in Allende et al. (2008). The robust design for this situation considers using an inner
array L64(410) for the ten control factors and an outer array L16(45) for the five noise factors.
The four responses of the simulator are optimized independently of each other, so that we
deal with a univariate system.

Table 1 shows the best solutions obtained by the original and new GA. For each response
(y1, y2, y3 and y4), the table lists the chromosome (treatment combination of control factors)
that achieved the closest match of the response to its target value and the minimum variability
(standard deviation). Since some chromosomes deliver a better match of the response to its
target value than others, but achieve a smaller reduction in variability and vice-versa, the
table shows more than one chromosome for some of the responses. Additionally, we should
note that all of the best solutions obtained by the original GA were also found by the new
GA, but are not repeated in the table as part of the chromosomes delivered by it.

We can see that the variability reduction for all of the responses achieved by the new GA
is much bigger than the one obtained by the original GA. Almost all of the ratios of the
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Table 1 Comparison of means and standard deviations of best solutions for the univariate complex systems,
original simulator

Resp. Chromosome Response mean Standard deviation

Target
value

Obtained Diff.
(%)

Minimum
possible (smin )

Obtained
(sobt )

sobt / smin
(times)

Original GA

y1 1-4-4-4-4-4-4-4-4-1 201.5 200.3 −0.60 2.1 5.883 2.80

y1 1-3-3-3-3-1-1-1-1-3 201.5 187.1 −7.15 2.1 4.176 1.99

y2 1-2-2-2-2-1-1-1-1-2 50.8 50.1 −1.38 0.8 2.167 2.71

y2 1-2-2-2-2-2-2-2-2-1 50.8 52.4 3.15 0.8 1.712 2.14

y3 3-3-1-2-4-4-2-1-3-2 965.0 924.2 −4.23 36.0 108.958 3.03

y4 3-2-4-3-1-3-1-2-4-4 512.0 482.8 −5.70 28.0 98.892 3.53

y4 4-4-1-3-2-2-3-1-4-3 512.0 593.3 15.88 28.0 91.530 3.27

New improved GA

y1 2-1-2-3-4-4-3-2-1-4 201.5 215.9 7.15 2.1 2.13 1.01

y2 1-1-1-1-1-3-3-3-3-3 50.8 47.70 −6.11 0.8 0.84 1.05

y3 4-1-4-2-3-1-4-2-3-1 965.0 975.1 1.04 36.0 36.16 1.004

y4 2-3-4-1-2-4-3-2-1-2 512.0 426.4 −16.75 28.0 38.98 1.39

obtained to the minimum possible standard deviation (sobt/smin) for the solutions calculated
by the new GA are 1.0, except for y4. Even in that case, the ratio is less than half the one
obtained by the best solutions delivered by the original GA. Thus, we can say that the new
GA achieved the objective of improving variance reduction. Regarding the adjustment of the
mean, we can see that the new GA behaves well compared to the original one. For responses
y1 and y3, the percentage difference in mean adjustment is smaller than or equal to the one
obtained by the original GA. In the case of y2, that difference is twice the one achieved by
the original GA, but given the large variance reduction that the new chromosome obtains, it
is acceptable. For response y4, the percentage difference is bigger for the new GA than for
the original one, but again that is offset by the large difference in variance reduction.

3.3 Results obtained for the multivariate complex system, original simulator

In this case, we used the same simulator and the same experimental design as before, but
we optimized the four responses at the same time. This means that we are optimizing a
4-dimensional multivariate system. Table 2 presents the solutions for this case.

To make Table 2 more readable, we present only the best global solution for the original
GA, which tries to reduce variability and adjust the mean of the four responses at the same
time. This chromosome was chosen as the best solution, since it represents a rather good
compromise between both objectives for all responses (Allende et al. 2008). For the new
GA, the table shows a new chromosome, which was not found by the original GA. We must
note that the solution delivered by the original GA was also found by the new one. We can see
that the solution delivered by the new GA is much better in variance reduction than the one
of the original GA. The ratios of the obtained to the minimum possible standard deviation
(sobt/smin) for the new GA are between 1.01 and 1.25, whereas the ones for the original
GA are between 3.01 and 9.91. However, the differences in mean adjustment for responses
y2, y3and y4 are smaller for the solution of the original GA than the ones corresponding to
the chromosomes of the new GA, especially for response y4.
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Table 2 Comparison of means and standard deviations of responses for the multivariate system, original
simulator

Resp. Chromosome (solution) Response mean Standard deviation

Target
value

Obtained Diff. (%) Minimum
possible (smin )

Obtained
(sobt )

sobt / smin
(times)

Original GA

y1 3-4-2-1-3-3-1-2-4-2 201.5 195.0 −3.23 2.10 6.33 3.01

y2 50.8 51.7 1.77 0.80 2.52 3.15

y3 965.0 910.0 −5.70 36.0 356.82 9.91

y4 512.0 508.2 −0.74 28.0 117.63 4.20

New improved GA

y1 3-3-1-2-4-3-1-2-4-1 201.5 200.7 −0.41 2.10 2.13 1.01

y2 50.8 47.2 −7.20 0.80 0.81 1.01

y3 965.0 782.2 −18.9 36.0 36.29 1.01

y4 512.0 612.3 19.6 28.0 34.90 1.25

As we did with the solutions of the original GA, we need to select the better solution
between the two shown in Table 2, since we can implement only one of them in the system.
We should remember that the solution delivered by the original GA was also found by the
new one, thus we must also consider that chromosome. To do so, we need to look at the
difference in mean and standard deviation among the four responses and try to find a good
balance between the goals of mean adjustment and variance reduction. It seems that if our
primary goal is to achieve variance reduction, chromosome [3-3-1-2-4-3-1-2-4-1] might be
the best choice. This solution decreases the standard deviation of responses y1, y2 and y3 to
almost the minimum possible one and for y4 to a reasonable value.

Now, if we look at mean adjustment, solution [3-3-1-2-4-3-1-2-4-1] adjusts the mean of
response y1very well, but not for the other three outputs, whereas chromosome [3-4-2-1-3-
3-1-2-4-2] achieves a better adjustment. Note also that for response y3, neither of the two
solutions obtains a rather good adjustment. It seems that chromosome [3-4-2-1-3-3-1-2-4-2]
might be the best choice, since it adjusts very well the mean of responses y1, y2 and y4, and
rather well for y3 compared with the other chromosome. Regarding the achievement of both
goals, it is unclear which would be the better solution of the two. If our primary objective is
variance reduction, chromosome [3-3-1-2-4-3-1-2-4-1] might be the best choice, whereas if
we favor mean adjustment, it might be [3-4-2-1-3-3-1-2-4-2].

3.4 Results obtained for the univariate complex systems, new simulator

Since the new GA generated all of the solutions found by the original GA and also some new
and better ones, at least for variance reduction, we continued analyzing the performance of
only the new GA. For doing that, we built a new simulator with four responses, ten control
factors, five noise factors and having interactions between some of the control and noise
factors. Appendix A presents the details of the simulator and the settings used in the GA
and for doing the robust design experiment. This experiment used a L64(410) × L16(45)

design, which is the same design used in the optimization of the outputs of the old simulator.
We decided to include interactions between control and noise factors, since this situation is
more similar to real systems (Gunter 1987; Lorenzen and Anderson 1993). One generally
encounters such interactions in systems, especially if one analyzes many control and noise
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Table 3 Comparison of means and standard deviation of best solutions for the univariate complex systems,
new simulator

Resp. Chromosome Response (Y) mean Standard deviation

Target
value

Obtained Diff. (%) Minimum
possible (smin )

Obtained
(sobt )

sobt /smin
(times)

y1 3-4-2-1-3-3-1-2-4-2 200 190.5 −4.77 2.1 2.1 1.0

y1 3-3-1-2-4-3-1-2-4-1 200 197.4 −1.31 2.1 2.1 1.0

y2 4-3-2-4-1-4-1-3-2-2 50 52.1 4.13 0.8 0.8 1.0

y2 2-3-4-1-2-1-2-3-4-3 50 47.26 −5.49 0.8 0.8 1.0

y3 2-2-1-4-3-3-4-1-2-4 1000 1028.8 2.88 36.0 37.1 1.03

y3 3-3-1-2-4-4-2-1-3-2 1000 981.0 −1.90 36.0 38.1 1.06

y4 1-4-4-4-4-1-1-1-1-4 500 521.9 4.38 28.0 28.0 1.0

y4 3-2-4-3-1-2-4-3-1-2 500 474.9 5.02 28.0 28.0 1.0

factors. Additionally, these interactions allow finding regions of the parameter space where
one can achieve good results in diminishing the impact of noise factors on the responses of
the system, thus effectively reducing the variance of the outputs (Gunter 1987; Lorenzen and
Anderson 1993). In this subsection we present the results for the four univariate systems,
which correspond to the optimization of the four outputs of the simulator independently of
each other.

Table 3 shows the best two solutions found by the GA. We can see that the GA found
good solutions regarding variance reduction and mean adjustment. Selecting the appropriate
control factor settings, as indicated by the corresponding chromosomes, the experimenter
may achieve the lowest possible standard deviation for almost each response and obtain a
mean which will be located no more than a 5.5% apart from the corresponding target values.

The only situation in which one generates a slightly bigger standard deviation than the
minimum possible one is for response y3. However, even in this case, the standard deviation
is only 3–6% bigger than the minimum one.

3.5 Results obtained for the multivariate complex system, new simulator

After using the new simulator as four univariate systems, we analyzed the corresponding
multivariate system, which means that we tried to optimize the four responses at the same
time. Table 4 shows the best results found by the GA.

As indicated by the ratios of the obtained to the minimum possible standard deviation
(sobt/smin), all of the obtained solutions achieved a very good variance reduction. Regarding
mean adjustment, we have a less favorable situation. Some chromosomes obtained a very
close match with the corresponding target value, but others achieved a mean that is located
10% or more apart from the corresponding target value. Thus, it seems that the selection
of the best solution, among the ones shown, should be based mainly on mean adjustment.
Even so, the decision is rather unclear. Since chromosome [2-2-1-4-3-3-4-1-2-4], achieves
an adjustment of the mean that is no more than a 12.6% apart from its corresponding target
value, it seems that solution might be the best one. Of course, that decision depends on the
tolerance limits for each response and economic factors involved in the implementation of the
settings in the real system. This means that a given setting (solution) might be less expensive
to implement than others, and thus might be favored over other solutions.

123



674 E. Canessa et al.

Table 4 Comparison of means and standard deviation of best solutions for the multivariate complex system,
new simulator

Resp. Chromosome (solution) Response mean Standard deviation

Target
value

Obtained Diff. (%) Minimum
possible (smin )

Obtained
(sobt )

sobt / smin
(times)

y1 3-3-1-2-4-4-2-1-3-2 200 189.0 −5.53 2.1 2.16 1.03

y2 50 54.0 7.93 0.8 0.81 1.01

y3 1000 981.0 −1.90 36.0 38.1 1.06

y4 500 570.0 14.0 28.0 28.5 1.02

y1 2-2-1-4-3-3-4-1-2-4 200 174.9 −12.6 2.1 2.10 1.00

y2 50 48.1 −3.73 0.8 0.80 1.00

y3 1000 1028.8 2.88 36.0 37.1 1.03

y4 500 553.8 10.80 28.0 28.3 1.01

y1 1-3-3-3-3-2-2-2-2-4 200 200.3 0.17 2.1 2.10 1.00

y2 50 43.0 −14.1 0.8 0.82 1.03

y3 1000 791.2 −20.1 36.0 36.6 1.02

y4 500 491.2 −1.76 28.0 28.0 1.00

4 Conclusions

The case studies we used in analyzing the performance of the new GA and its comparison
with the original one show that the former achieves a better variance reduction than the latter.
This is especially noticeable for multivariate complex systems. Regarding mean adjustment,
both GA’s obtain a good result. Here, we must remember that the best solutions for mean
adjustment found by the original GA were also generated by the new GA. However, for
both GA’s, still one has to analyze multiple solutions delivered by the GA and then select
the best one. As we did in this article and in Allende et al. (2008), one may select the best
solution by trying to reach a compromise between variance reduction and mean adjustment
for all the responses. This is a rather complicated and time consuming process, especially
when the system has many responses. For conciseness, in this article we presented only a
very shorten version of the whole analysis. Moreover, as already noted, if we also need to
take into account economic factors in making our decision, that analysis may become even
harder. Thus, instead of manually dealing with the analysis, one could first compute an effi-
cient frontier with a Pareto GA (Schaffer 1984; Foneseca and Flemming 1993). This efficient
frontier might involve the two objectives of robust design, variability reduction and adjust-
ment of the mean for all of the responses. Having that frontier, the experimenter could more
easily select the solution, which should lie on that frontier and should also suit his/her other
needs. One can also consider economic factors in the calculation of the efficient frontier. In
any case, practitioners’ literature suggests that variability reduction should be the primary
goal of robust design (Drickhamer 2002; Roy 2001), since one must first have the system
under control before attempting to adjust the mean of the outputs and/or trying to achieve
other improvements. Thus, the efficient frontier will expose the trade-off between variability
reduction and mean adjustment, so that the experimenter will consciously select a solution
that efficiently deals with that balance, instead of just analyzing many solutions and choosing
one that might not be an efficient one, i.e. one that might not lie on the efficient frontier.
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Appendix A

The simulator was built considering 10 control factors, 5 noise factors and 4 responses. The
equations which define the simulator are the following:

yT r = yr + Nr (11)

yr = Kr +
10∑

i=1

[
Air (Xir − Oir ) + Bir (Xir − Oir )

2]

+
4∑

i=1

4∑

j=1,i< j

Ci jr (Xir − Oir )
(
X jr − O jr

)

+
8∑

i=5

8∑

j=5,i< j

Ci jr (Xir − Oir )
(
X jr − O jr

)
(12)

Nr = μr + √−2 ln(U1) cos (2πU2) σr

∣
∣
∣
∣
∣

5∑

i=1

Qir (Wir − Zir )
2

+
i=10, j=5∑

i=6, j=1

Ri jr (Xir − Oir ) (Wir − Zir ) + 1

∣
∣
∣
∣
∣
∣

(13)

where: yT r , total value of response r = 1,2,3,4; yr , value of r response without noise;
Nr , value of noise normally distributed N(μr,σ

2
r ) of each response r ; Kr , constant of each

response r ; Air , linear coefficient of control factor i of response r ; Xir , value of control
factor i of response r ; Oir , optimum value of control factor i of response r , Bir , quadratic
coefficient of control factor i of response r ; Ci jr , interaction coefficient of the double inter-
action between control factor i and control factor j of response r ; μr , mean of the noise of
response r ; U1, random number uniformly distributed between 0 and 1; U2, random number
uniformly distributed between 0 and 1; σr , standard deviation of the noise of response r ; Qir ,
quadratic coefficient of noise factor i of response r ; Wir , value of noise factor i of response
r ; Zir , optimum value of noise factor i of response r ; Ri jr , interaction coefficient of the
interaction between control factor i and noise factor j of response r

The characteristics of the simulator defined by those equations are the following:

• The following double interactions exist between the control factors: 12, 13, 14, 23, 24,
34, 56, 57, 58, 67, 68, 78.

• There are no higher order interactions between control factors.
• The following double interactions exist between the control and noise factors: 61, 72, 83,

94, 10 5
• There are no interactions between noise factors.

Table 5 shows the values we set for the coefficients for obtaining the data we used in the
present study.
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Table 5 Values of coefficients set in the simulator

y1 y2 y3 y4 y1 y2 y3 y4

Constant and linear coefficients Quadratic coefficients

Kr 200 50 1000 500 B1r 0.002 −0.0003 0.008 0.005

A1r 0.3 −0.08 2.0 1.5 B2r −0.05 0.001 0.09 0.002

A2r 1.5 0.5 −2.0 0.8 B3r 0.001 0.0002 0.008 0.005

A3r −0.15 0.08 1.0 0.3 B4r 0.0005 0.00001 −0.0009 0.0008

A4r 0.2 0.01 −0.5 0.1 B5r 0.0024 −0.0002 −0.009 0.009

A5r 0.5 −0.2 3.5 2.9 B6r 0.00018 0.00008 0.0005 0.0001

A6r 0.1 0.1 1.9 −0.5 B7r −0.0017 0.0005 0.0006 0.005

A7r −0.5 0.1 4.5 1.8 B8r 0.0008 0.000015 0.005 0.0015

A8r 0.8 −0.3 2.8 0.9 B9r −0.0003 0.00006 0.0008 0.001

A9r −0.3 0.09 −2.8 2.0 B10r 0.028 0.003 −0.07 0.05

A10r 2.2 −0.8 5.5 1.5

Double interactions coefficients Double interactions coefficients

C12r 0.0005 0.0001 0.002 −0.002 C56r 0.00008 0.00002 0.0002 0.0001

C13r −0.0001 0.00005 0.00006 0.0005 C57r 0.00001 0.000001 0.00008 0.00006

C14r 0.0002 −0.000005 0.005 0.0005 C58r 0.0009 −0.0001 0.006 −0.004

C23r 0.0009 0.0002 0.002 0.0006 C67r 0.0005 0.0003 0.0003 0.00001

C24r −0.00005 0.00004 0.0006 0.0003 C68r −0.002 0.0002 0.004 0.004

C34r 0.0001 −0.00005 −0.0005 0.00008 C78r 0.00004 0.0005 0.0008 −0.00007

Optimum value of control factor Optimum value of control factor

O1r 75 45 12 60 O6r 221 190 128 185

O2r 12 12 18 8 O7r 16 40 60 51

O3r 18 50 95 72 O8r 25 25 50 15

O4r 110 75 25 65 O9r 71 45 28 62

O5r 50 55 82 40 O10r 12 9 5 8

Noise factor coefficient Optimum value of noise factor

Q1r 0.005 0.001 0.009 0.0008 Z1r 8 12 10 9

Q2r 0.0006 0.0002 0.0009 0.006 Z2r 45 15 65 58

Q3r 0.04 0.08 0.005 0.02 Z3r 4 5 8 6

Q4r 0.001 0.0004 0.008 0.0005 Z4r 60 80 28 55

Q5r 0.0003 0.0001 0.00005 0.0009 Z5r 112 145 55 80

Double interactions coefficients between control and noise factors

R61r −0.002 0.0005 −0.003 0.001 R94r −0.0009 0.0004 0.004 0.0015

R72r −0.008 −0.0009 0.006 0.0009 R105r 0.022 0.009 −0.009 0.05

R83r 0.008 0.00015 −0.005 0.0018

Mean of the noise Standard deviation of the noise

μr 0.0 0.0 0.0 0.0 σ r 2.1 0.8 36 28
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Table 6 Target values and
tolerance limits set in the
algorithm

y1 y2 y3 y4

Target value Tr 200 50 1000 500

Lower tolerance limit Lr 170 40 750 400

Upper tolerance limit Hr 230 60 1250 650

Table 7 Values for levels of control and noise factors

Level of control factor A B C D E F G H I J

1 10 5 0 20 35 120 10 5 25 4

2 35 10 35 55 50 165 30 25 40 8

3 55 15 65 85 70 205 45 35 60 12

4 80 20 100 120 85 250 65 55 75 16

Level of noise factor P Q R S T

1 10 5 0 20 35

2 35 10 35 55 50

3 55 15 65 85 70

4 80 20 100 120 85

We must note that the response surfaces we used contain regions where all of the objec-
tives for the responses can be simultaneously achieved. This is a necessary condition to be
able to find feasible solutions in the multivariate system.

Table 6 shows the target values (Tr ) and the lower (Lr ) and upper (Hr ) tolerance limits
of the desirability function used in the algorithm, according to expression (7). We set those
values around the value of the constant of each response and they might be changed to analyze
the impact of them on the behavior of the algorithm.

The experimental design we selected corresponds to a product array L64(410) × L16(45),
thus we used four levels for the control and noise factors. If someone decides to perform
a full factorial robust design experiment using four levels, he/she must run approximately
109 experiments, which is impossible to do in any real productive system. Table 7 shows the
values that correspond to each level.
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