Eur. Phys. J. C (2017) 77:732
https://doi.org/10.1140/epjc/s10052-017-5330-7

Regular Article - Theoretical Physics

New non-linear modified massless Klein–Gordon equation
Felipe A. Asenjo1,2,a , Sergio A. Hojman1,3,4,5,b
1

UAI Physics Center, Universidad Adolfo Ibáñez, Santiago, Chile
Facultad de Ingeniería y Ciencias, Universidad Adolfo Ibáñez, Santiago, Chile
3 Departamento de Ciencias, Facultad de Artes Liberales, Universidad Adolfo Ibáñez, Santiago, Chile
4 Departamento de Física, Facultad de Ciencias, Universidad de Chile, Santiago, Chile
5 Centro de Recursos Educativos Avanzados, CREA, Santiago, Chile

2

Received: 29 June 2017 / Accepted: 24 October 2017 / Published online: 2 November 2017
© The Author(s) 2017. This article is an open access publication

Abstract The massless Klein–Gordon equation on arbitrary curved backgrounds allows for solutions which develop
“tails” inside the light cone and, therefore, do not strictly
follow null geodesics as discovered by DeWitt and Brehme
almost 60 years ago. A modification of the massless Klein–
Gordon equation is presented, which always exhibits null
geodesic propagation of waves on arbitrary curved spacetimes. This new equation is derived from a Lagrangian which
exhibits current–current interaction. Its non-linearity is due to
a self-coupling term which is related to the quantum mechanical Bohm potential.

1 Introduction
It is well known that point structureless particles which move
on arbitrary background gravitational fields follow geodesics
according to the Equivalence Principle (EP) of General Relativity. In particular, massless particles move along null
geodesics. For example, the crucial light deflection observational results were predicted and matched by considering
photons as massless particles moving along null geodesics.
However, these results are valid under the assumption of
weak and smooth gravitational fields and light behaving in the
geometrical optics limit (where light propagation is treated
as the motion of massless spinless particles).
The caveat is that point structureless particles do not exist
in Nature. If the particle has structure, then its motion may
be completely different from the one followed by point particles. This is the case of spinning massive particles moving on arbitrary curved backgrounds that do not, in general,
follow geodesics [1–7]. On the other hand, Nature is better described in terms of fields which are neither point-like
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nor structureless entities, in the sense that they in general
correspond to extended propagating objects that in addition
can carry spin. Therefore, the dynamics of spinning particles
and fields differs from the one for spinless point particles,
and one should expect that the EP may not be applied in
those cases. The reason is that, for extended (not point-like)
and/or structured (such as spinning) objects, several geodesic
curves cross a sufficiently extended region of the body, making it subject to tidal forces. Thus, the geodesic path does
not make sense for physical objects different from point-like
ones.
In the spirit of the discussion presented above, one can
expect new features in the dynamics of any field coupled to
gravity. The study of the propagation of massless fields on
arbitrary curved backgrounds has been the subject of research
for a long time [8–22]. In 1960, DeWitt and Brehme [8]
found solutions both for the Klein–Gordon and the Maxwell
fields on a curved background which exhibit “tails” inside
the light cone, meaning that the propagators for these fields
do not vanish inside the light cone. These “tails” are a pure
general relativistic effect, showing how the spreading of the
wave field over spacetime can modify its dynamics. These
tails can be obtained through the propagators of the fields, the
Green function [23,24], for linear wave equations in different
backgrounds.
Recently, several new results for the propagation of
(classical and quantum) electromagnetic waves on arbitrary
curved backgrounds suggest non-null geodesic and polarization dependent propagation of waves [25–36]. Similar results
arise in the study of the propagation of spin field waves
[37,38]. Up to now, these new results seem to be neither
confirmed nor refuted by experiments or observations.
One can study many of the “tails” effects for field dynamics even at the simplest level. That is the case of the Klein–
Gordon equation for a massless charged field  = (x μ )
on a background curved spacetime
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 = 0,
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(1)

√
 √
with the operator  ≡ ∂μ −gg μν ∂ν / −g (for scalar
fields), where ∂μ is a partial derivative, gμν is the metric of
an arbitrary curved background (with inverse g μν and determinant g). Greek indices run from 0 to 3.
Instead of calculating the Green function [23] for the field
 satisfying (1), in order to obtain the “tails”, we can simply study an analogous procedure for waves that show this
feature. Let us assume a scalar wave solution for the field
 = φ ei S ,

(2)

√
where its (positive) absolute value is φ = φ(x α ) = ∗ ,
corresponding to the amplitude of the wave that depends on
space and time. The real phase of the wave is S = S(x β ), and
it can have a spacetime dependence, in general. Its derivatives
define the four-vector kμ as
kμ = ∇μ S ≡ ∂μ S,

(3)

where ∇μ is a covariant derivative. Here, the time derivative
of the phase k0 = ∂0 S determines the wave frequency, and
 S defines the three-dimensional wave vector. A simple
k = ∇
solution for the wave may be obtained by taking the real part
of (2),  = φ cos S, once the phase is known. It is the wave
vector (3) that defines the propagation nature of this scalar
wave. If this scalar wave, describing a massless field, would
move along null geodesics, then kμ k μ = g μν kμ kν = 0 must
be a solution of Eq. (1).
Using the field (2) in Eq. (1), we find the equations


φ
, ∇μ φ 2 k μ = 0.
(4)
kμ k μ =
φ
Equations (4) are general for any background curved spacetime. The first one determines how the waves propagates and
it is usually referred as the dispersion relation. The second
equation is the propagation equation for the scalar amplitude
and it corresponds to the conservation of the rays of the scalar
wave.
It is not difficult to check that in flat spacetime kμ k μ = 0
is a solution of Eq. (4) for constant amplitude φ. First notice
that, as a result of kμ k μ = 0, the frequency is equal to the

magnitude of the three-dimensional wave vector k0 = ±|k|.
This implies that the phase can be written as S = k0 t ± k ·
x, with constants k0 and k following the previous relation.
Therefore, the only equation to solve from Eq. (4) is ∂μ k μ =
∂μ ∂ μ S = 0, which is identically satisfied for the solution of
the phase in flat spacetimes.
In curved spacetime, however, the solution is not trivial
and it depends on the metric. Thus, in general, in curved
spacetime, Eq. (4) allows for kμ k μ = 0 for a massless field,
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implying its non-null geodesic propagation. This is equivalent to the “tails” of the field.
This feature of Eq. (4) is ackward, and several attempts to
get a modified massless Klein–Gordon that produces waves
following null geodesics have been tried. One of them has
been successful, at leat for some curved backgrounds [12,
13]. In it, the massless Klein–Gordon equation on a curved
background is obtained by modifying the minimal coupling
of matter to gravity in a conformal manner. However, this
procedure is known to produce scalar waves moving along
null geodesics only for specific metric backgrounds [12]. We
sketch this result in the next section.
One can also wonder if there is possible a modification to
the massless Klein–Gordon equation such that every scalar
wave follows null geodesics in any curved background metric, such that kμ k μ = 0 always. Modifications of this equation have been studied using fractional derivatives [39] and
numerically through its non-linear form [40–42], but not
in the curved spacetime context. It is the aim of this work
to show that such modification does indeed exist. The new
Klein–Gordon equation is a non-linear modification which is
conformally invariant. Thereby, the propagation of charged
massless spinless (modified) Klein–Gordon fields follow null
geodesics on any curved spacetime. We study such equation
in Sect. 3.

2 Conformally invariant massless Klein–Gordon
equation
The conformally invariant massless Klein–Gordon equation
can avoid the “tails” for some background metrics. This
massless Klein–Gordon equation on a curved background
is written by modifying the minimal coupling prescription in
order to get a conformally invariant equation [43]
 −

R
 = 0,
6

(5)

where R is a Ricci scalar of curvature. For scalar waves
described by Eq. (2), Eq. (5) can be cast in the form
√
 R
1
−gg μν (∂ν φ + ikν φ) ei S − φei S = 0.
√ ∂μ
−g
6

(6)

When the real and imaginary parts of the above equation are
separated, we finally get the two coupled equations


R
φ
− , ∇μ φ 2 k μ = 0,
(7)
kμ k μ =
φ
6
where now we can see that the Ricci scalar introduces a possibility for kμ k μ = 0.
A remarkable feature of Eq. (5) is that it is conformally
invariant [43] under the change in the metric g̃μν = 2 gμν
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˜ = −1 , for a general scalar function
and in the field 
μ
 = (x ). An important consequence of this, is that Eq. (5)
can always be put in the flat spacetime form for conformally
flat metric. As discussed in the Introduction, this means that,
for conformally flat spacetime, scalar waves described by
Eq. (5) always follows null geodesics. Notice that this is not
true in the Klein–Gordon (1), as that equation is not conformally invariant. This can be readily seen from Eq. (7)
for conformally flat metric gμν = 2 ημν (with ημν the flat
spacetime metric), and φ = −1 ϕ, with ϕ constant. In this
case,
R = −ημν

∂μ ∂ν 
φ
.
=
3
φ



ȧ 2
ä
+ 2
a
a

(9)

1/2

,
k0 = k x2 /a 2 + k 2y /b2 + k z2 /c2

(10)

where we denote the first and second time derivatives of the
√
function a(t) by ȧ and ä, respectively, and −g = a 3 . In a
generic direction ξ , Eq. (5) becomes



ȧ 2
3˙
2
3 ä
+ 2
−∂0 a  + a∂ξ  − a
a
a

 = 0,

(11)

which has a plane wave solution  = φ exp(i S), with amplitude and phase
φ∝

1
, S=k
a

dt
± kξ.
a

(13)

(8)

with constant wave vector kμ . All these also solve identically
the second equation (7).
An explicit example of this conformally invariant feature
is the flat Friedmann–Robertson–Walker (FRW) cosmology
in cartesian coordinates. The flat FRW metric may be written
as ds 2 = −dt 2 + a(t)2 (dx 2 + dy 2 + dz 2 ), where a = a(t) is
the time-dependent scale factor of the Universe [43]. In this
case the scalar of curvature is
R=6

φ = φ0 (a b c k0 )−1/2 ,

where φ0 is a constant. The amplitude is written in terms
of the frequency that must be determined by the dispersion
relation of Eq. (7). If we assume that the wave propagates
along null geodesics kμ k μ = 0, then the frequency has the
form

Thus, the scalar wave moves in null geodesics
kμ k μ = −2 ημν kμ kν = 0,

not a solution of Eq. (5) is for Bianchi I spacetime which
describes an anisotropic cosmological Universe with metric
ds 2 = −dt 2 +a 2 dx 2 +b2 dy 2 +c2 dz 2 in cartesian coordinates
[44,45], where a, b and c are arbitrary functions of time (the
FRW limit is obtained when a = b = c). For the Bianchi I
case, the conservation law in Eq. (7) allow us to find a general
solution for the time-dependent wave amplitude,

(14)

where k x , k y and k z can be chosen as constants, as the metric
depends on time only. By using (14) in Eq. (13), it is straightforward to show that φ/φ = R/6 for Bianchi I spacetimes.
Therefore, the assumptions kμ k μ = 0 and (14) are incorrect,
and the scalar wave does not propagate along null geodesics.
There are several other metrics where Eq. (5) produces
massless scalar waves that do not propagate in null geodesics.
One can wonder if other kinds of coupling or modification
of the massless Klein–Gordon equation might allow one to
define massless scalar waves in a way such that they propagate always in the null cone. In the next section we explore
this possibility.

3 New non-linear modified massless Klein–Gordon
equation
Equations (1) and (5) have wave solutions that propagate
inside the light cone. In terms of the wave vector kμ , the
light cone propagation condition is k μ kμ = 0, which may be
written as

(12)

The wave vectors k0 = ∂0 S = k/a and kξ = ∂ξ S = k, fulfill
kμ k μ = 0, and thus the wave follows null geodesics. Besides,
the conservation law, occurring in the second equation in (7),
is identically satisfied.
Despite the above, one must realize that if the metric is
not conformally flat, then it is very difficult to show that
the wave propagates in null geodesics [12], even in nonflat FRW cosmologies [10,17,22]. No general condition for
Eq. (5) has been found to establish such behavior. One of
the simplest cases where a wave following null geodesics is

g μν ∂μ S ∂ν S = 0.

(15)

in terms of the phase of the wave. The construction of a
new modified Klein–Gordon equation, which works both for
flat and curved spacetimes, starts
with the introduction of

a Lagrangian density L = L ρ(x α ), S(x β ) for a complex
scalar field, in terms of the phase and the density ρ ≡ ∗ .
This Lagrangian is
L=

1√
−g ρ g αβ ∂α S ∂β S.
2

(16)
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Variations with respect to ρ and S gives rise to the light cone
propagation condition (15), and to the conservation equation
∂α

√


−gg αβ ρ∂β S = 0,

(17)

which is equivalent to the conservations laws in Eqs. (4) and
(7). The Lagrangian (16) produces the desired equations of
motion: null geodesics propagation and the conservation law
for the Klein–Gordon field. To put this in an explicit form,
we can write the Lagrangian (16) in terms of the original field
variables (x γ ) and its complex conjugate (x γ )∗ , to get

4 Discussion
The conformally coupled Klein–Gordon equation (5) reduces
to the usual Klein–Gordon equation in flat spacetimes. On the
contrary, the modified Klein–Gordon equation (19) leads to
a modification of the massless Klein–Gordon equation even
in flat spacetime. This behavior is due to the form of the new
coupling term
√
 ∗
,
− √
∗

(22)

L(, ∗ )
 ∗
 ∗

∗
∗
1√
αβ  ,α −  ,α  ,β −  ,β
−gg
.
=−
8
 ∗
(18)

which is not usual in General Relativity, but it often appears in
quantum mechanics. The term (22) is the general relativistic
version of the well-known Bohm potential

Thus, variation of the Lagrangian density (18) with respect
to ∗ yields

VBohm

√
 ∗
=0
 − √
∗

(19)

whereas variations of (18) with respect to  gives the complex conjugated of (19).
The modified Klein–Gordon equation (19) is the most
important result of this work. This equation is non-linear and
fully general relativistic. It also has the remarkable property
that it is conformally invariant in four-dimensional space˜ = −1 , for
times under the change g̃μν = 2 gμν and 
μ
an arbitrary function (x ). This can be explicitly seen by
observing that

˜ 
˜
˜∗
 

˜
˜
˜
−
−
=
3
4
˜
˜∗

√
√
 ∗

∗ 
−
−
√
3
4


∗
√
1
 ∗
= 3  − √
 =0
(20)

∗
by Eq. (19). Unlike Eq. (1), the modified massless Klein–
Gordon equation (19) always has scalar waves solutions traveling along null geodesics by construction. If the wave solution (2) is used in (19), we straightforwardly obtain the equations


(21)
kμ k μ = 0, ∇μ φ 2 k μ = 0.
Thereby, this new Klein–Gordon fields behaves as scalar photons. The results (21) holds for any spacetime metric, and it is
here where lies the importance of Eq. (19). As far as we know,
equations similar to (19) have not been proposed before and
we expect that they can bring new insights on the massless
scalar field in curved spacetimes.
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√
h̄ 2 ∇ 2 n
=−
√ ,
2m
n

(23)

which usually emerges in the Madelung–Bohm description
of the non-relativistic Schrödinger equation [46,47], where
h̄ is the reduced Planck constant, n is the probability density
associated to the wavefunction, m is the mass of the field,
and ∇ 2 is a Laplacian. The Bohm potential has been extensively explored in quantum mechanics [48–51], solid state
physics [52–54], and quantum plasmas [55–58]. Commonly,
it is associated to the non-locality of quantum mechanics
and it is a consequence of the wave-like nature of particles
[51]. The Bohm potential allows for the re-interpretation of
quantum mechanics as the dynamics of a fluid with non-local
interactions. This model has also been studied even at relativistic quantum level [59] and explored in macroscopic-level
experiments [60–63].
The meaning of the Bohm potential may be extrapolated to
the Klein–Gordon equation as it models an extended object,
a wave. In particular, as discussed in the Introduction, the
EP does not guarantee that massless waves described by
the Klein–Gordon equation on curved backgrounds follow
null geodesics. A way to make sure that the null geodesic
behavior always occurs for massless fields, is to force them
to behave as massless particles. In quantum mechanics, the
wave characteristic of a quantum object is represented by the
Bohm potential [51]. Therefore, if a field is modeled by the
modified Klein–Gordon equation which does not have the
Bohm potential term, it will always behave as a particle. The
term (22) removes the wave nature of the field, producing a
Klein–Gordon equation (19) whose dynamics is equivalent
to massless point particles on any curved (or flat) spacetime.
The interesting consequence of this interpretation of the
coupling term (22) and Eq. (19), is that suggest that any other
form of coupling for the Klein–Gordon equation will always
have some solutions that would have propagation outside the
light cones, i.e., tails.
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It is important to remark that this new equation may be
derivable from the current–current type Lagrangian (18).
Equation (19) may provide new insights as regards the propagation of massless fields on any curved spacetime, such as
inflationary ones. In addition, we believe that the modified
Klein–Gordon equation can produce also interesting results
for massive scalar fields. On the other hand, the identification
of the Bohm potential as responsible for describing the wavelike features of any field hints that the same procedure may
be applied to other wave equations, such as for spin fields.
This will allow one to describe massless fields propagating as
point-like particles, where their spin feature is isolated from
their wave nature. Such studies will be pursued in the future.
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