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Abstract In this paper we consider a finite one-dimen-

sional lattice with N ¼ 2nþ 1 sites such that one of them is

empty and the others have a black or white token. There are

two players (one for each color), such that step by step

alternately they move one of their tokens to the empty site

trying to obtain a connected configuration. This game is

related with the Schelling’s social segregation model,

where colors represent two different populations such that

each one tries to take up a position with more neighbors as

itself (same color). In this work we study strategies to play

the game as well as their relation with the associated

Schelling’s one-dimensional case (line and cycle graphs).

Keywords Combinatorial game � Schelling’s social
segregation model � Draw strategy � Energy

1 Introduction

The Schelling discrete segregation model (Schelling

1969, 1971, 2006) considers a finite undirected graph with

a two-color population of tokens as well as some empty

places. Given an initial configuration at each step an empty

site and a position with a token are selected randomly. If

the exchange of this token to the new position improves the

number of neighbors (or remains similar) of its own color

then the exchange is done. This kind of discrete model

have been introduced by Schelling and Sakoda in the 70’s

and the Schelling version has been extensively studied (and

applied) from several disciplines: statistical physics

(Castellano et al. 2009; Vinkovic and Kirman 2006; Goles

et al. 2011), economy and evolutionary game theory

(Pancs and Vriend 2007; Sandholm 2010), through agent

simulation procedures (Epstein and Axtell 1996) and Cel-

lular Automata (Hegselmann and Flache 1998). The

Schelling model has been also applied to concrete segre-

gation phenomena, see for instance (Hatna and Berenson

2012; Clark and Fossett 2008). In (Goles et al. 2011)

Schelling’s model is studied in the two dimensional lattice

with the Moore’s neighborhood (i.e., the eight nearest

neighbors of each site) and the introduction of a happiness

parameter h, (i.e., a token is happy if and only if in its

neighborhood there are less than h tokens of the other

color). The structure of the attractors (steady state config-

urations) was established as well as phase state diagrams

taking into account the ratio between the two families of

tokens as well as the parameter h. Roughly, it was observed
(and proved in some cases) that in steady states the color’s

clusters minimize an energy related with their perimeter,

i.e., steady state configurations minimize the border

between different colors, which allows to conclude that the

optimum solutions are related with only two connected

clusters. In this paper we define a related combinatorial

game (Berlekamp et al. 1982). Two players representing

the white and black tokens choose alternately one of their

tokens and place it in the hole, such that it improves its

possibilities to win or at least not to lose the game, that is,

to obtain, before his opponent, a connected configuration of

his own color. The act of choosing a token is clearly global:

a player will choose to move (between every token of its

color) one, which improves its possibilities to win or at

least to not lose the game. We study such games over a line
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graph (a finite connected subset of N) or a cycle (a graph

circuit) by considering only one empty position, a hole. For

both cases, we study also some specific strategies related

with the minimization of a kind of energy function related

to configurations of the game. In Sect. 2 we introduce

definitions and notations, in Sect. 3 we study the game on

line graphs. For this game we analyze completely the

balanced (the same number of tokens of both colors) and

the unbalanced cases, proving that for n� 3 there always

exists for both players withdraw strategies. In Sect. 4 we

study the game over a cycle graph and an arbitrary

neighborhood. In Sect. 5 we study two particular strategies

related with an energy functional defined over each game’s

configuration, which consider a local happiness field.

Finally, we give some conclusions.

2 Definitions and notation

Consider the graph G ¼ ðV ;EÞ with V ¼ 1; . . .;f
N ¼ 2nþ 1g, n� 2. Let Vi ¼ fj 2 V : ði; jÞ 2 Eg be the

neighborhood of vertex i 2 V . Since we will work only

with line graphs or cycles we have, for line graphs (see

Fig. 1a), Vi ¼ i� 1; iþ 1f g for i 2 f2; . . .;N � 1g, V1 ¼
2f g and VN ¼ N � 1f g. For the cycle case (see Fig. 1b),

every local neighborhood takes into account the left and the

right sites, so, similar to previous case but V1 ¼ N; 2f g and

VN ¼ N � 1; 1f g. Hence, for the first case (a line graph)

E is the set of edges associated to the line subgraph

f1; . . .;Ng � N and for the cycle the set of edges is

E [ fð1;NÞg. We will also work with graphs with neigh-

borhood of radius r, but corresponding graphs will be given

in the respective sections.

Given a configuration

, we define the mod-

ule of x as .

Furthermore,

and Gp
x ¼

G Vp
x

� �
, the sub-graph associated to black and white tokens

in x.

We say that the black (white) tokens are connected if

is connected. A configuration x is connected if

either the black or the white tokens are connected. Other-

wise, x is non connected. If the white and black tokens are

connected, we say that x is a biconnected configuration.

We define the game state space as

with 2�m� 2n� 3 and the non connected game state

space as

Gn;m ¼ x 2 Cn;m : x is non connected
� �

:

Given x 2 Cn;m and y 2 Cq;r, with 1� q�N, we say that

y is a sub-configuration of x if there exists i; j 2
1; . . .; 2nþ 1f g such that y ¼ xtð Þjt¼i.

We define the Schelling Game (SG) as follows:

1. There are two players, namely, WHITE and BLACK,

over the graph G ¼ ðV ;EÞ, called the board.

2. The game starts with a non connected configuration.

3. Each player moves alternately one token of its color to

the empty node.

4. The game is won by the first player such that his color

configuration becomes connected.

We call Balanced Schelling Game (BSG) to a SG with the

same amount of black andwhite tokens. Otherwise, we call it

Unbalanced Schelling Game (USG). In order to make the

game more interesting, we do not consider initial configu-

rations such that the first player to move wins in his first turn.

A configuration such that a player loses in the next turn

of his opponent (no matter the move he could play) will be

referred as a 1-round losing configuration. The same con-

figuration, but referred to the player who actually wins, will

be called a 1-round winning configuration.

A game strategy which allows a player to avoid defeat

will be called a Draw Strategy (DS).

3 The Schelling game

3.1 Balanced Schelling game

In this section we consider the BSG, that is N ¼ 2nþ 1 and

m ¼ n, with n� 2.

(a)
1 2 · · · 2n+1

(b)

12

3

2n

2n+1

Fig. 1 Graph associated to the Schelling Game in a line graph,

b cycle graph
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Lemma 1 For n ¼ 2, the BSG finishes with a winner in

at most two turns.

Proof Let us note first that the player who in his turn has

a token next to the empty node, wins. Now we have two

options, only one of the players has such a token, or both.

If both players have such a token, then the game is won

by the one with the first turn.

If only one player has such a token, then he always wins.

If he has the first turn it is obvious. And if he has the

second turn, then the only option the other player has is to

put a token in between, leaving the empty node next to one

of the tokens of his adversary, and therefore he wins. h

Figure 2 shows all possible moves of BSG for n ¼ 2.

There are 12 non-connected and 12 connected configura-

tions. It is easy to see that either, the player to play first

wins (9 configurations for each player, 6 configurations in

common), or the player to play second wins (3 different

configurations for each player).

Lemma 2 In the BSG, for N ¼ 2nþ 1 and n� 3, each

player has a Draw Strategy.

Proof Consider the configuration x 2 Gn;n and suppose

that it is the turn of player BLACK (the other case is

analogous).

Let us note first that player WHITE can win in his turn if

and only if sub-configuration appears in

x. Therefore, in order to avoid giving that configuration to

player WHITE, player BLACK must not move the

involved black tokens in sub-configurations with the

structure . This can always be done since

in the worst case, that is, when player BLACK cannot

move any involved token, i.e. sub-configuration

, there is still an available black token to move

since n� 3. In any other case, player black is able to move

as he pleases. In this way, we proved that player BLACK

always have an available move such that player WHITE

does not win in his next turn. h

3.2 Unbalanced Schelling game

In this section we consider the USG, that is, different

number of white and black tokens (m 6¼ n). Recall that

there are 2n� m white tokens.

Remark 1 The draw strategy for m ¼ 2 from Lemma 2

does not work for player BLACK (analogously for player

WHITE and m ¼ 2n� 2). This because in sub-configura-

tion , wherever player BLACK moves, player

WHITE will win in his next turn, since there is no available

black token to move. Besides, this happens also only in

configurations and . Note

that for n ¼ 3, that is, configuration , the game

is won by the second player to move.

However, if we remove configurations above , there is a

draw strategy for both players as shown in the following

lemma.

Lemma 3 Consider an USG, with m ¼ 2 and n[ 3, then

by removing the 1-round winning/losing configurations

from the initial ones, there is a Draw Strategy for both

players.

Proof Clearly, from Lemma 2 the draw strategy works

for player WHITE. Next we show that it also works for

player BLACK. Note that the draw strategy from Lemma 2

would work for player BLACK as long as he is not forced

into any of the 1-round losing configurations. In fact, he

cannot be forced into them. Let us consider the following

cases:

1. Let us consider the 1-round losing sub-configuration

from xt and let us suppose that player

BLACK generated this configuration by his last move, then

the previous sub-configuration from xt�1 should be

Fig. 2 Digraph of all possible moves of BSG for n ¼ 2. The labels in

the arcs represent the player who made the move and loops represent

connected configurations
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or (where the remaining black and

white tokens are in any of the other two nodes). But, to

arrive to these configurations from a WHITE move, in xt�2

there must be a white token in the empty node of xt�1.

However, this is a connected white configuration and the

game should have ended. In this way, it is not possible to

arrive to this 1-round losing configuration from a move

from player.

Now, let us suppose that player WHITE generated this

configuration by his last move, then the previous sub-

configuration from xt�1 should be .

Therefore in xt�2 there must be or

. However, at this point, player BLACK

can always move the black token at the right or left,

respectively, to avoid getting into the 1-round losing

configuration.

2. Let us consider the 1-round losing configuration

(the other one is analogous)

and let us suppose that player BLACK generated this

configuration by his last move, then the previous con-

figuration should be

or . But, to arrive to these

configurations from a WHITE move, in xt�2 there must

be a white token in the empty node of xt�1. However,

this is a connected white configuration and the game

should have ended. In this way, it is not possible to

arrive to this 1-round losing configuration from the play.

The case when we suppose that the 1-round losing

configuration is generated by a move from player

WHITE is analogous to the previous item. h

Lemma 4 There exists a Draw Strategy for the Unbal-

anced Schelling Game in USG for 3�m� 2n� 3.

Proof Analogous to the proof of Lemma 2. h

3.3 General neighborhood Schelling game

Definition 1 Given n� 3 and 1� r\n, we define the

General Neighborhood Schelling Game (r-SG) as the

Schelling Game played in a board in which every node

i 2 V has as its neighbors those that are at most r positions

far away. In terms of the associated graph, the local

neighborhood distribution, is shown in Fig. 3, and exam-

ples of the associated graph are shown in Fig. 4.

Remark 2 Note that 1-SG corresponds to regular Schel-

ling Game.

We note that in the case when m ¼ r (Unbalanced or

Balanced), combinatorics does not allow many non con-

nected configurations. In fact, they have a very particular

structure that allow us to prove the following lemma:

Lemma 5 Let r[ 1 and let us consider r-SG with m ¼ r

and n� r. For any initial configuration, the game is won by

the player with the first turn.

Proof Let us consider an initial configuration x 2 Gn;r

with n� r þ 1 (the balanced case, that is, r ¼ n and the

unbalanced case with r white tokens instead, are analo-

gous). In order for x being non connected, there must be a

white token such that there are exactly r non white posi-

tions between this token and the next white token, that is:

This is true because there are only r black tokens

available to fill those positions. For the same reason, in one

of those positions there must be an empty node (because

otherwise x would be black connected) while in all other

positions there is a black token placed, that is:

Therefore, there is only one black token available. With

the same analysis, we conclude that the remaining black

token (that is placed at the left or right of above structure)

must have the following structure:

Now, if it is player BLACK’s turn, then moving the

isolated black token to the empty node will make his

configuration connected. If it is player WHITE’s turn, then

moving any white token in the under-braced white block to

the empty node will make his configuration connected. h

Remark 3 Given r[ 1, in Unbalanced r-SG, with

2�m\r, there are no non connected configurations since

there are only m\r black tokens, and therefore the white

tokens will always be connected in x.

Lemma 6 Given r[ 1, in Balanced r-SG, with

m ¼ n ¼ r þ 1, the game is finished in at most two turns.

Proof Let us consider an initial configuration x 2 Gn;m.

Therefore, x contains one of the following sub- structures
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(and the analogous ones, exchanging white and black

tokens):

Note that in the under-braced blocks there are only black

tokens or the empty node. Let us consider the three cases

separately:

Case x1 let us suppose that the remaining black token is

at the right of the under-braced block (the other

cases are analogous). Then again, we have three

cases:

In x1;1, the empty node is either at the begin-

ning or at the end of the configuration and in

x1;2 the remaining white token is either at the

beginning or at the end of the configuration. In

any of the three cases, the game is won by the

player with the first turn in at most his second

turn.

Case x2 let us suppose that there is at least one black

token at the right of the under-braced block (the

other cases are analogous). Then, we have two

cases:

In x2;1, the remaining black token is either at

the beginning or at the end of the configuration.

In x2;2, the remaining white and black tokens

can take any configuration at the beginning or

end o any of x2;2. In any case, the game is won

by the player with the first turn in at most his

second turn.

Case x3
analogous to x2.

h

Lemma 7 Given r[ 1, in Balanced r-SG, with

m ¼ n ¼ r þ 2, and in Unbalanced r-SG, with m ¼ r þ 1

and n ¼ r þ 2, the game is always finished.

Proof Analogous to proofs of Lemmas 5 and 6. h

Remark 4 We note that the main reason in Lemmas 5, 6

and 7, to avoid losing the game is that there are not enough

tokens to move, that is, with enough tokens, the non con-

nected configuration can remain non connected. This is

established in the following result.

Corollary 8 Given r[ 1, there exists a draw strategy for

both players in r-SG, if 1-round losing/winning

max {1, i−j} · · · i−1 i i+1 · · · min {2n+1, i+j}

j ∈ {1, . . . , r}

Fig. 3 Neighborhood of a node

i in r-SG

1 2 3 4 5 6 7 8 9

1 2 3 4 5 6 7 8 9

Fig. 4 Example of the graph

associated to the 2-SG and 3-SG

for n ¼ 4
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configuration are not allowed as starting configurations, in

the following cases:

1. m ¼ r þ 1 and n� r þ 3,

2. r þ 2�m\n,

3. r þ 3�m� n.

Proof Straightforward from previous lemmas an remarks,

since in all three cases there are enough tokens to avoid

moving critical tokens that would lead to a 1-round win-

ning/losing configuration. h

4 Cycle Schelling game

We call Cycle Schelling Game to a SG played on a cyclic

graph. We will denote BCSG and UCSG, to the Balanced

CSG and Unbalanced CSG, respectively (see its associated

graph in Figure 1b)).

Lemma 9 For n ¼ 2, BCSG is won in at most two turns.

Proof Analogous to the proof of Lemma 1. h

Lemma 10 There exists a Draw Strategy for both players

in BCSG with n� 3.

Proof Analogous to the proof of Lemma 2, but searching

for the forbidden moves in the cycle, that is, cyclic per-

mutations of them. h

Lemma 11 Consider the USG, m ¼ 2 and n[ 3, and

remove the 1-round winning/losing configurations and all

their cyclic permutations, then there exists a Draw Strategy

for both players.

Proof Analogous to the proof of Lemma 3. h

Lemma 12 There is a Draw Strategy for both players in

UCSG, with 3�m� 2n� 3.

Proof Analogous to the proof of Lemma 4. h

4.1 Cycle r-Schelling game

In this section we consider the r-SG in a circuit.

Lemma 13 Given r[ 1, m\2r � 1 (and the analogous

for white nodes), n�m (both balanced and unbalanced

cases included). In r-CSG, every configuration is

connected.

Proof Let us suppose that the player with less tokens is

player BLACK (the other case is analogous). That is, the

configuration in analysis x belongs to Gn;m, with m\2r � 1

and n�m. In order for x to be non connected, there exists a

white token such that there are at least r black tokens both

to the left and to the right of the token, that is:

Now, in order to the black tokens to be non connected,

we need a block of white tokens between this block and the

next black token, for instance:

Repeating the argument for the white block and the

white token in the right, we get:

Finally, for both black blocks to been non connected, we

have (see Fig. 5):

We could add an empty node to any white or black

block and we will get the same result. In this way, we have

proved that the minimal amount of any type of tokens

needed to have a non connected configuration is 2r � 1 for

one and 2r for the other. Therefore,

8r[ 1; 8m\2r � 1 or 2r � 1\m\2ðn� r � 1Þ;
8n�m : GN;m ¼ ;

. h

r

r

r

r

Fig. 5 Minimal label distribution to obtain a non connected

configuration in r-CSG. Internal edges omitted for simplicity
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Remark 5 For n� 2r and m 2 2r � 1; 2r þ 1f g, the game

is won by player WHITE (or BLACK) in his first turn,

respectively.

Remark 6 Given r[ 1, m ¼ n ¼ 2r and x 2 GN;m. Then

x has the following structure:

where the empty node is either in between a white and a

black block or inside a white or a black block. If it is in

between, then there is a DS for both players: to maintain

the same structure, moving, for instance, from

. If the

empty node is inside a block, the game is won by the player

with the first turn in at most his second turn. Let us take for

example r ¼ 3 and configuration . If

player WHITE starts, he wins in his first turn. If player

BLACK starts, he wins in his second turn only if he moves

first his 4th or 5th token (from left to right).

On another hand, if m ¼ 2r and n[m, then the game is

always won by player WHITE. This is because he can

maintain the two blocks of length greater or equal to r and

move his remaining tokens, and player BLACK is forced to

move the tokens in his blocks.

Lemma 14 Given r[ 1, 2r þ 1�m� n (and the anal-

ogous case for player WHITE). There exists a Draw

Strategy in r-CSG (balanced or unbalanced).

Proof Straightforward from previous lemmas and

remarks. The DS is simply maintain the two blocks of

length equal to or greater that r and move the remaining

tokens. h

5 Schelling discrete dynamics

In this section we study different update functions related

to the BSG over a Cycle. Roughly, the update functions

goes like this:

1. It randomly chooses the first player to move, and then

they alternate through the dynamics.

2. In each step (or turn), one position with a token of the

corresponding player is chosen according to a specific

rule.

3. Then, following the rule, this token goes to the empty

node.

5.1 Happiness energy

Let us consider , and .

Definition 2 Given x 2 Cn;n and a symmetric matrix

W with diagðWÞ ¼ 0, we define the local happiness of a

node i 2 1; . . .;N ¼ 2nþ 1f g as:

hiðuÞ ¼ u
XN

j¼1

wijxj; 8u 2 f�1; 0;þ1g;

where W is the incidence matrix of the graph associated to

SG, i.e., wij ¼ 1 () ði; jÞ 2 E. Since in this section we

consider only a one dimensional periodic lattice, we have

wij ¼ 1 () ji� jj ¼ 1. Furthermore, the local happiness

of a token i is given by Table 1.

Let us consider the quantity:

EðxÞ ¼ � 1

2

XN

i¼1

hiðxiÞ

Lemma 15 Consider k; s 2 f1; . . .;Ng, such that xs ¼ 0

and hkðxkÞ� hsðxkÞ. Then the quantity DE ¼ Eðx0Þ � EðxÞ
is non increasing, where x ¼ ðx1; . . .; xNÞ 2 Cn;n, and

x0i ¼ xi; 8i 62 k; sf g, x0s ¼ xk and x0k ¼ xs ¼ 0.

Proof Since W is symmetric, x0i ¼ xi; 8i 62 k; sf g, x0s ¼ xk
and x0k ¼ xs ¼ 0, then:

DðxÞ ¼Eðx0Þ � EðxÞ ¼ �xk
XN

j¼1

wsjxj þ xk
XN

j¼1

wkjxj

¼� 1

2
hsðx0Þ � hkðxÞð Þ� 0

h

Table 1 Local happiness in the

one dimensional lattice
i� 1 i iþ 1 hi

-1 1 1 0

1 1 -1 0

-1 1 -1 -2

1 1 1 2

-1 -1 1 0

1 -1 -1 0

-1 -1 -1 2

1 -1 1 -2

0 1 1 1

1 1 0 1

0 1 -1 -1

-1 1 0 -1

0 -1 1 -1

1 -1 0 -1

0 -1 -1 1

-1 -1 0 1

When the central site is the hole

the local happiness is 0
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Definition 3 We say that a token is happy if its local

happiness is equal to 2. Otherwise, we say that the node is

non happy. That is to say a token is happy when its

neighbors have the same color as itself.

Remark 7 We call E the energy associated to the game. It

is clear that on a connected configuration, the energy takes

a locally minimal value, since moving any of the tokens of

the connected group will increase the value of the energy.

For instance, in configuration , the

white tokens are connected and there are only two tokens

with local happiness equal to 0 (the ones that are next to the

black tokens) while all the other are happy. Moving any

white token will decrease the local happiness of the token

that was moved and also of its neighbors, and therefore

increase the energy.

On another hand, the minimum value of the energy is

achieved in the following configurations (and their cyclic

permutations), since they are biconnected and each player

has only two non happy token:

5.2 Two strategies associated to the energy

Clearly there are several strategies related with the

Balancing Schelling Game. However, in this section, we

will only study two of them related with the energy defined

above:

• Increasing Happiness (NIH) Selects one non happy

token. If by moving, it increases its local happiness,

then switches.

• Non decreasing Happiness (NNH) Selects one non

happy token. If by moving, it does not decrease its local

happiness, then switches.

Since for both strategies a move is done if the local hap-

piness does not decrease, by previous lemma, we have that

the energy is strictly decreasing for the strategy NIH and

non-increasing (after a move it may remains unchanged)

for the strategy NNH.

5.2.1 NIH strategy

This strategy chooses any non happy token and moves it to

the hole only if its local happiness is increased. If so, the

energy decreases strictly. In this way, it is most likely that

in the long run behavior (except for small values of n, like

n ¼ 3 or n ¼ 4) this rule will reach a non connected fixed

point composed by blocks of black and white tokens: the

non happy tokens (the ones at the border of each block)

cannot be chosen to move since their local happiness is

equal to 1 or 0, and wherever they move, it will be the same

or worst.

For instance, let us consider .

Clearly no move is possible for the NIH strategy, So, it is a

fixed point and its energy is Eðx�Þ ¼ �1. On the other

hand, a connected configuration like ,

has an energy Eðx0Þ ¼ �3 and a biconnected one

like , has an energy . So,

. Hence this strategy

admits as attractors a lot of local minima non necessarily

connected or biconnected. Some examples about this

dynamics are given in Fig. 6.

(a)   (b)   (c)

Fig. 6 Simulations of the NIH rule for n ¼ 10. a Simulation 1: turns

0 to 100. b Simulation 2: turns 0 to 100. c Simulation 3: turns 0 to 100
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5.2.2 NNH strategy

This strategy chooses one non happy token and moves it to

the hole if its local happiness does not decrease. Since the

energy is not increased, in the long run behavior it reaches

biconnected configurations, but it does not stabilize at a

fixed point (see an example in Fig. 7) because there is

always a non happy token to choose and such that its local

happiness does not decrease: the ones in the border

between the white and black connected blocks in any

biconnected configuration has local happiness equal to 0

and moving them to the empty node keeps it that way. In

this way, even though the non increasing energy ensures

that a configuration of minimum energy is reached (which

is a biconnected configuration), above behavior produces

that when one of such configurations is reached, it then

moves to another (keeping the same level of energy). For

instance, let us consider . Then, if player

BLACK has the first turn, one possible iteration is the

following:

(a)       (b)    (c)        (d)

Fig. 7 Simulation of the NNH

rule for n ¼ 10. a Turns 0 to

100, b turns 1000 to 1100,

c turns 10000 to 10100 and

d turns 19900 to 20000

Table 2 Summary of the results of the previous sections for the line

graph

No DS (always a winner) DS

m ¼ r; n� r; r� 1 m ¼ r þ 1; n� r þ 3; r� 1

m ¼ n ¼ r þ 1; r� 1 r þ 2�m\n; r[ 1

m ¼ n ¼ r þ 2; r[ 1 r þ 3�m� n; r[ 1

m ¼ r þ 1; n ¼ r þ 2; r[ 1 m ¼ n� 3; r ¼ 1

Table 3 Summary of the results of the previous sections for the cycle

graph

No DS (always a winner) DS

m ¼ n ¼ 2; r ¼ 1 m ¼ n� 3; r ¼ 1

m\2r � 1; r[ 1 m ¼ 2; n[ 3; r ¼ 1

m 2 2r � 1; 2r þ 1f g; n� 2r 3�m� 2n� 3;m 6¼ n; r ¼ 1

m ¼ 2r; n[m; r[ 1 m ¼ n ¼ 2r; r[ 1

2r þ 1�m� n; r[ 1
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In summary, the NNH strategy does not admit as pre-

vious strategy, local minima of the energy as attractors. For

connected configurations (but non biconnected) in one

move a biconnected configuration is reached: In fact, for a

connected (but not biconnected) configuration the hole will

be between two tokens of the same color, so, by moving

one of the border’s tokens of this color to the hole, a

biconnected configuration is reached with a strictly small

energy. So, the only attractors are the biconnected config-

urations as well as its cycle permutations.

6 Conclusion

We introduced and studied a combinatorial game related

with the Schelling’s segregation model: a line (or cycle)

graph with white and black tokens and an empty site

where two players move alternately one of its color’s

token to the hole trying to reach a connected configura-

tion of its tokens (or at least that its opponent will not

reach one). We proved that there exists, for n[ 2, a draw

strategy for both players.

Further, we introduced and studied two strategies to play

the game related with a local happiness field that allowed

us to determine a non-increasing operator (energy) which

converges to configurations which are at least local mini-

mal of such operator. Furthermore, the global minimum are

precisely the biconnected configurations.

The previous game can be also studied when more holes

are considered. Actually, for two holes, in the case of BSG,

the results are the same of the one hole’s case (there exists

a draw strategy for n� 3). For USG, we have the same

results (m� 2), but removing some specific configurations

from the initial ones.

A more detailed summary of our results concerning the

game is given in Tables 2 and 3.

As future work we will consider the study of the

dynamics of every deterministic strategy to play the game

in a cycle graph. Further, we will consider games over a

line or a cycle graph with arbitrary neighborhoods such that

players try to reach a configuration such that each token has

at least h neighbors with its same color. Also, we will

generalize those games to two dimensional lattices.
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